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Abstract

Intersection cuts are generated from a polyhedral cone and a convex set S whose
interior contains no feasible integer point. We generalize these cuts by replacing the
cone with a more general polyhedron C. The resulting generalized intersection cuts
dominate the original ones. This leads to a new cutting plane paradigm under which
one generates and stores the intersection points of the extreme rays of C with the
boundary of S rather than the cuts themselves. These intersection points can then be
used to generate in a non-recursive fashion cuts that would require several recursive
applications of some standard cut generating routine. A procedure is also given for
strengthening the coefficients of the integer-constrained variables of a generalized in-
tersection cut. The new cutting plane paradigm yields a new characterization of the
closure of intersection cuts and their strengthened variants. This characterization is
minimal in the sense that every one of the inequalities it uses defines a facet of the
closure.

1 Introduction

Consider the mixed integer program

min{cx : Ax ≥ b, x ≥ 0, xj ∈ Z, j ∈ N1 ⊆ N} (MIP)

where A is m × n and N := {1, . . . , n}. Let P := {x ∈ Rn : Ax ≥ b, x ≥ 0}, and

PI := {x ∈ P : xj ∈ Z, j ∈ N1}.

∗Research supported by the National Science Foundation through grant CMMI-1024554.
†Research supported by the Office of Naval Research through contract N00014-09-1-0033.
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Intersection cuts [2] are derived from a displaced polyhedral cone formed by the

intersection of n halfspaces from among those defining P . Such a cone is called sim-

plicial. The intersection of the corresponding hyperplanes is the apex of the cone. To

be specific, if C(v) is the displaced simplicial cone with apex at v, an intersection cut

can be derived by intersecting the extreme rays of C(v) with the boundary of any

convex set S whose interior contains v but no feasible integer point. So the crucial

requirement on S is that PI ∩ intS = ∅. A convex set S satisfying this requirement

will be called proper. The intersection points of the n extreme rays of C(v) with the

boundary of S define a hyperplane αx = β such that the inequality αx ≥ β cuts off v

but no feasible integer point. If an extreme ray is contained in its entirety in S, we say

that it intersects the boundary of S at infinity.

Originally the cone used for generating intersection cuts was the one whose apex

is x̄, the minimizer of cx over P . However, as the recent procedure of generating

lift-and-project cuts [3] from the LP tableau [6, 4, 15] has demonstrated, stronger

intersection cuts can be obtained from a cone whose apex is a point v corresponding to

an infeasible basic solution, such that the cone with apex at v contains x̄, the vertex to

be cut off. This is illustrated in Figure 1, where (a) pictures an intersection cut derived

from a vertex x̄ = v1 of P , while (b) and (c) show cuts derived from points v2 and

v3 corresponding to infeasible basic solutions. Such points can be viewed as vertices

(0-dimensional faces) of the hyperplane arrangement A(P ) in Rn associated with P ,

which is the collection of hyperplanes defining the constraints of P (see, for instance,

chapter 18 of [12]). A vertex of A(P ) is the intersection point of n hyperplanes of

A(P ), i.e. there is a one to one correspondence between the vertices of A(P ) and the

basic solutions (feasible or not) of the system defining P .

Lately, the intersection cut framework has been found useful in the study of valid

inequalities derived from multiple rows of the simplex tableau (see, for instance, [1, 7,

9]).
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Figure 1:

Our purpose here is to investigate the possibility of deriving intersection-type cuts

from polyhedra other than simplicial cones, whose extended edges or extreme rays

intersect bd S at points beyond the hyperplane αx = β, thereby providing cuts that

dominate αx ≥ β.

If we view the Balas-Perregaard procedure of [6] as a generalization of the original

intersection cuts derived from vertices of P to intersection cuts derived from vertices of

A(P ), then the approach of this paper can be viewed as a further generalization along

those lines.

Our paper is structured as follows. Section 2 introduces the generalized intersection

cuts as valid inequalities obtained by intersecting the extreme rays of some relaxation

of P with the boundary of a proper convex set S. The main result of this section,

and of the paper, Theorem 4, shows how to obtain valid cuts from a collection of such

intersection points and gives conditions under which these cuts dominate the standard

intersection cuts. The next two sections, 3 and 4, describe the procedure for generating

the intersection points. Section 5 states the new cut generating paradigm suggested

by the results of section 2. The next section, 6, gives a geometric interpretation of

intersection cuts with strengthened coefficients corresponding to integer-constrained

variables, which makes it possible to strengthen in a similar fashion the coefficients of

generalized intersection cuts. Finally, section 7 discusses the closure of P under the
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cut generating procedure discussed here, and its relationship to the closure of P under

other cut generating procedures.

