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Abstract

We construct an integrated multi-period inventory-pragredistribution replenishment plan for
three-stage supply chains. The supply chain maintainse-glestionships with a small group of
suppliers, and the nature of the products (bulk, chemidel) enakes it more economical to rely
upon a direct shipment, full-truck load distribution pglizetween supply chain nodes. In this paper,
we formulate the problem as an integer linear program thatgs challenging to solve due to the
general integer variables associated with the distributmuirements. We propose new families of
valid cover inequalities, and we derive a practical clofmdi expression for generating them, upon
the determination of a single parameter. We study theitoperénces through benchmarking several
branch-and-bound and branch-and-cut approaches. Cotigpaldesting is done using a large-scale
planning problem faced by a North American company.

Keywords cover inequality, binary-integer knapsack constraimgdpction-distribution planning,
supply chain management

1 Introduction

In this paper, we consider a general integer linear program with bimahgeneral integer variables that
is of the form:

min ¢’z

subject toAx > b
x>0
zj € Ry for jeVg
zxjeZy for jeV;
zjeB for je Vo

(1)

whereA is anm x n matrix, b is m-dimensional while- andx aren-dimensional vectors. We uge,,
Z, andB to denote the set of positive integer, positive real, and binary (taking@sd&wr 1) variables,
respectively. The index sét, ..., n} is partitioned into the three disjoint subséig, V7, V(1 standing
for the index set of real positive, integer positive, and binary (zeve) variables respectively.



Cutting planes and valid inequalities for integer programming problems [13jhare commonly
derived for 0-1 variables. Although considered in, inter alia, [3, §,Z8) 26], mixed integer linear
programgMILP) comprising general integer variables have received less attentioneforerthey are
often solved solely relying on branch-and-bound or branch-andigarithms embedded in commercial
solvers, with mixed results. However, MILP with general integer variadnlesery common in industrial
applications.

In this paper, we derive strong valid cover inequalities for the convéhohinteger solutions of the
following set that contains several binary variables and one integiedlar

X ={(x,y) €{0,1}" x 24 : > @z +ayy <b 0<y< M},
j=1

The study of this problem was motivated by the construction of a multi-perjglénishment plan
for a multi-stage chemical supply chain described in the next section. Tistraotion of integrated
multi-functional planning and scheduling problem is well-known to be a verypiex task (seéter
alia [8, 18, 28, 29]) due to the presence of symmetry, and, in particular, dhdined presence of
large continuous variables (amounts supplied, inventory levels) aneétis@riables (choice of carriers,
routes, maintenance schedule). Clearly, research pertaining to the jalelingpand development of
solution techniques of such problems is needed [9, 14]; this study caesitifill in this gap.

A very similar problem was handled by one of the 2006 Franz Edelman A@amntbetition finalists
[14]. The objective was to optimize the operational costs of Omya Hustadmaanorwegian com-
pany that supplies calcium carbonate to European paper manufactiihersimilarity is striking with
our problem since the same product, i.e., calcium, was also transporteé fsorgle processing plant
using tank ships of various sizes and incurring various levels of fixetbcd he project resulted in the
provision of a decision support system involving the solution of a maritime towgmouting problem.
The cover inequalities proposed in this paper could be implemented in suamawork and would
be very useful in solving the combinatorial inventory-distribution problenthe®relevant studies of
the integrated production-distribution problem can be found in [7, 9, Th, We refer the reader to
[8, 18, 28, 29] for thorough reviews of the literature on the productiistribution networks, and to [10]
for a focused review of such planning problems with maritime distribution. Finakynote that other
real-life industrial problems (see [6]), such as electricity generatiompeodliction, network design when
capacity can be installed by batches, models supporting the decision touctmstrew facility and to
determine its capacity involve the analysis of a set similar to th&s#¢fined above.

We propose a new closed-form expression to derive valid cover @liéiga for the knapsack con-
straints described above. This expression depends on a single paramttat the associated cuts can be
obtained directly, without having to implement a recursive generating guvee The valid inequalities
derived in this paper for the type of knapsack constrainfs ire thereafter referred to bsary-integer
cover inequalities The advantage of these cuts over other families of cuts for the speqificaton
problem is that they are easy to generate and seem to provide a biggebtowg improvement.

The remaining part of the paper is organized as follows. In Section 2, rttsem motivating our
study is presented. In Section 3, the concept birary-integer coveis introduced. It is then used in
Section 4 to derive new families of valid binary-integer cover inequalitiesaMprovide a very simple
and practical closed-form formulation, allowing for very fast generatite then describe some of their
properties such as sufficient conditions under which they are fafieirdg Comparisons with other
classes of inequalities are given. In Section 5, we test the efficiengyranticality of the proposed cover
inequalities for binary-integer knapsack constraints on instances of dstital problem described in
Section 2. The efficiency and practicality of our binary-integer covequaéties are discussed with



respect to robustness, and to the reduction in the optimality gap and in the tagniime. Section 6
provides concluding remarks.

