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1 Introdu
tionLet Kn = (V;E) be the 
omplete graph on vertex set f1; 2; : : : ; ng and let 
(e)be a 
ost asso
iated with e 2 E: If G is a subgraph of Kn, we denote by 
(G)the sum of the 
osts of the edges in G: Let F be the family of all Hamiltonian
y
les (tours) in Kn: The symmetri
 traveling salesman problem (STSP) is to�nd an H�
 2 F su
h that 
(H�
 ) � 
(H) for all H 2 F. Repla
ing Kn by the
omplete digraph ~Kn and de�ning F as the family of all the dire
ted toursin ~Kn yields the asymmetri
 traveling salesman problem (ATSP). When astatement applies to both ATSP and STSP, we simply use the term travelingsalesman problem (TSP). For a state of the dis
ussion on TSP, we refer to thebook [8℄. Let E = fe1; e2; : : : ; emg. The ve
tor 
 = (
(e1); 
(e2); : : : ; 
(em)) ofedge 
osts is 
alled the 
ost ve
tor.Let � be a heuristi
 algorithm for the TSP with edge 
ost ve
tor 
, let H�
be the solution produ
ed by � and let H�
 be an optimal solution. Assumethat 
 is restri
ted to some domain D � Rm . One measure of the worst-
aseperforman
e of � on these instan
es is the performan
e ratioP�(D ) = sup
2D f
(H�
 )
(H�
 ) : 
(H�
 ) > 0g :(We assume that there exists 
 2 D su
h that 
(H�
 ) > 0. If 
(H�
 ) � 0 for all
 2 D then it makes more sense to 
onsider su
h problems as maximizationproblems.)Clearly P�(D ) � 1 and the 
loser the performan
e ratio is to one, the betterthe worst 
ase performan
e of the algorithm � is. Identifying the exa
t valueof P�(D ) is usually diÆ
ult and hen
e upper bounds on the performan
e ratioare used instead. A heuristi
 � is a Æ-approximation algorithm with respe
t toa domain D if P�(D ) � Æ. Unless P=NP, no polynomial time Æ-approximationalgorithm exists for the TSP with D = Rm for any 
onstant Æ � 1 [26℄.If Rm� = f
 2 Rm : the edge-
osts 
(e) satisfy the triangle inequalityg, theChristo�des heuristi
 is a 3=2-approximation algorithm with respe
t to thedomain Rm� [2℄. The existen
e of an algorithm with a better performan
e ratiois an important open question.Re
ently Glover and Punnen [5℄ proposed domination analysis as another ap-proa
h to measure the quality of a heuristi
 algorithm �: For a given edge 
ostve
tor 
 and tours H1; H2 2 F, we say that H1 dominates H2 if and only if
(H2) � 
(H1). Let F�(
) = fH 2 F : 
(H) � 
(H�
 )g: De�ne the dominationnumber of � with respe
t to a domain D � Rm bydom(�; D ) = inf
2D jF�(
)j :2



The de�nition extends dire
tly to a heuristi
 for any minimization 
ombina-torial problem with a feasible set F. For the TSP on n nodes, when D = Rm ,dom(�; D ) is denoted by dom(�; n). For any heuristi
 � for the TSP, the domi-nation number exists and it is at least one, as the problem is always feasible. Ifdom(�; n) = jFj, then � is an exa
t algorithm produ
ing an optimal solution.Thus the goal is to develop heuristi
 algorithms with domination number 
loseto jFj.Let � : R �! R be a real valued fun
tion. Let �(
) be the ve
tor obtainedby applying � to ea
h entry in 
. The fun
tion � is an order preserving trans-formation for the TSP if and only if, for all 
ost ve
tors 
, the ranking of thesolutions in F is the same with respe
t to 
 and d = �(
); i.e. d(Hi) � d(Hj)if and only if 
(Hi) � 
(Hj). For example d(i; j) = �
(i; j) + ai + bj; where� > 0 and ai; bi 2 R, is an order preserving transformation for the TSP. Anysolution improvement heuristi
 (lo
al sear
h [17℄), in whi
h in every iterationthe sear
h neighborhood and tie breaking rule are independent of the a
tualvalues of the edge 
osts, produ
es the same solution when applied to instan
eswith edge 
osts 
 and d as de�ned above. This gives us the following theorem.Theorem 1 Let � be a heuristi
 algorithm for the TSP that is invariant underan order preserving transformation. Then dom(�;Rm) = dom(�;Rm� ):Proof. Sin
e Rm� � Rm we havedom(�;Rm) � dom(�;Rm� ) : (1)Let 
 2 Rm and 
onsider the order-preserving transformation d(i; j) = 
(i; j)+M where M � 3 maxfj
(i; j)j : (i; j) 2 Eg. We have d(i; j)+d(j; k)�d(i; k) =
(i; j) + 
(j; k)� 
(i; k) +M � 0; i.e. d 2 Rm� . It follows thatdom(�;Rm) � dom(�;Rm� ) : (2)The result follows from (1) and (2).It may be noted that lo
al sear
h algorithms su
h as 2 � Opt, 3 � Opt, et
.are invariant under order preserving transformations. However, stability of thedomination number under order preserving transformations does not hold formost 
onstru
tion heuristi
s, in
luding the well-known Christo�des heuristi
.An ex
eption to this is the Pat
hing heuristi
 [15℄.Domination analysis also indi
ates what per
entage of the feasible region is`
overed' by the solution produ
ed by an algorithm. This information togetherwith other indi
ators may be useful in diversifying sear
h paths in lo
al sear
hbased metaheuristi
s [20℄.Let us now dis
uss some notations and basi
 results used in our analysis. Theaverage 
ost of all tours in ~Kn (resp. in Kn) with respe
t to 
ost ve
tor 
;3