2 Intersection-type cuts from non-conic polyhe-

dra

Let C1 be a displaced simplicial cone containing x̄, whose n facets are facets of P and

whose apex v1 is a vertex of the hyperplane arrangement associated with P . Further,

let S be a convex set containing v1 and such that PI∩ intS = ∅, and let α1x ≥ β1 be the

intersection cut derived from C1 and S. Consider now the polyhedron C := C1 ∩ H+,

where H+ is a facet-defining halfspace for P , such that v1 ∈ H+ and H, the hyperplane

bounding H+, is intersected by some of the extreme rays of C1 at a point v ∈ intS. C

inherits from C1 its vertex v1 and possibly some of its extreme rays, but intersecting

C1 with H+ creates new vertices v ∈ intS (unless v1 ∈ H) and new edges (possibly

infinite) of C originating at the new vertices. (See figure 2(a) where H intersects a

single extreme ray of C1, and 2(b), where it intersects two.) In the case where v1 ∈ H,

no new vertices are created; only new edges. Actually, intersecting C1 with H+ may

also create vertices of C outside S, but these are not of interest to us, since they play

no role in generating cuts from S. Therefore the edges of C joining a vertex in S to

a vertex outside S will be treated the same way as the (and therefore called) infinite

edges (extreme rays) of C emanating from a vertex of C belonging to intS.

cone C1

Hyperplane
H

(a)

cone C1

Hyperplane

H
(b)

Figure 2:
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Assume first that v1 ∈ intH+.

Theorem 1. If k extreme rays of C1, 1 ≤ k ≤ n− 1, intersect H at a point v ∈ intS,

then C has (k + 1)(n − k) edges intersecting bdS (possibly at infinity).

Proof. Suppose k extreme rays rj of C1 intersect H at a point v ∈ intS. This creates

k new vertices of C contained in intS. Each new vertex (intersection point rj ∩ H)

is incident with n − 1 new edges of C, each consisting of the intersection of H with

n − 2 of the n − 1 facets of C1 whose intersection is rj . Of these n − 1 new edges,

k − 1 join the new vertex rj ∩ H to each of the remaining k − 1 new vertices, while

the remaining n − k new edges have only one end in intS. This is a total of k(n − k)

new edges, some (or all) of them infinite. Further, the n − k extreme rays of C1 that

do not intersect H in the interior of S, are of course also edges (extreme rays) of C.

This gives a total of k(n− k)+ (n− k) = (k +1)(n− k) edges of C that intersect bdS,

possibly at infinity.

Note that if k = n, then (C1 ∩ H+) ⊆ P ⊂ intS, hence PI = ∅.

If v1 ∈ H, which implies that the solution associated with v1 is degenerate, then

the “new” vertices rj ∩ H coincide with v1. The number of new rays created remains

the same as in the theorem. For details of this degenerate case, see section 3.

We need a definition of dominance relation between valid cuts, i.e. inequalities valid

for PI but not for P , that have coefficients of arbitrary sign. Let α1x ≥ β1 and α2x ≥ β2

be two such inequalities called 1 and 2, respectively.

Definition. Inequality 2 dominates 1 on P if for every x ∈ P , α2x ≥ β2 implies

α1x ≥ β1. Inequality 2 strictly dominates 1 if, in addition, there exists x ∈ P such that

α1x ≥ β1 but α2x < β2.

The next proposition gives necessary and sufficient conditions for domination that

are easier to check than those of the definition.

For i = 1, 2, denote Di := {x ∈ P : αix = βi}.
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Proposition 2. Suppose there exists v ∈ P such that αiv < βi, i = 1, 2. Inequality 2

dominates 1 on P if and only if α1x ≥ β1, for all x ∈ D2. The domination is strict if

and only if (a) D2 & D1, or (b) D2 6= ∅ and α1x > β1, for some x ∈ D2.

Proof. If inequality 2 does not dominate 1 on P , there exists x ∈ P with α1x < β1 and

α2x ≥ β2. Since there exists v ∈ P such that αiv < βi for i = 1, 2, there exists some

point z ∈ P on the segment (v, x) such that z ∈ D2 and α1z < β1. Conversely, if there

exists x ∈ D2 with α1x < β1, then x satisfies inequality 2 but violates 1, hence 2 does

not dominate 1 on P .

Now assume inequality 2 dominates 1.

If D2 & D1, let x ∈ D1 \ D2. If α2x ≥ β2 then there exists x1 ∈ P on the segment

(v, x) with α2x1 = β2 and α1x1 < β1, a contradiction. Thus we have α2x < β2 and

the domination is strict. If D2 6= ∅ and α1x > β1 for some x ∈ D2, then there exists

x1 ∈ P on the segment (v, x) with α1x1 = β1 and α2x1 < β2 and the domination is

strict. Conversely, if D2 is not strictly contained in D1, D2 6= ∅ and α1x = β1 for all

x ∈ D2, then D2 = D1 and inequality 2 does not strictly dominate 1.

From now on, for all inequalities αx ≥ β we assume w.l.o.g. that β ∈ {1, 0,−1}.

Next we define a class of valid inequalities derived by intersecting extreme rays of

C with bdS, whose members dominate the inequality α1x ≥ β1, and some of whose

members strictly dominate the latter. First we note that the number of inequalities in

our class that strictly dominate α1x ≥ β1 depends on how the convex set S is chosen.

Actually, for certain sets S such inequalities do not exist: this is the case, for instance,

if bdS contains the entire set C1 ∩ {x : α1x = β1}. Thus, if S = {x ∈ Rn : π0 ≤ πx ≤

π0 + 1}, and every extreme ray of C1 intersects the hyperplane πx = π0, then there

exists no inequality that strictly dominates α1x ≥ β1.