2 Problem Description

In this section, we describe and formulate a discrete-time (i.e., finite numberioélp), multi-functional
(i.e, inventory, production and distribution) integrated planning and sdimgdmodel for a three-stage
supply chain. The study is motivated by the problem faced by a companyughane of the top five
worldwide producers of soda ash and calcium chloride. It operatesnvétthree-stage supply chain
that comprises one supplier in Michigan, two production facilities in Michigash @ntario, and 13
main distributors in harbor cities such as Montreal, Dartmouth, Clevelangv@stetc. The company
has about $300 million revenue, and one third of which comes from the paldiloride market. The
raw material is the brine and the end-products are several forms (licakd, fbellet) of calcium chloride.
The demand for calcium chloride is non-stationary and very seasorgllavge and heterogeneous (i.e.,
differing in loading capacity and speed) tank ships, vessels or bargesead to transport products over
the Great Lakes between supply chain nodes. Large vessels aexpensive to operate; transportation
costs represent about 50% of the total product costs. Contractitigaingportation capacity with external
logistics service providers is also an option. Transportation schedulingésifor the supply chain, and
the lack of proper planning tools leads to both unpredictability and limited resporess. The supply
chain distribution policy is based on full-load, direct shipments (i.e. a singtirigaand discharging
location) between supply chain nodes. The rationale for this comes frofadtgethat the demand is
much larger than the vessels maximal loading capacity, and that the costtiraj sp and operating
a vessel is very high. Such a distribution policy is common for the transpartafidoulk products
[14], in particular, when a maritime distribution fleet is employed. The inveapoogluction-distribution
schedule we construct determines:

¢ the production schedule at each supply chain facility and at each period;
¢ the inventory levels at each supply chain node and period,;
¢ the supplied quantities at each supply chain node and period;

e the scheduling and routing scheme for each vessel, i.e. the number of stsgmetveen supplier
and manufacturer facilities and between manufacturer and distributor facditieach period and
with each carrier;

e the maintenance schedule for each carrier.

We provide below the formulation of the model. The following set notations wilused in the
sequel:T is the set of periods in the planning horizdnjs the set of transportation carriefsis the set
of production facilities (suppliers and producets)s the set of distribution centers, aktl= IUJ is the
set of supply chain nodes. For ease of exposition, we omit the conndegitors for the transformation
of raw materials into semi-finished products and of these latter into end-g@sodu



min >y (b[i,t] ~w[i,t]> + 3y (h[k:,t]-z[k:,t]) )

iel teT keK teT

Production cost Inventory cost

+ ZZ Z Z ((l[i,v] +2-r[i, k] —i—u[k,v]) - c[v] -x[i,k,v,t]) (3)

i€l teT ke K#iveV

Distribution cost

such that
zlk,t] = z[k, t =11+ > > qli, k, v, t] — d[k, ], ke K;teT (4)
i€l veV
z[k, t] < 2™k, ke K,teT (5)
wli, t] < w4, t], 1el,teT (6)
qli, kv, t] = e[v] - z[i, k, v, t], ielbke KiveViteT (7)
30 i, v] +2-rli, ko] + ulk,v]) - z[i, kv, t] <alv,t], veV,teT (8)
icl k€K

xli,k,v,t] < M - d[v,t], veViteT 9)
> O, t] <|T| — 1, vevV (10)

teT
zlk, 1] > z[k, 0], ke K (11)
x[i,k,v,t] =0, iel, ke K(t),veV,teTI(12)
ov,t] € {0, 1}, veV,iteT (13)
xli,k,v,t] € Z4, iel,ke KiveViteT (14)
z[k, t], w(i, t], qi, k,v,t] >0, 1el,jeJteTl, (15)

veV ke K

The objective function (2)-(3) is linear and represents the sum of thebdison, production and

holding costs incurred by the supply chain. The production costs areutethps the product of the
production leveko([i, t] at facility  and timet by the unit production cog{i, t]. The inventory costs are
computed as the product of the ending inventory leyk| t] at nodek and timet by the unit inventory
costsh[k, t]. The distribution costs are a function of the lead time for delivering prodactsdek using
a carrierv departing from nodé. More precisely, the distribution costs are computed by multiplying the
product of the shipping cosfv| (per unit of lead time) associated withby the lead timgi[i, v] + 2 -
r[i, k,v] + ulk, v]) to deliver products withy from i to £ by the number of shipmentsi, k, v, t] carried
out with carrierv between andk att¢. We define the lead time as the sum of the loading fime| of v
ati, the unloading timex[k, v] at nodek and the transportation timéi, k, v] for usingv to deliver from
i to k. We multiply r[i, k, v] by 2 to account for the round-trip transportation time.