denoted by A( ~Kn; 
) (resp. A(Kn; 
)); is given by [11,23,24℄A( ~Kn; 
) = 1n� 1 
( ~Kn) and A(Kn; 
) = 2n� 1 
(Kn) : (3)Sarvanov [24℄ showed that, for the ATSP with n odd, there are at least (n�2)!tours in ~Kn having obje
tive fun
tion value greater than or equal to A( ~Kn; 
).He also suggested a 
omputational s
heme based on Hamiltonian de
ompo-sition of ~Kn to �nd a solution with obje
tive fun
tion value no worse thanA( ~Kn; 
). When n is even, he showed that there are at least (n�2)!2 tours in ~Knwith obje
tive fun
tion value greater than or equal to A( ~Kn; 
). His proof andresult for the 
ase of odd n extend dire
tly to the 
ase of even n, using a Hamil-tonian de
omposition of ~Kn for even n. The existen
e of su
h a de
ompositionfor n � 8 was proved by Tillson [27℄. Re
ently, Gutin and Yeo [11℄ indepen-dently showed that for any n 6= 6 there are at least (n� 2)! tours in ~Kn withobje
tive fun
tion value at least A( ~Kn; 
). As a dire
t 
onsequen
e, it 
an beseen that there are at least (n�2)!2 tours in Kn having obje
tive fun
tion valueno less than A(Kn; 
): This was proved independently by Rubline
kii [23℄. Infa
t, Rubline
kii [23℄ proved a stronger result that there are at least (n� 2)!tours in Kn with obje
tive fun
tion value no less than A(Kn; 
) when n is odd.These results 
an be summarized as follows:Theorem 2 For a heuristi
 algorithm � for the ATSP and n 6= 6, if 
(H�
 ) �A( ~Kn; 
) for every 
ost ve
tor 
; then dom(�; n) � (n � 2)!. In the 
aseof STSP, if 
(H�
 ) � A(Kn; 
), then dom(�; n) � (n�2)!2 for even n anddom(�; n) � (n� 2)! for odd n.There are several polynomial time heuristi
 algorithms available for the TSPthat produ
e solutions with obje
tive fun
tion value at least as good as A( ~Kn; 
)(or A(Kn; 
)) [7,11,21,23{25,28℄ and hen
e the domination number of ea
h ofthese heuristi
s is at least (n� 2)! for the ATSP and (n� 2)!=2 (or (n� 2)!)for the STSP (depending on n is even or odd), whi
hever is appli
able.In this paper we study the domination number of the Christo�des, DoubleTree, 2�Opt, 3�Opt and Node-Shifting heuristi
s and give some 
omplexityresults related to domination analysis. The paper is organized as follows. Inse
tion 2 we show that the 2 � Opt heuristi
 for STSP is guaranteed to pro-du
e a solution with value no more than A(Kn; 
) in a polynomial number ofiterations and hen
e the domination number of 2 � Opt is at least (n�2)!2 . InSe
tion 3 we 
onsider domination analysis of Carlier and Villon algorithm [1℄.We also observe that the domination numbers of the Shortest Path Gener-ation algorithm of Glover [5℄ and its variations [20℄, and the Lin-Kernighanalgorithm [16℄ are at least (n� 2)!=2. Se
tion 4 shows that the Node-Shiftingheuristi
 may produ
e a solution worse than A(Kn; 
) and a data dependent4



bound on the obje
tive fun
tion value of this solution is given. Further, weshow that a partial 3 � Opt heuristi
 (and hen
e the 3 � Opt heuristi
) pro-du
es a solution with obje
tive fun
tion value no worse than the average 
ostof all tours. In Se
tion 5 we 
onsider domination analysis of the Christo�desalgorithm [2℄ and the Double Tree algorithm [15℄. It is shown that the domina-tion number of the Christo�des algorithm is at most (n2 )! when n is even andat most (n+12 )! when n is odd. Further, we show that the Double Tree algo-rithm as well as two variations of the Christo�des algorithm have dominationnumber one. In se
tion 6 we show that, unless P = NP, no polynomial timealgorithm for the ATSP exists with domination number at least (n�1)!�k forany 
onstant k or with domination number at least (n�1)!� ( kk+1(n+r))!�1for any non-negative 
onstants r and k su
h that n + r is divisible by k + 1:We also show that, unless P=NP, there is no polynomial time algorithm to
ompute the value of a tour in ~Kn that dominates exa
tly (n � 1)!p=k tourswhere p 2 f1; : : : ; k � 1g for any integer 
onstant k � 2.Gutin and Yeo [10℄ 
onsidered the possibility of polynomial algorithms withdomination number (n�1)!k; where k is a 
onstant. In parti
ular, they showedthat if there exists a 
onstant r > 1 su
h that for suÆ
iently large k, everyk-regular digraph with number of nodes n < rk admits a Hamiltonian de
om-position and su
h a de
omposition 
an be obtained in polynomial time, thena tour whi
h dominates at least (n�2)!(n�k) tours in ~Kn 
an be identi�ed inpolynomial time. It is mentioned in [10℄ that H�aggkvist has announ
ed (butnot yet published) a proof that r = 2 works.Without loss of generality we assume that the nodes of the 
omplete graphare numbered f1; : : : ; ng and that all node-labels and subs
ripts are takenmodulo n.2 Domination Analysis of 2-OptThe 2�Opt heuristi
 is a simple and well-known lo
al sear
h algorithm for theSTSP [15℄. Consider a Hamiltonian 
y
le H of Kn. Without loss of generality,we assume that H = (1; 2; : : : ; n; 1): A 2-ex
hange operation repla
es two non-adja
ent edges (i; i+1) and (j; j+1) fromH by the edges (i; j) and (i+1; j+1)to get a new tour Hij. Let �ij = 
(Hij)� 
(H). Then�ij = 
(i; j) + 
(i+ 1; j + 1)� 
(i; i + 1)� 
(j; j + 1) :For any i in f1; : : : ; ng, let Ni = f1; : : : ; ng � fi � 1; i; i + 1g. If �ij � 0 forall i = 1; 2; : : : ; n and all j in Ni, then H is said to be lo
ally optimal for2� Opt. For any node r of Kn, let Ær = nXj=1;r 6=j 
(r; j). The following theorem5