Since maximal convex sets whose interior contains no integer point are polyhedral

(see [14]), we will assume that S is a polyhedron. Now consider the (n−1)-dimensional
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simplex C1∩{x : α1x = β1} whose n vertices qj , j = 1, . . . , n, are the intersection points

of the extreme rays of C1 with bdS. We will assume that C1 ∩ {x : α1x = β1} 6⊆ bdS,

or, equivalently, that the n intersection points qj do not lie all on the same face of S.
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q1, q2, q3 – intersection points of extreme rays of C1 with bdS

p1, p2, p3 – intersection points of extreme rays of C with bdS

Figure 3:

In order to simplify the discussion to follow, we also assume that S is bounded. This

of course is not the case for some of the most important cut generating sets S, but it is

easily handled by assuming that any ray that intersects bdS at infinity, gives rise to a

coefficient ǫ rather than 0, where ǫ is orders of magnitude smaller than the coefficients

corresponding to intersection points at a finite distance. This will be discussed in detail

at the end of this section.

Let rj , j ∈ Q, be the extreme rays (i.e., using our terminology, edges with only

one end in intS) of C, and let pj := rj ∩ bdS, j ∈ Q be the intersection points of

rj with the boundary of S. Further, let Q1 := {j ∈ Q : pj = qj}, i.e. Q1 is the set

of indices j such that rj is an extreme ray of both C1 and C, and let Q2 := Q \ Q1.

Finally, let k be, as in Theorem 1, the number of extreme rays of C1 that intersect H

(strictly) before intersecting bdS. Within the set of intersection points indexed by Q2,

it is useful to distinguish between those pj that are convex combinations of the points

qℓ and those that are not; let their respective index sets be Q′
2 and Q′′

2. The points pj ,
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j ∈ Q′
2, being convex combinations of qℓ, lie on the hyperplane α1x = β1; whereas the

points pj , j ∈ Q′′
2 do not, and as the next theorem will show, they satisfy α1pj > β1.

The intersection points qj , pj and the sets Q1, Q2 are illustrated in Figure 3, where

the ray that is not cut by the hyperplane H intersects bd S in the point p1 = q1,

whereas the two new rays, contained in H, intersect bdS in the points p2 and p3.

Thus Q1 = {1} and Q2 = {2, 3}. Further, Q′
2 = ∅, Q′′

2 = {2, 3}, and both p2 and p3 lie

beyond the hyperplane through q1, q2 and q3 that defines the intersection cut from C1.

Theorem 3. Every intersection point pj = rj ∩ bdS, j ∈ Q, satisfies α1pj ≥ β1.

Every intersection point pj, j ∈ Q′′
2, satisfies α1pj > β1.

Proof. Notice that C1 ∩ {x : α1x ≤ β1} is an n-dimensional simplex contained in S.

From C ⊂ C1, it follows that C∩{x : α1x ≤ β1} is bounded and contained in S. Hence

any edge of C incident with a vertex in C ∩ {x : α1x < β1} intersects the hyperplane

α1x = β1 before, or concomitantly with, the boundary of S. Thus pj , the intersection

of rj with bdS, satisfies α1pj ≥ β1.

Now α1pj > β1 if and only if rj intersects {x : α1x = β1} strictly before intersecting

bdS. Since the n − k extreme rays rj of C that are also extreme rays of C1 intersect

bdS concomitantly with {x : α1x = β1}, their intersection points with bdS obviously

satisfy α1pj = β1. The intersection points pj of the remaining k(n − k) extreme rays

(edges) of C belong to two classes. Those indexed by Q′
2, being convex combinations

of the qℓ, ℓ = 1, . . . , 2, clearly satisfy α1x = β1. Those indexed by Q′′
2, not being such a

combination, do not satisfy α1pj = β1. From the first paragraph of the proof, they do

not satisfy α1pj < β1 either. Hence they satisfy α1pj > β1, i.e. their generating rays

intersect the hyperplane {x : α1x = β1} strictly before intersecting bdS.

We now state the central result of this paper.

As before, let v1 be the apex of the initial cone C1, let α1x ≥ β1 be the (standard)

intersection cut from C1 and S, and for j = 1, . . . , n, let qj be the intersection point of
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the j-th extreme ray of C1 with bdS.

Theorem 4. Consider the three systems

αpj ≥ β̄, j ∈ Q (1)β̄

for β̄ = 1, β̄ = −1 and β̄ = 0.

A basic feasible solution ᾱ to any of the three systems (1)β̄, such that ᾱv1 < β̄,

yields a valid cut ᾱx ≥ β̄ for PI . If, in addition, ᾱ satisfies

αqj ≤ β̄ for j = 1, . . . , n, (2)

where β̄ has the value that yields ᾱ, then ᾱx ≥ β̄ dominates α1x ≥ β1 on C, with strict

domination if αqj < β̄ for at least one j.

Proof. (a) The inequality ᾱx ≥ β̄ does not cut off any point of PI , since the region it

cuts off, C ∩{x : ᾱx < β̄}, contains no such point. To see this, note that the righthand

side of ᾱx ≥ β̄ is determined by the condition āv1 < β̄. Next, PI ∩ intS = ∅ by

the definition of S, hence if any point of PI is cut off, it must be contained in the set

F := C∩{x : ᾱx < β̄}∩bdS. We claim that F is empty. For if not, then F contains an

intersection point, say ph, of bdS with an edge of C. But each such intersection point

is associated with an inequality of the system (1)β̄ , so if ph is cut off, i.e. ᾱph < β̄,

then ᾱ violates the inequality of (1)β̄ corresponding to ph.