Denoting byqli, k, v, t] the amount of products delivered kaat ¢ with carrierv leaving fromi, the
product flow balanceonstraints (4) set the ending inventory levg, ¢] at a period and nodé: equal to
the ending inventory level &t- 1 plus the supply received during peribthinus the customers’ demands
d[j, t] satisfied by the end af Combined with the non-negativity constraint on the inventory le{gl]

(15), constraints (4) enforce a no backlog policy. The backlogginbefinmet demand is not tolerated
by demanding customers, or those suffering from high set up costs thbemis a shortage [14]. The
capacitated inventory level constraints (5) ensure that the inventotydege not exceed the maximum
inventory capacity:"***. Similarly, the capacitated production constraints (6) impose an upper bound
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w™**[4, ] on the production level at production facilityat each period. Thetransportation capacity
constraints, which set the quantiié, &, v, t] delivered from: to k£ at¢ with shipv equal to the number
of shipmentsz|[i, k, v, t] multiplied by the maximal loading capacigjv]| of ship v, account for the
limited loading capacity of the carriers, and enforce the full-load shipmdiyp®enoting byZ, the

set of positive integer numbers, constraints (14) represerghipenent indivisibilityrequirement. The
constraints (8) represent thimited time availabilitya[v, t] of carriers, and account for the lead time for
a shipment made with betweeri andk. Denoting by|T'| the cardinality of sef’, by M the maximum
number of shipments betweeérmndk that can be done atwith v, and byd[v, t| a binary variable (13)
equal to 1 if the carriep is set up at time and equal to O otherwise, the requirements to allow for
the maintenance of the carrierare modeled with constraints (9) and (10). These guarantee that each
carrier is not used in at least one period, allowing for its maintenancesustainabilityconstraints (11)
preventend-effectssues (i.e. what is optimal over the short horizon may be suboptimal oviemitpeun
[16]), and make the plan reproducible over the next planning horizagnkyring that inventory levels
at the last period- of the planning horizon are at least equal to the initial ones. Denoting (3y the

set of supply chain nodes that are not accessible atttim@nstraints (12) make the distribution scheme
operational accounting for the distributiotime-window constraint¢12) due to the impossibility to
supplyj at periodt due to bad weather conditions, the closing of facilities. Constraints (13hare
non-negativity constraints.

A large part of the difficulty in the construction of the inventory-productitistribution plan stems
from the distribution constraints (8), which are knapsack constraintaicdmg general integer variables
x[i, k, v, t]. These latter represent the number of shipments between nodes ofphechain at a certain
time-period and with a specific carrier. A very high fixed cost is associaittdevery such shipment; it
is therefore crucial to determine the optimal number of such shipments, whiasritae handling of the
associated distribution constraints so important.

In the studied real world application, it was noticed that the number of sugiplimanufacturer
shipments is very large, possibly occurring many times per period, while timbenof manufacturer-
to-distributor shipments is much lower (0 or 1). Based on this observatioreplece the constraints (8)
for each carriep associated with the production facilityas follows:

ali, o) yli, ', v, 8] + > ali,j,v) zli, j,v,1) < alv,t], 6,7 €I, veV, teT,
= (16)
yli, i’ v, t] € Zo,  x[i,j,v,t] €{0,1}, iel, jeJ veV, teT,

whereyl[i,i’,v,t] is the number of shipments carried out with carrieleaving from supplieri and
heading to manufacturef in period¢, andz[i, j, v, t] is defined as a binary number representing the
number of shipments carried out with carrieleaving from manufacturerand heading to distributgr
attimet, andal[i, k, v] is the lead time for a shipment between notlaadk with v.

The distribution constraints (16) are highly combinatorial and exacerbatdiffftulty of solving the
large mixed-integer programming problem at hand. Thesé(are)) € B™ x Z, }-knapsack constraints
containing many binary integer variables (manufacturer-to-distributguengmts) and one single general
integer variable (supplier-to-manufacturer shipments).

It is also very important to note that in some of the methods [6] described tn8ek5 the coef-
ficient of the general integer variable is assumed to be larger than théise binary variables. Such
an assumption does not hold in distribution problems. Indeed, it can beveldsthat manufacturers
are often located very close from the suppliers facilitating the numeroumehig between each other,
while the distance separating manufacturers from distributors are ¢fgmamae important. It follows
from this that the coefficients of the general integer variables are gignemd must be allowed being,
smaller than those of the binary integer variables.
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3 Binary-Integer Cover

Our aim is to generalize the concept of a cover inequality for a 0-1 kekpsastraint to a knapsack
constraint with 0-1 variables and a single general integer variable. ladkis, the values assumed by
the general integer variable must also be taken into account in the cdiwstroicthe cover.

We consider the binary-integer knapsack set

n
b
X ={(z,y) €{0,1}" x Z : E a;x; +ayy <b, 0<y<M< {GJ,ajgb,jzl,...,n}.
y

j=1
(17)
Definiton 3.1 ForW C {1,...,n}andK € {0,1,..., M} we say that:
e the pair(W, K) is acoverif
» aj+Kay=b+X A>0; (18)
JEW
e the cover(IW, K') is aminimal coverif
d aj+(K-1)a,<b, (19)
JEW
and, for alli € W,
> aj+Kay<b. (20)
JEWN\{i}

In other words,(W, K) is a cover if the point with coordinates; = 1, j € W, z; =0,j € W,
andy = K is infeasible. The cover is minimal, if decreasing by 1 any of the positive sabfieche
coordinates of the point makes it feasible. The concept of a binaryeintayer is an extension of the
concept of cover; indeed, in case &f = 1, the definition above reduces to the cover definition of 0-1
knapsack constraints.