was proved by Rublinekii [23℄.Theorem 3 If H is lo
ally optimal for 2� Opt then 
(H) � A(Kn; 
).Proof. Let �i = Pj2Ni �ij. Then�i = �(n� 2)
(i; i+ 1)� 
(H) + Æi + Æi+1; for i = 1; 2; : : : ; n:Adding these n equations together, we get� = nXi=1�i = �(2n� 2)
(H) + 4
(Kn) : (4)If H is lo
ally optimal for 2 � Opt then �i � 0 for all i and hen
e � � 0.Thus (4) yields 
(H) � 2
(Kn)n�1 = A(Kn; 
).Corollary 4 The domination number of 2� Opt is at least (n�2)!2 when n iseven and (n� 2)! when n is odd.This follows from theorems 2 and 3.To rea
h a tour whi
h is lo
ally optimal with respe
t to 2�Opt neighborhood,one may need an exponential number of iterations [3℄. Hen
e it is natural toask whether a large domination number 
an be a
hieved after a polynomialnumber of 2 � Opt iterations. In 2 � Opt, the average 
ost of a 2-ex
hangeoperation from tour H, denoted by �(H), is given by �n(n�3) . Hen
e, using (3)and (4), �(H) = 2(n� 1)n(n� 3) [A(Kn; 
)� 
(H)℄ : (5)Suppose we begin the 2 � Opt heuristi
 with a tour H su
h that 
(H) >A(Kn; 
). Then �(H) < 0 and, for the optimal 
hoi
e of non-adja
ent edges(i; i + 1) and (j; j + 1) for the 2-ex
hange operation, �ij � �(H) < 0. Itfollows from equation (5) that this 2-ex
hange operation redu
es the value of
(H) � A(Kn; 
) to 
(Hij) � A(Kn; 
), i.e. by a fa
tor of at least 2(n�1)n(n�3) . To
ount the number of iterations needed to rea
h a solution with value at mostA(Kn; 
), 
onsider the order preserving transformation �(x) = x� A(Kn;
)n andlet d = �(
). The sequen
e of tours H1; H2; : : : ; Hq; where 
(Hq) � A(Kn; 
)and 
(Hi) > A(Kn; 
) for i < q; produ
ed by the 2�Opt heuristi
 for the 
ostve
tors 
 and d are the same provided that they start from the same initial tourH0. For 
ost ve
tor d, the average 
ost of all possible tours is 0 and therefore,for any starting tour H0 with 
(H0) > A(Kn; 
) (implying d(H0) > 0), we haved(Hi) �  1� 2(n� 1)n(n� 3)! d(Hi�1) for i = 1; 2; : : : ; q : (6)6



>From equation (6), using a result of Grover [7℄ we get q = O(n log(d(H0))),i.e. q = O(n log(
(H0) � A(Kn; 
))). We shall now get a strongly polynomialbound for q using the following result of Goemans, 
ited in [22℄.Lemma 5 Let 
 = (
1; 
2; : : : ; 
p) be a real ve
tor and let y1; y2; : : : ; yq beve
tors in f�1; 0; 1gp. If, for all i = 1; 2; : : : ; (q� 1), 0 � yi+1
T � 12yi
T , thenq = O(p log p).Sin
e  1� 2(n� 1)n(n� 3)!n � �1� 2n�n � e�2 ;from equation (6), we see that, after O(n) 2-ex
hanges, we get a solution withvalue at most d(H0)=2. Thus, using Lemma 5 with p = n(n � 1)=2, we getq = O(n3 logn). The foregoing dis
ussion 
an be summarized asTheorem 6 For the STSP, the 2 � Opt algorithm produ
es a solution withvalue at most A(Kn; 
) in O(minfn3 logn; n log(
(H0)�A(Kn; 
))g) iterations,where H0 is the starting solution.Note that the solution indi
ated in Theorem 6 need not be lo
ally optimalwith respe
t to the 2�Opt neighborhood. It may also be noted that it is notne
essary to make optimal 
hoi
e of edges to be ex
hanged in ea
h iterationto a
hieve this bound. Any pair (i; i + 1); (j; j + 1) su
h that �ij � �(H) isgood enough. One 
ould even permit a 
onstant number of �rst improvement2�Opt moves between two su
h iterations and still get the same 
omplexitybound.3 Carlier-Villon AlgorithmLet the nodes ofKn be labelled as 1; 2; : : : ; n. A tour (�(1); �(2); : : : ; �(n); �(1))of Kn is pyramidal with respe
t to this node ordering if there exists an index1 � k � n su
h that �(k) = n and�(1) < �(2) < : : : < �(k) > �(k + 1) > : : : > �(n) :There are 2n�3 pyramidal tours in Kn with respe
t to a given node labellingand the best pyramidal tour 
an be obtained in O(n2) operations [14℄.Let H = (u1; u2; : : : ; un; u1) be an arbitrary tour of Kn. The Carlier-Villonneighborhood of H, CV(H), is de�ned as follows [1℄: Choose any node ui of Hand relabel the nodes ui; ui+1; : : : ; un; u1; u2; : : : ui�1 respe
tively as 1; 2; : : : n.Let Fi be the 
lass of all tours ofKn that are pyramidal with respe
t to this newlabelling of the nodes. Then CV (H) = [ni=1Fi: The best member in CV (H)
an be identi�ed in O(n3) operations by repeated appli
ation of the algorithm7