(b) If ᾱx ≥ β̄ does not dominate α1x ≥ β1 on C, then there exists y ∈ C such that

ᾱy ≥ β̄ but α1y < β1. Since y ∈ C1 ∩ {x : α1x < β1}, y is a convex combination of v1

and the n points qj , j = j1, . . . , jn. Let w be the point on the hyperplane α1x = β1 such

that y lies on the segment (v1, w). Then α1w = β1 and w is the convex combination

of the point qj , j = j1, . . . , jn. Also, ᾱw > β̄, since the segment (y, w) has positive

length. But then ᾱqj∗ > β̄ for some j∗ ∈ j1, . . . , jn, i.e. condition (2) of the Theorem

is violated. This proves that if condition (2) holds, then ᾱx ≥ β̄ dominates α1x ≥ β1

on C.
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The above Theorem gives an easily verifiable sufficient condition for the domination

of α1x ≥ β1 by an inequality defined by a basic solution of one of the systems (1)β̄ . A

tighter, necessary and sufficient condition is given in the next Theorem.

Theorem 5. Let T := C ∩ {x ∈ Rn : α1x = β1}. The inequality ᾱx ≥ β̄ dominates

α1x ≥ β1 on C if and only if ᾱt ≤ β̄ for all t ∈ T . The domination is strict if ᾱt < β̄

for at least one t ∈ T .

Proof. Let T̄ = C ∩ {x ∈ Rn : ᾱx = β̄} and Pᾱ = {pj : ᾱpj = β̄}. Observe that T̄ is

the convex hull of the points Pᾱ and, since at least n affinely independent points are

in Pᾱ, dim(T̄ ) = n − 1. Moreover, any p ∈ Pᾱ satisfies α1p ≥ β1, as all points x ∈ C

with α1x < β1 are in int(S) and p is in bdS.

We claim that ᾱt < β̄ for some t ∈ T if and only if α1z > β1 for some z ∈ T̄ .

Indeed, if such a t exists, then as dim(T ) ≤ dim(T̄ ) = n − 1, we have that T̄ is not

contained in T and there exists some z ∈ Pᾱ proving the claim. Conversely, if such a z

exists, then taking t as the intersection of the segment zv1 with {x ∈ Rn : α1x = β1}

verifies the claim. The result now follows from Proposition 2.

It should be mentioned at this point that dominance relations between split cuts

have also been studied in [10].

Theorem 4 can be used to generate valid cuts stronger than the intersection cut

α1x ≥ β1. Any basic feasible solution ᾱ to any of the three systems (1)β̄ yields a valid

cut, and if, in addition, ᾱ satisfies the condition (2), then this cut dominates α1x ≥ β1.

If one wants to generate only inequalities that dominate α1x ≥ β1, then condition (2)

should be added to whichever of the three systems (1)β̄ is being used. However, cuts

that do not dominate α1x ≥ β1 may be very strong in certain directions and thus may

be desirable.

Theorem 5, while giving a necessary and sufficient condition for a generalized inter-

section cut from a polyhedron C to dominate an intersection cut α1x ≥ β1 from a given
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cone C1, also gives the condition for the dominance to be strict. This leaves open the

question, whether there exist any situations in which none of the valid cuts obtainable

from C strictly dominate α1x ≥ β1? The next Theorem addresses this question.

Let us again denote qj := rj ∩ bdS, where rj is the j-th extreme ray of the cone

C1 with apex at vertex v1, j ∈ N := {1, . . . , n}, and let H be one of the hyperplanes

activated in generating C, with v1 ∈ H+.

Theorem 6. Let N cut ⊂ N be the index set of qj 6∈ H+. Let E be the set of edges e

of the simplex induced by qj, j ∈ N , such that e ∈ bdS and int (e) ∩ H is nonempty.

If for each j ∈ N cut there exists qk(j) ∈ N \ {j} with e = (qj , qk(j)) ∈ E, then none of

the valid cuts obtained from C strictly dominates α1x ≥ β1.

Proof. Suppose ᾱx ≥ β1 strictly dominates α1x ≥ β1. Then there exists j ∈ N with

ᾱqj < α1qj = β1. This implies that j ∈ N cut and thus there exists e = (qj , qk(j)) ∈ E

for some k(j). Since int (e)∩H is nonempty, there exists a ray of C whose intersection

z with bdS is in int (e). From the definition of ᾱ, we have ᾱz ≥ β1. Since ᾱqj < β1,

we must have ᾱqk(j) > β1 = α1qk(j), contrary to the assumption that ᾱx ≥ β1 strictly

dominates α1x ≥ β1.

As long as the boundary of S does not contain the entire simplex C1∩{x : α1x = β1},

intersecting C1 with H will always create some new intersection points pℓ = rℓ ∩ bdS

such that α1pℓ > β1, which can be used, together with other points indexed by Q of