Inequalities (19) and (20) imply that:

A€ ]O, min{ﬂneli& aj, ay}] : (22)

A simple way to construct valid inequalities for the sétdefined in (17) is to binarize the general
integer variabley: y = Z vk, Wherey, € {0,1}, £ = 1,..., M. By doing so, we transform the

binary-integer knapsack constralnt into a 0-1 knapsack constraint:

X = {(z,y) € {0,1}"M . Zajx] —i—ayZyk <b}. (22)
7=1
However, due to the massive symmetry introduced in that way, the reformulatithe general
integer variables as a sum of binary ones is known to lead to problems wigctlificult to solve
[26, 27].



Another reformulation of the general integer variabli@to a sum of binary variables is given by:

y=vyo+2y1 +4y2+... + 2"y,

with y, € {0,1}, k=1,...,r,r = |logy M|.
Here also, the reformulation leads to difficult problems [26, 27].

4 Binary-Integer Cover Inequalities

Let (W, K) be a minimal cover for the seX’ defined in (17). We are interested in generating valid
inequalities forX of the form

Z rj+sy<t (23)
JjEW
wheres andt are arbitrary numbers. To generate the strongest inequalities of thisgoojact X onto

the 2-dimensional spacy, w) |w = > ;. z;}. A typical graphical representation of such a set is
given in Figure 1.

2 @ @
w1 o ()
@ @ @ @ @ o—>
0 1 2 3 4 5 6 7
y

Figure 1: Projection oX onto a 2-dimensional space.

The projection and its convex hull can easily be computed in time lind&¥jrand K, if we assume
that the variables; are already sorted according to non decreasing valug. fny inequality defining
a facet of the convex hull of the foraaw + Sy < v with o # 0 gives the inequality of the form (23)

S+ dy<? (24)
jow o o
We call these inequalitieSonvex Hull inequalitiesWhile generating these inequalities is relatively
straightforward, we give below simpler ways to generate (possibly wealequalities in the family
(23). Our justification for doing so lies in the results of the computational raxeats described in
Section 5.
We first observe that, in many cases, the following inequality, directly gdimerg the binary knap-
sack case, holds true:

dajty<|WI+K-1. (25)
jew
If (i) y < K or (i) if y > K with a,, > maxa;, then inequality (25) is valid. However, if > K

jeEW
anda, < max a;, inequality (25) may be violated by some feasible solutions.
VIS
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Below, we propose new families of binary-integer cover inequalities theatvalid for each case
mentioned above. We derive a closed-formed formulation for these iliéegiawhich are extremely
easy to generate, and discuss their properties.

4.1 Family | of Binary-Integer Cover Inequalities

Theorem 4.1 If (W, K) is a minimal cover, then the binary-integer cover inequality

YY @ity <y[Wl+K-1 (26)
JjeEW
with
max a;
N = {Je w (27)
Qy

is a valid inequality forX .

Proof. Since(W, K) is a cover, equality (18) holds true. Subtracting from it the knapsachiaiiy
Z a;xj + ayy <b
jeEw

we obtain:

D aj(l—xz) > A+ (y— K)ay . (28)
JEW

Let v be the smallest integer greater than or equal to 1 such that

maxa; < yay .

JeWw
Then
> ai(1—;) < (maxa;) > (1—a) <yay Y (1—x5).
jew J jew JEW

This combined with (28) implies

yay Y (1—;) 2 A+ (y — K)ay ,
JeEW

that is equivalent to (26) singe< \/a, < 1. Sincey is integer, we conclude that

YY wi+y<yWl+K-1,
JjeW

which was set out to prove. d



4.2 Properties

Let (W, K) be a minimal cover. We defin&" to be the projection of{ on the subspace of the
variables{z; | j € W} Uy. In this section, we define sufficient conditions under which the binary-
integer cover inequality (26) is facet-defining f&"", similarly to binary minimal cover inequalities.
Lifting of binary-integer cover inequalities can be done similarly to lifting of bjneover inequalities.

Lemma 4.2 Let(W, K) be a minimal cover. A sufficient condition for the binary-integer covenuiaé
ity (26) to be facet-defining fak "V is that% <1.

Proof. If % = 1, itis trivial to verify that the only minimal binary-integer covéiV, K') involving
the general integer variablgis such thatiW| = 1 and K = 1. The binary-integer cover inequality
(26) readsr; +y < 1,5 € W, and is facet-defining fox V. Otherwise, i.e. if% =landK =0
((W, K) is a minimal cover involving binary variables only), or;jfj < 1(= y = 0), the binary-integer

cover inequality is the minimal 0/1 cover inequality’ z; < |[W| — 1, which is well known to be
JEW

facet-defining forX "V [4, 19]. O

Proposition 4.3 Let (W, K) be a minimal binary-integer cover. A sufficient condition for the binary-
integer cover inequality (26) to be facet-defining foF is thata, > max a;.
Je

Proof. An alternative formulation forxV is obtained through the binarization [26] of the general
M

integer variabley = 3_ v (22). The setX” equivalent taX" is thus
k=1

M
X" = {(=,y) € {0, WM Z a;r; + Zayyk <b}. (29)
JEW k=1

LetC = W |JC”, whereC” contains exactlys of the M binary variableqy;, |k =1,..., M}.
SinceC' = W |J C" is a minimal cover forX”,

dap+ > w <|Wl+]C"] -1

JEW keC"

is a valid facet-defining cover inequality [4, 19] f&"” and thus forX V. Since|C”| = K, the inequality
above reads