for 
omputing the best pyramidal tour. A lo
al sear
h algorithm sele
ting thebest solution in CV (H) is 
alled the CV-algorithm [1℄. Let 2�Opt(H) denotethe 2� Opt neighborhood of H.A tour that is lo
ally optimal with respe
t to the CV neighborhood is alsolo
ally optimal with respe
t to the 2 � Opt neighborhood, as mentioned in[12℄. The following lemma yields this result.Lemma 7 2� Opt(H) � CV (H).Proof. Let H = (u1; u2; : : : ; un; u1). We show that Ĥ 2 2 � Opt(H) im-plies Ĥ 2 CV (H): Choose two arbitrary non-adja
ent edges (ur; ur+1) and(us; us+1) of H. Without loss of generality, let us assume that r < s. Let Ĥ bethe tour obtained by a 2-ex
hange operation involving these two edges. ThusĤ = (u1; u2; : : : ; ur; us; us�1; : : : ; ur+1; us+1; us+2; un; u1) :It 
an be veri�ed that Ĥ 2 Fs+1 and hen
e Ĥ 2 CV (H):Theorem 8 The CV-algorithm produ
es a solution to the STSP with valueno more than A(Kn; 
) in O(minfn3 logn; n log(
(H0)�A(Kn; 
))g) iterationsand the domination number of this algorithm is at least (n�2)!2 for even n and(n� 2)! for odd n.The proof of this theorem follows from Lemma 7 and theorems 3 and 6. Itmay be noted that the previously best known domination number of the CV-algorithm for STSP was n2n�3 [1℄. As in the 
ase of Theorem 6, the solutionindi
ated in Theorem 8 need not be lo
ally optimal with respe
t to the CV(H)neighborhood. The worst 
ase 
omplexity of this algorithm is not known tobe polynomial.Note that the CV-algorithm may be used on dire
ted graphs too. However,the argument used in proving Theorem 8 is not valid for dire
ted graphs.Gutin and Yeo [9℄ showed that any polynomial time heuristi
 � for the STSP
an be modi�ed to get a polynomial time heuristi
 �� for the ATSP su
h thatdom(��; n) � dom(�; n): Given an instan
e of ATSP with input graph ~Knand ar
 
ost ve
tor 
 
onstru
t an instan
e of STSP on Kn with edge 
ostsd(i; j) = (
(i; j) + 
(j; i))=2. Let H�d be the solution produ
ed by � for thisinstan
e. Of the two tours in ~Kn 
orresponding to H�d , one in forward and theother in ba
kward dire
tion, 
hoose the one with lesser 
ost. Choosing � asthe CV-algorithm for STSP, we get an algorithm for ATSP with dominationnumber at least (n�2)!2 .Eje
tion 
hain algorithms is another 
lass of important powerful heuristi
sfor the TSP. Two of the most important members of this 
lass of heuristi
s8



are the Lin-Kernighan algorithm [16℄ and the shortest path eje
tion 
hainalgorithms [6,20℄. Several variations of these algorithms are known. In manyvariations of these algorithms a lo
al optimum solution is also a lo
al optimumwith respe
t to the 2� Opt neighborhood. For all su
h variations of the Lin-Kernighan algorithm and the Shortest Path Eje
tion Chain algorithm it 
anbe shown that the domination numbers are at least (n�2)!2 .4 Node-shifting and 3-Opt heuristi
sIn this se
tion we investigate the values of lo
al optima with respe
t to neigh-borhoods that are subsets of the well known 3�Opt neighborhood [15℄. Let us�rst 
onsider the node-shifting neighborhood. Let H be a tour in ~Kn. Withoutloss of generality we assume that H = (1; 2; : : : ; n; 1). Eje
t a node i and anedge (j; j+1); j 6= i; i�1, fromH and introdu
e the edges (i�1; i+1); (j; i) and(i; j + 1) to form the tour Hij. We 
all this operation shifting node i betweennodes j and j+1 and we say that Hij is obtained fromH by node-shifting. The
olle
tion of all tours that 
an be obtained from H by node-shifting is 
alledthe node-shifting neighborhood of H. The node-shifting neighborhood is de-�ned for both STSP and ATSP. Unlike the 2�Opt neighborhood, the obje
tivefun
tion value of a lo
ally optimal solution 
orresponding to the node-shiftingneighborhood 
ould be worse than A( ~Kn; 
) (or A(Kn; 
)) as illustrated by thefollowing example.Consider a 
omplete graph on 10 nodes. (See Figure 1. The missing edges have
ost zero.) All edges of the tour H = (1; 2; 3; : : : ; 10; 1) have 
ost 1, all edges of
3

2

3
4

5

6

7

89

3

10

1

1

1 1

1

1

1

11

1

1

3

3
3

3
3

3

3

3

Fig. 1.the subtours (1; 3; 5; 7; 9; 1) and (2; 4; 6; 8; 10; 2) have 
ost 3 and all other edgeshave 
ost zero. The average 
ost of all tours is 80/9 and the 
ost of H is 10.It 
an be veri�ed that H is lo
ally optimal with respe
t to the node-shiftingneighborhood.The lo
al sear
h algorithm using the node-shifting neighborhood is 
alled theNode-Shifting algorithm. Let us now give a data dependent bound on theobje
tive fun
tion value of the solution produ
ed by the Node-Shifting al-gorithm. We de�ne the mate of the tour H, denoted by Ĥ, as follows. If n9