(1)β̄ , to generate a cut ᾱx ≥ β1 that strictly dominates α1x ≥ β1. What Theorem 6

says is that if its condition holds, then the cut ᾱx ≥ β1 is not valid, since it cuts

off at least one of the intersection points indexed by Q, say q1. Of course, if the

procedure of activating facets of P is iterated as it will be outlined later on, then such

an intersection point q1 may be cut off by a subsequently activated hyperplane, i.e. q1

may be removed from the set (1)β̄ indexed by Q, in which case the cut ᾱx ≥ β1 which

dominates α1x ≥ β1 may become valid.
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In deriving the above results, in order to simplify our proofs, we assumed that

the proper convex set S is bounded. We now take a look at what it implies for our

main result, Theorem 4, if we allow S to be unbounded. Suppose the extreme ray

rj := {x : x = ã0 − ãjsj , sj ≥ 0} of C is contained in S, i.e. rj ∩ bdS = ∅. This

situation can be represented by having the intersection occur for an infinitely large sj ,

i.e. having an intersection point of the form (−ãj)L, where L > 0 is sufficiently large

to render ã0 negligible. Then clearly α ∈ Rn satisfies α(−ãj)L ≥ 1 if and only if it

satisfies α(−ãj) ≥ ε for arbitrarily small ε > 0. It follows that Theorem 4 remains

valid for proper convex sets S that are unbounded, if for every intersection point pj ,

j ∈ Q, “at infinity,” i.e. of the form pj = (−ãj)L, we replace the inequality αpj ≥ 1 of

the system (1)β̄ with αp̄j ≥ 0, where p̄j := −ãj . To see that this apparent weakening of

the system (1)β̄ cannot result in a solution α that yields an invalid inequality, note that

such an inequality would have to cut off some integer point x∗ 6∈ intS of C. But by

the convexity of C, any such point can be expressed as x∗ =
∑

j∈Q′

pjλj +
∑

ℓ∈Q′′

p̄ℓµℓ, with

∑

j∈Q′

λj = 1, λj ≥ 0, j ∈ Q′, µℓ > 0, ℓ ∈ Q′′ where Q′ and Q′′ index the nonhomogeneous

and homogeneous inequalities, respectively, of (1)β̄ . It follows that αx∗ ≥ β̄ for all α

satisfying αpj ≥ β̄, j ∈ Q′ and αp̄ℓ ≥ 0, ℓ ∈ Q′′.

3 Generating the rays of C and their intersec-

tion points with bd S

Next we discuss a practical way of generating the extreme rays of C and their inter-

section points with bdS.

Suppose that after introducing m surplus variables into the system Ax ≥ b, the

cone C1 is associated with the simplex tableau in m + n variables

xi = āi0 −
∑

j∈J

āijsj i ∈ I

xi = 0 − (−1)si i ∈ J

xi ≥ 0, i ∈ I ∪ J,

(3)
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where I and J index the basic and nonbasic variables, respectively, and where the

apex v1 of C1 is represented as the (n + m)-vector with components āi0, i ∈ I, and 0,

i ∈ J . We will write this vector as ā0, and the columns of the system (3) as āj , with

components āij for i ∈ I, −1 for i = j, and 0 for i ∈ J \ {j}. Then the n extreme rays

of C1 are rj := {x ∈ Rm+n : x = ā0 − ājsj , sj ≥ 0}, j ∈ J .

Suppose that the halfspace H+ with which we intersect C1 to create the polyhedron

C is H+ := {x : xh ≥ 0}, where xh is a basic variable. “Activating” H+, i.e. replacing

C1 with C := C1∩H+ consists in pivoting xh out of the basis in exchange for a nonbasic

variable corresponding to one of the k extreme rays of C1 that intersect H. An extreme

ray rj intersects H if and only if āhj > 0, and it intersects H before bdS if and only

if the value of sj for which xh becomes 0, namely s̃j = āh0/āhj , is less than the value

of sj for which rj intersects bdS. The intersection point rj ∩ H is a new vertex of C.

Notice that, if āh0 = 0, i.e. the solution corresponding to v1 is degenerate and v1 ∈ H,

then the “new” vertex of C coincides with v1, i.e. no new vertex is in fact created.

Next we describe the procedure for generating the rays of C. For the sake of this

discussion we assume that S := {x : 0 ≤ xq ≤ 1}. The ray rj intersects H := {x : xh =

0} only if āhj > 0. Also, rj may intersect bdS either on the hyperplane xq = 0, or on

xq = 1, depending on the sign of āqj . Thus rj intersects H before bdS if and only if

either

(i) āqj > 0 and (āh0/āhj) < (āq0/āqj)

or

(ii) āqj < 0 and (āh0/āhj) < (1 − āq0)/(−āqj).

In the case āqj = 0, rj does not intersect bdS at all.

Consequently, we define the index of those rays rj that intersect H before bdS as

J+ := {j ∈ J : āhj > 0 and either (i) or (ii) holds}.

First, for every j ∈ J− := J \ J+, the ray rj := {x : x = ā0 − ājsj , sj ≥ 0} of

C1 is also a ray of C, hence its intersection point pj with bdS is the same as qj of
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C1. These intersection points pj , j ∈ J−, are readily available and do not require any

pivots. Their set is denoted Q1 (=J−).

Next, for every j ∈ J+, let rj ∩ H = ā0 − āj s̃j , where s̃j = āh0/āhj , and let the

associated simplex tableau, obtained by pivoting on āhj , be

xi = ãi0 −
∑

ℓ∈J\{j}

ãiℓsℓ − ãihxh i ∈ (I \ {h}) ∪ {j}. (4)j

As soon as we have created the new vertex ã0 = (ãi0) (which in the case v1 ∈ H

coincides with v1), we delete the intersection point qj = rj ∩ bdS. If we adopt the

notation of C(v) for the cone with apex at v, then C1 becomes C(v1) and the cone

with apex at the new vertex ã0 is C(ã0). Of the n extreme rays rℓ := {x ∈ Rm+n : x =

ã0 − ãℓsℓ, sℓ ≥ 0}, ℓ ∈ (J \ {j}) ∪ {h}, of C(ã0), k contain edges of C joining ã0 to ā0

and to the k−1 other new vertices created by intersecting C1 with H. These k extreme

rays of C(ã0) that contain (finite) edges of C are those rℓ such that ℓ ∈ (J+\{j})∪{h}.