Soai+ > wSIW+K -1, (30)

JEW keC”

M
with > yr <y = > yi. Inthat casey is equal to one in inequality (26) that has the same form as
keC" k=1

(30) and is thus facet-defining faf"V . O

Proposition 4.4 Let (W, K') be a minimal binary-integer cover. A sufficient condition for the binary-
integer cover inequality (26) to be facet-defining 61" is thaty < K. Then, (26) becomes

o ajty<|WI+K-1. (31)
JjEW



Proof. If y = K, then (26) becomes
¥ < y|Wl-1,
JEW
and it is obvious from the definition of a minimal binary-integer cover that tequality above is facet-
defining for X"V: (18) and (20) show that, for (17) to be satisfied wher= K, at least one binary
decision variable it/ (anyone of those i) takes value 0. So, clearly, > z; < ~|W|— 1 requires
JjEW
this, and cuts all integer solutions that are not feasible for (17) yvith K.

Otherwise, ifY = K — y > 1, then (26) becomes
Y w <y IW <y IW[-1+T.
jew
The above inequality does not allow any integer solution not feasible ywheny < K. O

4.3 Family Il of Binary-Integer Cover Inequalities

The strength of the valid binary-integer cover inequality (26) dependsemnalue ofy. If we can make
+ smaller, then the inequality becomes stronger. The valug (@7) can be decreased by makiag
larger or by makingﬁn%( a; smaller.

J€

The first way to make (26) stronger consists of keepipginchanged, and decreasing the value of
somea;, j € W. We can decrease these coefficients to some valugsa; as long as the paiiiV, K)
remains a cover for the new set

n ~ b
X' = {(1:,3/) €{0,1} ><Z+:Z;ajxj+ayy§b, 0<y<M< LlyJ }
]:
Clearly, we should try to reduce the largesffirst as it is the bottleneck in reducing(27).
In this section, we propose a new family of binary-integer cover inequatii@scan strengthen
inequality (26), and that is obtained by reducing the values of the coetfici¢ of the binary variables

aijW.

Theorem 4.5 If (W, K) is a minimal cover, then the binary-integer cover inequality
pY ity <pWi+K-1 (32)
JjEW
is valid for the binary-integer knapsack s&t provided that

a
M:[}, (33)

Gy

and the value of; is the optimal solution of the following linear program
a= min a
a>aj, jeW (34)
subjectto )" (aj —a;j) < A —e€, (35)
JjEW

aj = aj, j €W (36)

wheree is an infinitesimal positive number ands defined in (18).
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Problem (34) minimizes the largest coefficiea} ¢0f the binary variables in the covéY’; it decreases
the coefficient value (from; to a;) as much as possible provided that the reduction in the values of the
coefficients remains strictly smaller than the slack

Proof. Since(W, K) is a cover, inequality (18) holds true, and we have (28):

S ay(1—a)) 2 A+ (y - K)a .
JjeEW

From (35), we have

Y ajl—z) = (a;—a) +et+ (y— K)ay, (37)

JEW jeW

that can be equivalently formulated as:
Zdj— Zaj:cj >e+(y—K)ay .
JjEW JEW

Sincea; > a;,j € W (36), we have

Yo a1l =) = e+ (y — Kay
JEW
which from (34) implies
a) (1—z)>e+(y—Kay.
JEW

Sincey is the smallest positive integer such that< pa, , we obtain

Hay Z(l —aj) 2 e+ (y — K)ay.
JEW

Therefore,

p((W| - Z%‘)Zaiﬂy—fﬁ
JEW Y

It follows that
Y wi+ty<pWl+K -1,

JjEW
which was set out to prove. O
As an example, we consider the binary-integer knapsack 488)

X ={(z,y) € {0, 1}2 X Zy 4xy + bxg + 2y < 15}, (38)

and the minimal coveV, K) = ({1, 2},4), in whichz, is the binary variable with the largest coefficient
(5) and\ = 2. Lete = 0.0001, the solution of (34) returng; = a, = a = 3.50005. Thereforeu = 2,
and the binary-integer cover inequality (32) is:

201 + 200 +y < 7.

11



The inequality above cuts the infeasible solutians= 1,25 = 0,y = 6 andx; = 0,29 = 1,y = 6,
which are not cut by the inequality
3x1+3x2+y <9

obtained using (26).

Considering the example introduced above, we represent below theléesets (Figure 2) determined
with Family | 3z + 3xz2 +y < 9) and Family Il @z, + 2x2 + y < 7) binary-integer cover inequalities.
Black dots represent the integer solutions feasible for both types ofybimi@ger cover inequalities,
while white dots represent integer solutions cut off by the Family II-typeuaéty. The black dots on

or below the bold black lines represent the feasible integer points for (38)

2 o L
w1 @ o
__F
® @ =l
0 1 2 8 9

Figure 2: Feasible sets with Families | and Il of Binary-Integer Coveruagties.