is odd then Ĥ is the tour (1; 3; : : : n � 2; n; 2; : : : ; n � 1; 1) and if n is eventhen Ĥ is the 
olle
tion of two subtours (1; 3; : : : ; n� 1; 1) and (2; 4; : : : ; n; 2).Let �ij = 
(Hij) � 
(H). The tour H is said to be lo
ally optimal with re-spe
t to the node-shifting neighborhood if �ij � 0 for all i = 1; 2 : : : ; n andj = 1; 2; : : : ; n; j 6= i; i � 1: For ea
h node r of ~Kn let ~Ær = Pj 6=r 
(r; j) and~Ær = Pj 6=r 
(j; r).Theorem 9 Let H be a lo
ally optimal solution with respe
t to the node-shifting neighborhood. Then for the ATSP, 
(H) � (n�2)3n�4 
(Ĥ)+ 2(n�1)3n�4 A( ~Kn; 
)and for the STSP, 
(H) � (n�2)3n�4 
(Ĥ) + 2(n�1)3n�4 A(Kn; 
).Proof. It 
an be veri�ed that �ij = �
(i� 1; i)� 
(i; i+ 1)+ 
(i� 1; i+ 1)+
(j; i) + 
(i; j + 1)� 
(j; j + 1): Adding all these �ij values for j = 1; 2; : : : ; n,j 6= i� 1; i and denoting the sum as �i we get�i = (n� 2)(�
(i� 1; i)� 
(i; i+ 1) + 
(i� 1; i+ 1)) + ~Æi + ~Æi � 
(H) :Thus � = nXi=1�i = �(3n� 4)
(H) + (n� 2)
(Ĥ) + 2
( ~Kn) :If H is lo
ally optimal, with respe
t to the node-shifting neighborhood, then� � 0. Thus we have 
(H) � (n� 2)
(Ĥ) + 2
( ~Kn)3n� 4 : (7)The result now follows from the formula for A( ~Kn; 
) indi
ated earlier. The
ase of the STSP 
an be proved in a similar way.Corollary 10 If 
(Ĥ) � 
(H) then, for the STSP, 
(H) � A(Kn; 
) and forthe ATSP, 
(H) � A( ~Kn; 
).Corollary 11 If the edge 
osts satisfy the triangle inequality, then 
(H) �2(n�1)n A( ~Kn; 
) for the ATSP and 
(H) � 2(n�1)n A(Kn; 
) for the STSP.Proof. If the edge 
osts satisfy the triangle inequality, 
(Ĥ) � 2
(H) and theresult follows from (7).We shall now show that, by 
onsidering additional 3�Opt ex
hanges, a solution
an be obtained with value at most A(Kn; 
). Let (i; i+1); (j; j+1); (u; u+1)be a triplet of distin
t edges in H = (1; 2; : : : ; n; 1) that do not form a path oflength 3. Consider the following types of 3� opt ex
hanges:Type 1: For j = i+1, let the new tour obtained by this ex
hange be the tourHiu obtained by shifting node i between u and u+ 1.10



Type 2: Suppose that edges (i; i + 1); (j; j + 1); (u; u + 1) are pairwise non-adja
ent and that i < j < k. Repla
e the edges (i; i + 1); (j; j + 1); (u; u+ 1)by the edgesType 2(a): (i; j + 1); (j; u); (i+ 1; u+ 1) to get a new tour H1iju.Type 2(b): (i; u); (i+ 1; j + 1); (j; u+ 1) to get a new tour H2iju.Type 2(
): (i; j); (i+ 1; u); (j + 1; u+ 1) to get a new tour H3iju.Now we 
onsider the partial 3-Opt neighborhood 
orresponding to type 1, type2(a), 2(b), and 2(
) ex
hanges. Re
all that, for the tour Hij obtained usingnode-shifting operations, we have de�ned�iu = 
(Hiu)� 
(H) =�
(i� 1; i)� 
(i; i+ 1) + 
(i� 1; i+ 1) (8)+
(u; i) + 
(i; u+ 1)� 
(u; u+ 1) :De�ne�1iju = 
(H1iju)� 
(H) = 
(i; j + 1) + 
(u; j) + 
(i+ 1; u+ 1) (9)�
(i; i+ 1)� 
(j; j + 1)� 
(u; u+ 1)�2iju = 
(H2iju)� 
(H) = 
(i; u) + 
(j + 1; i+ 1) + 
(j; u+ 1) (10)�
(i; i+ 1)� 
(j; j + 1)� 
(u; u+ 1)�3iju = 
(H3iju)� 
(H) = 
(i; j) + 
(i+ 1; u) + 
(j + 1; u+ 1) (11)�
(i; i + 1)� 
(j; j + 1)� 
(u; u+ 1) :Theorem 12 If H is lo
ally optimal with respe
t to the partial 3�Opt neigh-borhood, then 
(H) � A(Kn; 
).Proof. Consider a Hamiltonian 
y
le H in Kn. Without loss of generality,we assume that H = (1; 2; : : : ; n; 1): Adding all the inequalities (8) (over allnon-adja
ent i and u), and (9), (10), (11) (over all 1 � i < j < u � n), andusing symmetry, we get,�=X�iu +X�kiju (12)=�r1
(H) + r2
(S1) + Xe2S2 r(e)
(e); (13)for some r1; r2 and fr(e) : e 2 S2g where, S1 = f(i; i + 2) : i 2 f1; 2; : : : ; nggand S2 = E � (S1 [H). An edge e in H o

urs in 3(n� 4) ex
hanges of type1 and (n�4)(n�5)2 ex
hanges of ea
h of the types 2(a), 2(b) and 2(
). Hen
e,r1 = 3(n�3)(n�4)2 . 11



Let e 2 S1 with e = (a; b) and assume w.l.o.g. that b � a+2 (mod n). Edge eis involved in (n� 2) ex
hanges of type 1: (n� 4) of them with i = a+1, onewith i = a; u = b and one with i = b; u = a� 1. It is also involved in 2(n� 5)ex
hanges of type 2: e 
an possibly be only edge (j; u) or (i + 1; u + 1) for2(a) ex
hanges, edge (i; u) or (i+ 1; j + 1) for 2(b) ex
hanges, and edge (i; j)or (j + 1; u+ 1) for 2(
) ex
hanges. If 1 � a < b � n, observe that the 
aseswhere (a; b) is (i; j) or (j; u) always a

ount for (n � 5) 
hoi
es of i; j; u, aswell as the 
ases (i+ 1; j + 1) or (j + 1; u+ 1). Sin
e the remaining two 
asesare ex
luded, e is indeed in 2(n� 5) ex
hanges as 
laimed. If 1 � b < a � n,then (a; b) is either (u; i) or (u + 1; i + 1), a