The remaining n − k extreme rays rℓ of C(ã0), intersected with bdS, provide n − k

points pj , j ∈ Q2.

Note that after the pivot that takes us from ā0 to ã0, one additional pivot is required

for intersecting each extreme ray originating at ã0 with bdS, hence a total of 1+(n−k)

pivots for obtaining these n − k new intersection points pj .

Returning to the simplex tableau (3) and repeating this procedure for the remaining

k−1 indices j ∈ J+, we obtain for every such j a simplex tableau of the form (4)j , and

from it a set of n − k new extreme rays rℓ, ℓ ∈ J−, and their intersection points with

bdS, pjℓ, ℓ ∈ J \ J+. This gives a total of k(n − k) new extreme rays of C, and their

intersection points pjℓ, j ∈ J+, ℓ ∈ J− with bdS, at the total cost of (k + 1)(n − k)

pivots. Together with the n − k extreme rays that C inherits from C1, and their

intersection points with bdS, this yields a total of (k + 1)(n − k) intersection points.

As to the actual expression for the intersection points, that is given by the value

s∗ℓ of sℓ for which rℓ intersects bdS, which of course depends on the set S. If S is the
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intersection of two halfspaces like in the case of a split cut derived from 0 ≤ xq ≤ 1,

the intersection with bdS of an extreme ray rℓ := {x ∈ Rm+n : x = ã0 − ãℓsℓ} from a

tableau (4)j is given by

s∗ℓ = min

{

ãq0

ãqℓ

,
1 − ãq0

−ãqℓ

}

.

The intersection of bdS with an extreme ray from the tableau (3) is given by an

analogous expression.

4 Iterating the facet-activation

The procedure described above for “activating” a facet-defining halfspace H+ of P

by intersecting it with C1, and intersecting the new extreme rays of the polyhedron

C created this way with the boundary of S can of course be iterated. However, a

condition for the iterated procedure to be valid is that the set S be kept unchanged.

The only difference between the first iteration, described in the previous section, and

subsequent iterations, is that in subsequent iterations the hyperplane H being activated

may intersect not only extreme rays, but also finite edges of C created during previous

iterations. When this is the case, we can generate a new vertex as the intersection of

H with the edge in question, treat this vertex the same way as in the first iteration,

and remove all the intersection points cut off by H+.

It is not hard to see that Theorems 1-6, stated for the set C obtained from C1 by

activating a single halfspace (inequality) H+, also hold for the more general polyhedral

set C obtained by iterating the procedure as described above. The proofs remain valid

subject to the obvious minor changes implied by the iteration of the procedure for

generating new rays.

At any point in the above procedure the set

AlphaQ := {α ∈ Rn : αpj ≥ β1, j ∈ Q}

is the reverse polar (upper polar) or the standard polar of the set {pj}j∈Q, depending
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on the sign of β1. This means, among other things, that the vertices of AlphaQ, i.e. the

basic solutions of (1), correspond to facets of conv {pj}j∈Q. At any stage of the above

procedure, the number of meaningful cuts obtainable from AlphaQ is the number of

basic solutions of (1)β̄ , bounded by
(

|Q|
n

)

, the number of bases. In case we pursue the

above procedure until we generate all intersection points of extreme rays of C with

bdS, this number may of course become exponential in n.

5 A new cut generating paradigm

The approach described in the last two sections suggests a new cut generating paradigm,

free of the curse of numerical difficulties associated with the dual degeneracy that ac-

companies iterative cut generation/reoptimization type procedures. Rather than get-

ting to the deeper cuts by iterating the cut generation/reoptimization cycle, the new

paradigm consists in generating intersection points of the edges of a relaxation C of P

with the boundary of some cut generating set S, and using this collection of intersection

points to generate deeper cuts without losing numerical accuracy.

In other words the approach envisaged here is to apply the procedure of sections 3-4

to generate a substantial number of intersection points of extreme rays of C with bdSk

for several proper convex sets Sk, then formulate for each Sk a linear program (LP)k

with the constraint set (1)β̄ associated with Sk and possibly several objective functions.

Each such linear program has n variables and a number of constraints that depends

on how far we go in generating intersection points, and its solution α provides the

coefficient vector of a generalized intersection cut αx ≥ β̄ from Sk. The cuts obtained

this way correspond to cuts that, if generated by a standard procedure, would come

after many recursive applications of that procedure.

There are many ways in which the proposed new paradigm could be implemented,

and choosing the best one requires experimentation. We are in the process of setting

up these experiments and plan to report on their outcome in the near future.
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6 Geometric interpretation of strengthened in-

tersection cuts

It is well known that if αs ≥ 1 is the intersection cut (in the space of the nonbasic

variables indexed by J) generated from the proper convex set S and the polyhedral

cone C1 with apex at ā0 and extreme rays rj := {x : x = ā0 − ājsj , sj ≥ 0}, j ∈ J ,

then αj = 1
s∗j

, where

s∗j = max{sj : ā0 − ājsj ∈ S}.