4.4 Extended Covers and Extended Cover Inequalities

In this section, an extension of the valid cover inequality (26) is propasetié extended covéiV’, K)
defined below.

Definition 4.6 The pair(1W’', K) is anextended coveif

W =WuU{j :ay >a; forall j € W, aj >a,} and (W,K)isacover.

Proposition 4.7 If (W', K) is an extended cover, then the inequality

VY mity<A|WI+EK -9

jew’
is valid, with
max aj
/ jGW/
’y =
Qy

and



Proof. The proof is very similar to that for obtaining (26). We consider the system:

Z a;rjt+ayy <b, (39)
jeWwW’
Y aj+Kay=b+X, A>0. (40)
JjeEW’

Subtracting (39) from (40) and defining as the smallest integer such that

< A
]nel%{/a]_’yay,

we obtain the following inequality:

Yay Y (1—2) 2 A+ (y— K)ay .
JEW!

This can be equivalently transformed to

VIij—kyS’y’\W’\—i—K—i.
JEW! (Iy

Sincey’ is integer and\ > 0, we conclude that

VY mity<A|WI+EK -,
JeEW!

with o = [ 2], O
The extended cover is not necessarily a minimal cover, thus explainingwetoannot substitute 1 for
A/a, in the proof.

4.5 Comparison with Other Valid Inequalities

In this section, we review several existing methods that can be employedeage valid inequalities for
the binary-integer knapsack s€tas given in (17). Simple examples allow us to compare the strength and
computational requirements of the proposed binary-integer cover ilitsegiavith respect to the valid
inequalities obtained by using disjunctive cuts (Owen and Mehrotra [@8patal-Gomory cuts [11], the
mixed integer rounding inequalities (MIR) (Marchand and Wolsey [22}) #ue methods of Ceria et al.
[6], Atamtiirk [2], Atamiirk and Rajan [3] and van Hoesel et al. [20]. The cover inequalitiegrmgose
compare very well with those methods, while their closed-form formulationta@dimplicity of the
algorithm to generate them are marked advantages. In Section 5.2, wereamnyarically the proposed
cuts with cuts of some of the families below by reporting results at the root fovdbe application
considered in this paper.

It can be shown that the cover inequalities proposed here are nockassiof rank one Clatal-
Gomory cuts.
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4.5.1 Disjunctive Cuts

Another group of valid inequalities can be obtained using disjunctive angtsmié (17, K') is a minimal
cover, the following disjunction applies:

It > z;=[W| then y<K-1,
jeEW

> aj(l—mzj) — A

JEW

If x; < |W| then y <K+
J%;V ’ Ay
In the special case whel = M, inequality (25) is always valid. This is in the line of research of
Owen and Mehrotra [25], whose disjunctive cutting planes are obtanoed the generalization of the
0-1 disjunction proposed by Balas et al. [5]. Having toket M limits the effectiveness of these cuts
when )M is large.

4.5.2 Valid Inequalities for Integer Programs with General Integer Vaiables

Ceria et al. [6] proposed a way for constructing valid inequalities fopkaek constraints containing
general integer variables. In particular, their work applies in our casthe bounds on the integer
variables can be chosen equal to 1. Their valid inequalities are notcpto®e facet-defining, and are
obtained by fixing the integer variables at their upper bounds. Atdnfi2] extends the work of [6] and

rewrites their cover inequality for the integer knapsack set. The new fatiom states that at least one
of the general integer variables included in the cover cannot be eqitalupper bound. Recently, a
procedure to derive strong valid inequalities for the mixed-integer kr#sat containing two general
integer variables was proposed [1].

It can be shown that the cover inequalities proposed here are notlassibf these inequalities.

4.5.3 MIR Inequalities

The MIR inequalities are are a variant of the Gomory mixed integer cuts.i@mirgy the mixed integer
set

n
X ={(z,y) eR% xZﬁ:Zajyj+m+ <b+z"
j=1

and settingf = b — |b] andf; = a; — |a;],j =1,...,n, the mixed integer rounding inequality

- (fi—n7" x”
> (L + S22y < o+ 1

J=1

can be shown to be valid for the above 3et

It can be shown that the cover inequalities proposed here are nosatsafithe MIR inequalities
which are, on the other side, a generalization of the inequalities [6] dedcaitove.

Marchand and Wolsey [22] defireMIR inequalities for a MIP by aggregating inequalities of the
original formulation, bound substitutions, and scaling before applying tbgeaformula. These oper-
ations are done in a heuristic way. We compare empirically the binary-integer mequalities with
¢ — MR inequalities in Section 5.3.
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45.4 Relaxation-Based Method

In addition to the two constructive methods described above, a much moreuaimpally intensive
method allowing the derivation of valid inequalities for similar knapsack canssraas been proposed
in [3] and [20]. It was developed for the analysis of unsplittable singiesat relaxations for the multi-
commodity flow capacitated network design. The generation of these inecgiaditjgires the solution
of an auxiliary large-scale integer programming problems. Such a praeeduld turn out to be moder-
ately practical but likely to be very resource-consuming, in particulalaige binary-integer knapsack
constraints with hundreds of binary variables.