ounting for 2(n � 5) ex
hangesas 
laimed. Thus r2 = 2(n� 5) + (n� 2) = 3(n� 4).Now 
onsider any edge e = (a; a+ k) in S2 for some a 2 V and 2 < k < n� 2.Let us 
ount the number of type 2 ex
hanges in whi
h edge e is involved. Sin
ethe edges f(i; i+ 1); (j; j + 1); (u; u+ 1)g are pairwise non-adja
ent in H, theset fi; j; ug should 
ontain pre
isely one of a� 1 and a and it should 
ontainpre
isely one of a+k�1 and a+k. Then e will be involved in pre
isely one ofthe 
orresponding type 2(a), 2(b), 2(
) ex
hanges. Now 
onsider the followingfour 
ases. Case 1: fa� 1; a+ k � 1g � fi; j; ug; 
ase 2: fa; a+ kg � fi; j; ug;
ase 3: fa; a + k � 1g � fi; j; ug and 
ase 4: fa � 1; a + kg � fi; j; ug. Inea
h of 
ases 1 and 2, we have n � 6 
hoi
es for the third edge. In 
ase 3,we have n � k � 2 
hoi
es for the third edge, while in 
ase 4, we have k � 2
hoi
es for the third edge. Thus the total number of type 2 ex
hanges in whi
he is involved is 3n � 16. Also edge e is involved in four type 1 ex
hanges, (i)i = a; u = a + k � 1, (ii) i = a; u = a + k, (iii) i = a + k; u = a � 1, and (iv)i = a+ k; u = a. Thus r(e) = 3n� 16+ 4 = 3(n� 4). Sin
e edge e was 
hosenarbitrarily in S2, r(e) = 3(n� 4) for all e in S2. By substituting the values ofr1; r2 and fr(e) : e 2 S2g in equation (13) we get,�=3(n� 4)
(Kn)� 3(n� 4)(n� 1)2 
(H) (14)= 32(n� 4)(n� 1) [A(Kn; 
)� 
(H)℄ (15)Now, if H is lo
ally optimal with respe
t to the partial 3�Opt neighborhood,then �iu � 0 for all non-adja
ent i and u, and �kiju � 0 for all 1 � i < j <u � n and k = 1; 2; 3: Hen
e,� = 32(n� 4)(n� 1) [A(Kn; 
)� 
(H)℄ � 0:This implies that 
(H) � A(Kn; 
):Corollary 13 If H is lo
ally optimal for 3 � Opt, then 
(H) � A(Kn; 
).Further the domination number of 3� Opt heuristi
 is at least (n� 2)!=2.12



We now show that the partial 3� Opt heuristi
 produ
es tour with value nomore than A(Kn; 
) in polynomial time.Theorem 14 The partial 3�Opt heuristi
 produ
es a tour with 
ost no morethan A(Kn; 
) in O(minfn3 log(n); n log(
(H)� A(Kn; 
))g) iterations, whereH is the starting solution.Proof. The total number of ex
hanges of types 1; 2(a); 2(b) and 2(
) are ob-viously nr13 = n(n� 3)(n� 4)2 :Hen
e the average 
ost of a partial 3� Opt heuristi
 is given by,�= 2�n(n� 3)(n� 4) (16)= 3(n� 1)n(n� 3) [A(Kn; 
)� 
(H)℄ (17)The proof now follows along the same lines as the proof of Theorem 6, byrepla
ing equation (5) with equation (17).As an immediate 
onsequen
e of the above theorem, we have the following
omplexity result for the 3� Opt heuristi
.Corollary 15 The 3�Opt heuristi
 produ
es a tour with 
ost no more thanA(Kn; 
) in O(minfn3 log(n); n log(
(H)� A(Kn; 
))g) iterations, where H isthe starting solution.5 Christo�des and Double Tree Heuristi
sThe Christo�des algorithm [2℄ is a well known 32 -approximation algorithm forthe STSP when the edge 
osts satisfy the triangle inequality. The algorithm
onstru
ts a minimum 
ost spanning tree T of Kn and a minimum 
ost perfe
tmat
hing M of the nodes of odd degree in T . The graph B = T [M is thusEulerian and 
onne
ted. Sele
t an ordering of the edges in B to produ
e anEulerian tour of B. Then, starting at an arbitrary node of B, traverse theEulerian tour, introdu
ing short
uts to skip already visited nodes, to obtain aHamiltonian tour H. The quality of H depends on the sele
ted perfe
t mat
h-ing, on the starting node of the Eulerian tour and on the Eulerian tour itself.Among all the possible tours that 
an be generated in this way, identifyingthe best tour is an NP-hard problem [18℄.13



Theorem 16 The domination number of Christo�des heuristi
 is at most(n2 )! for even n and at most (n+12 )! for odd n, even if the edge 
osts satisfy thetriangle inequality.Proof. To prove this theorem, we only need to 
onstru
t an instan
e of theSTSP for whi
h Christo�des algorithm produ
es a tour that dominates onlythe 
laimed number of tours. Consider the 
ase of n even. Let V = f1; 2; : : : ; ngbe the node set of the 
omplete graph Kn. Let the 
ost of ea
h of the edgesin M� = f(3; 4); (5; 6); : : : ; (n � 1; n)g be two. All other edges of Kn have
ost one. In this 
ase, the star at node 1 is a minimum spanning tree T . LetM = f(2; 3); (4; 5); : : : ; (n � 2; n � 1); (n; 1)g. Observe that M is a minimum
ost perfe
t mat
hing of the nodes of odd degree in T . Consider the Euleriantour n; 1; 2; 3; 1; 4; 5; 1; : : : ; (n� 1); 1; nin B = T [M . The short-
utting phase of Christo�des algorithm produ
esthe tour (n; 1; 2; 3; 4; : : : ; n� 1; n) :This is one of the worst tours in Kn and there are exa
tly (n2 )! tours in Knhaving this 
ost. A similar example yields the result for n odd.Let us 
onsider a variation of the Christo�des algorithm designed to improveits performan
e when applied to an instan
e where the edge 
osts do notsatisfy the triangle inequality. We do not know who introdu
ed this variationand we 
all it modi�ed Christo�des algorithm. The algorithm 
an be des
ribedas follows.Step 1: Find a minimum 
ost spanning tree T in Kn.Step 2: Find a minimum 
ost perfe
t mat
hing M in the subgraph G(T ) ofKn indu
ed by the odd degree verti
es of T with the 
ost of edge(i; j) in G(T ) equal to the 
ost of the shortest ij-path in Kn:Step 3: For ea
h edge (i; j) 2M , let P (i; j) be a shortest ij-path in Kn. LetM� = [(i;j)2MP (i; j).Step 4: Consider the Eulerian graph T [ M�. Using short
uts, as in theChristo�des algorithm, produ
e a tour in Kn.Theorem 17 The domination number of the modi�ed Christo�des algorithmis one.Proof. We give an example where the modi�ed Christo�des algorithm pro-du
es the worst tour and this tour is the only one with that value. Consider the
omplete graph Kn = (V;E) where V = f1; 2; : : : ; ng. Assume that n is even.Let the 
ost of ea
h edge in
ident to node 1 be zero and the 
osts of the edgesf(3; 4); (4; 5); : : : ; (n�2; n�1); (n�1; n); (n; 2)g be 10. Assign a 
ost of one tothe remaining edges ofKn. The minimum 
ost spanning tree T in this 
ase willbe the star at node 1. Note that every node has odd degree in T and that the14