We will call αs ≥ 1 the standard intersection cut from C1 and S. It is also well known

that if some of the variables sj , say those for j ∈ J1 ⊆ J , are integer-constrained, then

the intersection cut αs ≥ 1 can be strengthened by modularizing the āj , j ∈ J1. Such

techniques have been pioneered by Gomory and Johnson [11, 13] in a group theoretic

framework, then pursued by Balas and Jeroslow [5] in a disjunctive programming con-

text, and more recently revisited by Dey and Wolsey [9] and others in the context of

intersection cuts from multiple inequalities.

We would like to find an analogous strengthening procedure for the generalized

intersection cuts obtained via Theorem 4. But here we run into difficulties. The

generalized intersection cut αx ≥ β̄ of Theorem 4 is obtained as a basic feasible solution

to the system (1)β̄ , and it is not clear what the relationship of each coefficient αj is to

the columns of the system defining C. True, α is associated with a basis of (1)β̄ and

hence with a set of n points pj , j = j1, . . . , jn. But on the one hand this connection is

not trivial to specify; on the other, even if we were able to specify the connection and

could consequently try to modularize the columns of the system defining C associated

with each of the n points pj , such an approach would still not work, for the obvious

reason that the n modified points obtained from the pj , say p̄j , j = j1, . . . , jn through

the modularization, may not define a feasible basis, i.e. we have no reason to assume

that the hyperplane through these n modified points p̄j has all the remaining points
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pj (or their modularized correspondents p̄j) on one side.

It turns out, however, that these seemingly formidable difficulties can be avoided

by using a different approach, based on a geometric interpretation of the strengthened

intersection cuts obtained by modularization.

Suppose the variables sj are integer-constrained for j ∈ J1 ⊆ J , and we use this

property to strengthen the standard intersection cut αs ≥ 1. Then the strengthened

cut ᾱs ≥ 1 has coefficients

ᾱj =

{

1
s∗∗j

j ∈ J1

αj j ∈ J \ J1,

where for j ∈ J1,

s∗∗j := max{sj : ā0 − ϕ(āj)sj ∈ S}

with ϕ(·) being the “strengthening” function whose exact definition depends on S.

Thus, in the case of an intersection cut from 0 ≤ xk ≤ 1, ϕ(āj) replaces ākj with the

optimal value of ākj(mod 1) (which is ākj −⌊ākj⌋ if ākj > 0 and ākj −⌈ākj⌉ if ākj < 0)

and leaves unchanged āij for i 6= k. In the case of an intersection cut from q rows of

the simplex tableau indexed by Q, ϕ(āj) replaces āij with āij(mod 1) for each i ∈ Q

and leaves unchanged āij for i 6∈ Q.

We will call ᾱs ≥ 1 the strengthened (as opposed to the standard) intersection cut

from C1 and S.

Now let C̄1 be the polyhedral cone with apex at ā0 and extreme rays r̄j := {x : x =

ā0 − ϕ(āj)sj , sj ≥ 0}, j ∈ J1, r̄j = rj , j ∈ J \ J1.

C̄1, like C1, is n-dimensional, since the vectors ϕ(āj) are linearly independent. To

see this, notice that the nonbasic components (i.e. the ones indexed by J) of each

vector āj , j ∈ J , are

ājk =

{

1 k = j
0 k 6= j

and the same holds for ϕ(āj), j ∈ J , i.e. the mapping ϕ preserves the independence of

the āj , j ∈ J .
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Theorem 7. The strengthened intersection cut from C1 and S is equivalent to the

standard intersection cut from C̄1 and S.

Proof. The standard intersection cut from C̄1 and S is βs ≥ 1, where

βj :=







1
s∗∗j

j ∈ J1

1
s∗j

j ∈ J \ J1.

Clearly, βj = ᾱj of (1), hence βs ≥ 1 is the same as ᾱs ≥ 1, the strengthened

intersection cut from C1 and S.

Consider now the set C̄ constructed from C̄1 the way C is constructed from C1.

The only change in the procedure described in section 3 is that whenever a ray rj :=

{x : ã0− ãjsj , sj ≥ 0} is about to be intersected with bdS, if j ∈ N , then rj is replaced

with its modularized counterpart r̄j := {x : x = ã0 − ϕ(ãj)sj , sj ≥ 0}. Thus, as soon

as the optimal LP solution x = (ā0, 0) is found, the cone C̄1 is substituted for C1 by

replacing each ray rj , j ∈ J1 with r̄j . Subsequently, whenever a halfspace is activated,

for every newly created vertex v, those extreme rays rj of the cone with apex at v that

intersect bdS are replaced with their modularized counterparts r̄j .

Now let r̄j , j ∈ Q̄, be the edges of C̄ that intersect bdS.

For j ∈ Q̄, define p̄j := r̄j ∩ bdS, i.e.

p̄j :=

{

ā0 − ϕ(āj)s
∗∗
j j ∈ Q̄ ∩ N1

ā0 − ājs
∗
j j ∈ Q̄ \ N1

Furthermore, let q̄j , j = 1, . . . , n, the intersection points of the extreme rays of C̄1

with bdS, be defined analogously to p̄j . Then we have

Corollary 8. Theorem 3 is valid with α1 and pj, j ∈ Q, replaced by ᾱ1 and p̄j, j ∈ Q̄.