5 Application

5.1 Test Laboratory

In this section, we test the efficiency and contribution of eight solution methasisd on the develop-
ments described above, and compare them with the branch-and-cutrstgonplemented irCPLEX
10.0. The eight methods will thereafter be referred to as:

e BB1 (BB2, BB12, BBCHrespectively) is a branch-and-bound algorithm in which all Family |
(Family 1l, Family I and II, Convex Hull, respectively) inequalities are intnodd at the root node
in the formulation of the original problem;

e BC1(BC2, BC12, BCCHrespectively) is a branch-and-cut algorithm in which Family | (Family
II, Family I and Il, Convex Hull) inequalities violated by the optimal solution of ba@rrent node)
continuous relaxation are introduced in the formulation of the problem.

We use the real-life problem that motivated this paper as a test bed foratesrentioned integer
solution approaches. The company provided us with the historical monthart levels of 13 dis-
tributors. We generate 25 problem instand&is-(SC- 01 to Bl - SC- 25), each of them differing in the
12 x 13 = 156 demand levels that must be satisfied by the supply chain. (Most of the iastane
available inMPS format at [23].) The 25 instances were generated so that:

e they are representative of various demand types (smooth demand oeetitbglanning horizon,
seasonal demand at different periods, etc.),

e the resulting problem is feasible with the production, inventory and distribetpacities of the
supply chain.

Each of the 25 problem instances have been solved by the nine solutiovaabes discussed above,
usinganlBM I ntel listationZ Prowithanlntel Xeon 3.2GHz CPU, 2GB of RAM and
runningLi nux Fedora Core 5. Problem instances satisfying the characteristics above but result-
ing in optimization problem that could be solved in less than one minute CPU time wapped and
replaced by more complex ones. The optimization process was terminatedthenhezlative mixed-
integer (MIP) optimality gap falls below 0.15% or after 1 hour of CPU time. Thd tmats of the
supply chain is a seven-digit number, and, thus, a 0.15% MIP gap esyises very significant amount
worth consideration. Preliminary tests show that none of the instances loewddlved to optimality
within 4 hours of computing time with any of the proposed solution methods. This ietson why we
do not solve the problem instances to optimality but instead opt for a low taketawel on the value of
the MIP optimality gap.
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We use a code ibel phi to generate a priori the binary-integer minimal covers and cuts. The cuts
are then inserted in theMPL formulation of the models. At each node of the tree, the branch-and-cut
algorithm screens the cuts and incorporate these that are violated. Wyi@2t1 binary-integer covers
for the problem on-hand, and we generate one Family |, one Family ll@andyerage, slightly more
than four Convex Hull inequalities per minimal cover.

5.2 Computational results

To analyze the performance and reliability of the proposed integer metiveddraw the performance
plot [24] of each of them. The curve associated with an algorithmBs&&ly represents the percentage of
problems solved usinBCZ1within a factorm of the time required by the fastest algorithm. If we denote
by t*(P) the time needed by the fastest algorithm to solve probferthen P is solved within a factor
m by all solution approaches requiring less than*(P). It follows that, atm = 1, the plotted point for
BC1returns the fraction of problem instances on whfB1is the fastest. The plotted point fBIC1at

m = 60 represents the proportion of problems that could be solved using up to 60rtiore time than
the fastest of the nine algorithms.

We first analyze the performance plot of the four branch-and-balmatithms. Figure 3 clearly
shows thaBB1strictly dominates the three other branch-and-bound algorithms for ang wétu. The
BB1lalgorithm is the fastest and the most robust branch-and-bound algoiitienthe fastest algorithm
(among the nine proposed) for 12% of the considered problems and ptrma&tiice the MIP gap under
0.15% for 80% of the problem instancé&B1 outperforms the other three branch-and-bound algorithms
for these two criteria. It is important to note ttBB12uses all the Family | cover inequalities used by
BB1, and thatBBCH uses the Family | facet-defining inequalities and replaces the non faceindefi
ones by others that are stronger. The fact BBi performs better thaBB12 and BBCH indicates
that limiting the number of the considered cover inequalities is beneficial. Weobiszrve thaBB12
dominatedBBCH, and strictly dominateBB2except atn = 1. Finally, it appears thaé8B12andBBCH
are more robust thaBB2, since they find solutions with minimal MIP gap for a larger percentage of the
problems.

We continue with the analysis of the four branch-and-cut algorithms (€igurTheBC1andBC2
algorithms dominat8C12andBCCH TheBC1algorithm is the fastest (it is the fastest among the nine
algorithms for 28% of the problems) and is wBC12the most robust branch-and-cut algorithm (i.e.,
both solve 68% instances with a MIP gap lower than or equal to 0.15%).

Figure 5 displays the performance plot of tGPLEX 10.0 branch-and-cut algorithm, the non-
dominated branch-and-bounB&1) and branch-and-cuBC1landBC2) algorithms.