shortest ij-path, for i 6= j, is a two edges path passing through node 1 with a
ost of 0. Hen
e, (1; 2); (3; 4); : : : ; (n� 1; n) is a minimum 
ost perfe
t mat
h-ing in G(T ) and the resulting 
onne
ted, Eulerian graph (as obtained in Step4 of the algorithm) is pre
isely the double tree obtained from the star at node1. Consider the Eulerian traversal (2; 1; 3; 1; 4; 1; 5; 1; : : : ; n� 1; 1; n; 1; 2). Theshort-
utting phase of the modi�ed Christo�des algorithm produ
es the tour(2; 1; 3; 4; 5; : : : ; n� 1; n; 2). It 
an be veri�ed that it is the unique worst tourin Kn and hen
e the domination number the modi�ed Christo�des algorithmis one. The 
ase where n is odd is similar.In the modi�ed Christo�des algorithm dis
ussed earlier, if Step 2 is repla
ed byStep 2: Find a minimum 
ost perfe
t mat
hing M in the subgraph G(T )of Kn indu
ed by the odd degree verti
es of Twe get yet another version of the Christo�des algorithm. Under triangle in-equality, this version also guarantees a 3/2-approximate solution for the TSP.However it is possible to show that the domination number of this variationof Christo�des algorithm is one even if the edge 
osts satisfy the triangleinequality.Let us now dis
uss the domination number of the Double Tree algorithm [15℄.This heuristi
 �rst 
omputes a minimum spanning tree of Kn, dupli
ates itsedges to form an Eulerian graph and then, as the Christo�des algorithm,follows an Eulerian tour and uses short
uts to skip already visited nodes toprodu
e a tour in Kn. As in the 
ase of Christo�des algorithm, it is easy toshow that �nding the best double-tree tour (over all possible Eulerian tours)is NP-hard.Theorem 18 The domination number of the Double Tree algorithm is oneeven if the edge 
osts satisfy the triangle inequality.Proof. We shall 
onstru
t an instan
e of the STSP where the Double Treealgorithm produ
es the worst tour and where this worst tour is unique. Con-sider the 
omplete graph Kn = (V;E) where V = f1; 2; : : : ; ng. Let the
ost of ea
h edge in
ident to node 1 be one and the 
ost of the edges inM = f(3; 4); (4; 5); : : : ; (n� 2; n� 1); (n� 1; n); (n; 2)g be two. All other edgesof Kn are of 
ost one. In this 
ase the star at node 1 is a minimum spanningtree. Consider the Eulerian tour (2; 1; 3; 1; 4; 1; 5; 1; 6; 1; 7; : : : ; n � 1; 1; n; 1; 2)in the double tree obtained from T . The short-
utting phase of the DoubleTree algorithm produ
es the tour (2; 1; 3; 4; 5; : : : ; n � 1; n; 2). It 
an be veri-�ed that this is the unique worst tour in the graph and hen
e, the dominationnumber of the Double Tree algorithm is one.15



There are other heuristi
 algorithms for TSP known to have domination num-ber equal to one. For details see Gutin, Yeo and Zverovi
h [13℄.
6 Complexity and Domination AnalysisAn important open question in domination analysis is to identify the largestpossible domination number for a polynomial time heuristi
 for the TSP. Al-though this question remains open, we prove some upper bounds under theassumption P 6= NP . In this se
tion we 
onsider primarily the ATSP andanalogous results 
an be easily derived for the STSP.Theorem 19 Unless P = NP , no polynomial time algorithm for ATSP hasdomination number (n� 1)!� k for any 
onstant k.Proof. Let � be a polynomial time algorithm for the ATSP having dominationnumber (n� 1)!� k for some 
onstant k. We show that � 
an be used to �nda minimum 
ost Hamiltonian uv-path in a 
omplete dire
ted graph D foru; v 2 V (D) with ar
 
ost ve
tor d, a well-known NP-hard problem [4℄ thatwe refer to as MHP(u; v). Constru
t a 
orresponding instan
e of the ATSPwith 
ost ve
tor 
 as follows. Let D0 be a 
omplete digraph with k0 verti
es,su
h that k0! > k. Join ea
h node of D0 to ea
h node of D � fu; vg by twoopposite ar
s e; e0 with 
ost 
e = 
e0 = M , where M > Pe2D jdej. For ea
hnode x 2 D0, let 
(u; x) = M and 
(x; v) = M . Ar
s joining any two nodes ofD keep their original 
ost. All remaining ar
s of the 
omplete dire
ted graphon the node set V (D)[V (D0) have 
ost zero. Let D� be the resulting dire
tedgraph. Let jV (D) [ V (D0)j = N:If P is a minimum 
ost Hamiltonian uv-path in D with respe
t to 
ost ve
tord; then there are at least k0 ! Hamiltonian 
y
les in D� with 
ost equal to d(P ),obtained by extending P with the nodes in D0 in all possible order. It 
an beveri�ed that ea
h of these k0! Hamiltonian 
y
les in D� 
orresponds to anoptimal solution to the ATSP on D�. Furthermore, ea
h optimal solution tothe ATSP on D� is of this form and from any one of these optimal solutions,an optimal Hamiltonian uv-path in D 
an be re
overed. Sin
e, k0 ! > k, anytour in D� dominating (N � 1)!� k tours must be one of these optimal toursin D� and � serves as a polynomial time algorithm for Hamiltonian uv-pathproblem, whi
h is impossible under the assumption P 6= NP .Theorem 20 Unless P = NP , there is no polynomial time approximationalgorithm for the ATSP with domination number (n� 1)!� ( kk+1(n+ r))!� 1for any non negative 
onstants r and k with (n+ r) � 0 mod (k + 1):16