The three non-dominated proposed algorithBBY, BC1landBC2) strictly dominateCPLEX branch-
cut algorithm. A possible explanation for this lies in the features of the camslderoblems. The
presence of symmetry and the combined presence of large continuppsy(and inventory levels) and
discrete variables make the bounds obtained by linear relaxation of therititege programming model
not very tight, and limit the efficiency of general cutting planes used by 8dlRers [14]. TheBBLlis
the most robust by far, solving 80% of the considered instances, ®RLUEX (respectivelyBC1, BC2)
solves 56% (68%, 64%) of them. TB81algorithm strictly dominates the other algorithm farequal
to or larger than 20, while thBC1algorithm is the fastest and strictly dominates the other algorithm for
m strictly smaller than 20.

Table 1 reports the MIP optimality gap, the CPU computing time (in seconds) amtuthber of
processed nodes for each problem instance solved usidg@ie BC'1 andC P L solution methods. The
notation* indicates that the problem was solved to a MIP optimality gap of at most 0.15%wtirth
noting that, for the five instances whose MIP optimality gap is larger than 0.18%each algorithm,
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Figure 3: Performance plot of branch-and-bound algorithms.

the BB1 algorithm is the one that allows closing the largest part of the MIP gap. Finedlyobserve
without surprise that the up-front introduction of all Family | cover indijigg in the BB1 algorithm
makes its average computing time per node much larger that that &fttieandC P L algorithms.

The following conclusions can be safely drawn form the results of the atatipnal experiments:

¢ the integer solution methods proposed in this paper clearly dom@RhtEX 10.0’s branch-and-cut
algorithm in terms of both speed and robustness;

e a branch-and-bound approach is to be employed if one favors r@ssstn
e a branch-and-cut approach is to be employed if one favors speed;

e the Family | of cover inequalities is much more efficient than the Family Il of binasger cover
inequalities and the cover inequalities defining the convex hullB@#& algorithm dominates all
other algorithms for small values @i (i.e., when speed matters) and BB1algorithm does the
same for larger values ok (i.e., when robustness matters);

¢ the simultaneously consideration of many cover inequalities is detrimental tdfitierefy of the
algorithm. The solution approaches relying on the joint consideration ofghely1 and Family
Il of cover inequalities (twice more inequalities than by using a single family at g time on the
cover inequalities defining the convex hull (4.2 more inequalities than by asséiggle family at
a time) does not help.

5.3 Empirical Comparison of Families of Cuts at the Root

We made a simple comparison of the lower bounds obtained on the 25 probtancesobtained at the
root node by the Family | cuts, by Residual Capacity cuts [3] and by c-iMégualities [22].

The cuts generators used for residual capacity and MIR inequalitiéoareCOIN-OR [12], respec-
tively CglResidualCapacitgnd CglMixedIntegerRoundingAll default values of the parameters of the
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generators are used, except that the aggregation parav@¥6iGGRfor c-MIR inequalities is set to 6,
a fairly high value. No limit on the number of cutting rounds was set, i.e. cutadded and the linear
relaxation resolved until no more cuts are generated.

To our surprise, not a single residual capacity cut was generateahyoof the problems. Comparing
the lower bound.; obtained with the Family | cuts with the lower bouhd obtained with the — M IR
cuts (percentages taken with respect to the best known feasible solatimn V), I, is between 0.019%
lower and 2.03% higher thah, and, on average, it is 0.42% higher. Lower bounds higher than’,
on 22 out of 25 instances. The value of the average gap betwesmd L, is (z* — L;)/2* = 6.24%.

6 Conclusion

In this paper, we propose and test several exact integer solutionaabyas for the construction of a
multi-period production-distribution scheduling problem.

This study is motivated by the problem faced by a chemical supply chainsij@y chain uses a
heterogeneous fleet of ships to distribute its products and relies on agfiggment policy with full-ship
load deliveries. The construction of this model requires the solution of adaiisteger programming
problem whose complexity mainly originates from the distribution constraintss@lare highly combi-
natorial, taking the form knapsack constraints containing many binary mtagiables (manufacturer-
to-distributors shipments) and one single general integer variable (sufplieanufacturer shipments).

The proposed integer solution techniques are based on the detailedisaoblifeese distribution
constraints. We introduce the concept of binary-integer cover foryiiméeger constraints and we study
their convex hull. We then develop a constructive way of building valid cavequalities: indeed,
we derive a practical closed-form expression for generating theom the determination of a single
parameter. We derive sufficient conditions for them to be facet-defioireg projection and develop
procedures to strengthen them. We generalize the idea to extended covers

The computational study shows the superiority of the solution techniques tiimproposed cover
inequalities over the state-of-the @PLEX 10.0 branch-and-cut algorithm. Superiority must here be
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understood in terms of robustness (percentage of problems solved with\ia@ap) and speed. The
Family | of binary-integer cover inequalities is clearly the dominant family. Abhaand-cut algorithm
using only the Family | inequalities is recommended if speed is the main criterion, aHil@nch-
and-bound algorithm relying on the same cuts is to be preferred if rolassiei¢he driving objective.
It is worth underlining that the close-form expression of the proposeércinequalities makes them
very easy to generate and particularly attractive from an applicatiopgeige. This is what made the
supply chain operator implement and use them to construct a significanipehiategrated inventory-
production-distribution plan obtained through a much savvier usage ofdtrébdtion resources.
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