Proof. The proof of this theorem is similar to that of the previous theorem.The only di�eren
e is that we 
hoose the number of nodes in D0 to be k(n+r).Note that there are (k(n+ r))! optimal tours in D� and ea
h one of them 
or-responds to an optimal solution to the Hamiltonian uv-path problem on D.Let � be a polynomial time algorithm for the ATSP on ~Kn having dominationnumber (n � 1)!� ( kk+1(n + r))!� 1 for some nonnegative 
onstants k and rsatisfying the 
ondition of the theorem. If � is applied on D�, (note that D�has N = n + k(n + r) nodes), the resulting solution, say H will be no worsethan (N � 1)!� ( kk+1(N + r))!� 1 alternative tours. Now,(N � 1)!� ( kk + 1(N + r))! = (n+ k(n + r)� 1)!� ( kk + 1(n+ k(n+ r) + r))!= (n+ k(n + r)� 1)!� ( kk + 1(k + 1)(n+ r)))!= (n+ k(n + r)� 1)!� (k(n+ r))!Thus H must be one of the (k(n + r))! optimal hamiltonian 
y
les in D�.From H an optimal Hamiltonian uv-path in D 
an be re
overed. The resultnow follows.By 
hoosing appropriately the number of nodes in D0 in the proofs of the-orems 19 and 20, several related 
omplexity results on domination analysis
an be obtained. In parti
ular, it 
an be shown that unless P=NP, there is nopolynomial time heuristi
 algorithm for ATSP on �(n) nodes with dominationnumber (�(n)�1)!�(�(n)�n)!�1 for any integer valued polynomial fun
tion�, de�ned on positive integers, su
h that �(n) � n:We have seen that the average value of all tours in a graph 
an be obtainedby evaluating a simple formula in O(n2) operations. One might wonder if thisis also the 
ase for the median 
ost of all the tours. We now show that unlessP = NP there is no polynomial time algorithm that 
omputes the median ofall the tour 
osts in ~Kn. In fa
t we prove a more general result.Theorem 21 Unless P = NP , no polynomial time algorithm 
an 
omputethe obje
tive fun
tion value of a tour whi
h dominates exa
tly (n � 1)! p=ktours where p 2 f1; : : : ; k � 1g for any integer 
onstant k � 1.Proof. Let � be a polynomial time algorithm to 
ompute the obje
tive fun
-tion value of a tour whi
h dominates exa
tly b(n � 1)!p=k
 tours. We showthat � 
an be used to solve MHP(u; v) in a 
omplete dire
ted graph ~Kn, wheren is divisible by k for a given integer k. We refer to this problem as minimum(u; v)-Hamiltonian path problem with parameter k (MHP(u; v; k) for short).This problem is NP-hard, as any instan
e of MHP(u; v) on the digraph ~Kn17




an be transformed into an instan
e of MHP(u; v; k) by adding a wl-dipath Pof k� (n mod k) new nodes (all ar
s in P and ar
 (v; w) have 
ost 0, all othernew ar
s in the new 
omplete dire
ted graph have 
ost larger than Pe2Kn j
ej)and asking for a minimum 
ost Hamiltonian ul-dipath in the new 
ompletedire
ted graph.From an instan
e of MHP(u; v; k), we 
onstru
t a 
omplete dire
ted graph~Kn+1 as follows. Let S be a subset of the node set of ~Kn su
h that u =2 S; v =2 Sand jSj = n(k � p)=k. Introdu
e a new node z and join v to z and z to u byar
s of 
ost zero. Let M > Pe2 ~Kn j
ej and let M 0 > (n+ 1)M . Join ea
h nodeof S to z by ar
s of 
ost �M 0 and join z to ea
h node of ~Kn ex
ept u by ar
sof 
ost M . Also join ea
h node not in S [ v to z by edges of 
ost M: All ar
sof the 
onstru
ted ~Kn+1 
orresponding to the original ~Kn keep their original
osts (see Figure 2).
S

z

(V-S)-{u,v}

M M-M’ M

u v0

0M

MFig. 2. Weights for ar
s in
ident to zObserve that an optimal Hamiltonian uv-dipath P with 
ost 
(P ) in ~Kn 
anbe extended to a tour in ~Kn+1 by adding ar
s (v; z) and (z; u) to it. Moreover,the only tours of ~Kn+1 with a 
ost lower than 
(P ) are tours using an ar
(s; z) for some s 2 S. There are exa
tly jSj � (n� 1)! = n!(k� p)=k su
h tours.Thus n!p=k tours of this ~Kn+1 will have length greater than or equal to 
(P )and � 
ould be used to �nd a solution to MHP(u; v; k). Sin
e MHP(u; v; k) isNP-hard, the result follows.Note that the above theorem does not rule out the possibility of a polynomialtime algorithm with domination number at least (n� 1)!p=k for the ATSP.7 Con
lusionIn this paper we obtained the domination number of several popular heuristi
sfor the TSP improving the best known domination numbers. We also gaveupper bounds (unless P=NP) on the domination number of any polynomialtime heuristi
 for the TSP. It is an open question to �nd a least upper boundon the domination number valid for all polynomial time heuristi
s for the TSP.18
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