Corollary 9. Theorem 4 is valid with α1, pj and qj replaced by ᾱ1, p̄j, j ∈ Q̄ and q̄j,

j = 1, . . . , n, respectively.

The upshot of Theorem 7 and its Corollaries is that instead of strengthening a given

set of generalized intersection cuts, we ought to generate directly what we shall call
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strengthened (as opposed to standard) generalized intersection cuts. To accomplish

this, we have to apply a slightly modified version of the procedure of section 3 for

generating the rays of C and their intersection points with bdS. The modification

consists in the fact that instead of C we consider C̄, the polyhedron obtained from C

by replacing every infinite edge rj := {x : x = ã0 − ãjsj , sj ≥ 0}, such that j ∈ N1,

with an edge r̄j := {x : x = ã0 − ϕ(ãj)sj , sj ≥ 0}. Otherwise the procedure remains

unchanged.

7 The properties of generalized intersection cuts

As before, let A(P ) be the hyperplane arrangement associated with P , and denote by

vert (A(P )) the set of vertices of A(P ). Let S be a proper convex set, let V (S) :=

vertA(P ) ∩ intS, and let pj , j ∈ QS , be the intersection points with bdS of the edges

of P with only one end in V (S). Finally, let PS := {pj}j∈QS
.

We restate the definition of closure of P under a specified cut generating procedure

or family of cuts. We define the S-closure of P as the set of points in P that satisfy

all intersection cuts from S and the cones with apex in V (S).

Theorem 10. The solution set of all inequalities αx ≥ β such that αpj ≥ β, j ∈ QS

for β ∈ {1, 0,−1} and αv < β̄ for some v ∈ V (S) is the S-closure of P .

Proof. Let α̃x ≥ β̃ be any intersection cut generated from some vertex in V (S) and

the convex set S. From Theorem 4, α̃x ≥ β̃ is dominated by ᾱx ≥ β̄ for any basic

optimal solution ᾱ to the system (1)β̄ , (2), such that ᾱv < β̄ for some v ∈ V (S), where

β̄ = β̃. Hence the solution set of all inequalities αx ≥ β such that αpj ≥ β, j ∈ QS for

β ∈ {1, 0,−1}, is contained in the solution set of all intersection cuts from S.

If σ is a collection of convex sets Si whose interior contains no integer point of P ,

then the σ-closure of P is the intersection of all Si-closures, Si ∈ σ. If σ is the set of

all split disjunctions, then the σ-closure is the split closure [8].
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Corollary 11. Let C(Si) be the set of inequalities whose solution set is the Si-closure

of P . Then the solution set of
⋃

Si∈σ

C(Si) is the σ-closure of P .

If σ is the collection of all Si := {x : π0 ≤ πx ≤ π0 + 1, (π, π0) ∈ Zn+1} containing

some x̄ ∈ V (Si), then this set is the split closure of P .

In light of the results of section 5, Theorem 10 and Corollary 11 also apply to

strengthened intersection cuts. Thus, we have

Theorem 10a. The solution set of all inequalities ᾱx ≥ β such that ᾱp̄j ≥ β, j ∈ Q̄S

for all β ∈ {1, 0,−1}, and ᾱv < β̄ for some v ∈ V (S), is the S-closure of P with

respect to strengthened intersection cuts.

Thus we have a new expression for the split closure, and a new way of generating

it. Next we proceed to compare it to the earlier known expression. This can best be

done by considering the Sk-closure of P , i.e. the set defined by all intersection cuts

from Sk := {x ∈ Rn : 0 ≤ xk ≤ 1}. Consider the following three families of cuts valid

for Pk := {x ∈ P : xk ≤ 0 ∨ xk ≥ 1}:

F1 := { αx ≥ β : αx ≥ β is the intersection cut from Sk, where xk = ak0−
∑

j∈J akjxj

and J is the nonbasic index set associated with a basic (feasible or infeasible)
solution to P such that 0 < ak0 < 1}.

F2 := { αx ≥ β : (α, β, u, v, u0, v0) is a basic feasible solution to the cut generating
linear program (CGLP)k of the lift-and-project method [3]}.

F3 := { ᾱx ≥ β̄ : ᾱ is a basic feasible solution to (1)β̄ defined with respect to Sk for
some β̄ ∈ {0, 1,−1}, satisfying ᾱv < β̄ for some v ∈ V (Sk)}

Then the Sk-closure of P is the set of those x ∈ Rn satisfying all cuts in Fi where

i can be either 1, 2 or 3.

The relationship between the cuts in F1 and F2 is well researched: there is a one-to-

one correspondence between cuts in F1 and F2 [6]. However, the relationship between

F1 and F2 on the one hand, and F3 on the other, is different: in general, F3 is a proper

subset of F1 (of F2).

To see this, assume that P is not a simplicial cone, that P 6⊆ {x : xk ≤ 0},
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P 6⊆ {x : xk ≥ 1}, and that (1)β̄ has at least one solution that satisfies (2). Then we

have

Theorem 12. Every inequality of F3 defines a facet of the Sk-closure of P , hence in

general F3 & F1(= F2).

Proof. Every inequality of F3, corresponding to a basic feasible solution ᾱ of (1)β̄ , is

satisfied at equality by n affinely independent points pj . As each of these points belongs

to Sk-closure of P , the inequality defines a facet of the Sk-closure. Thus, except in the

special case where F1 (= F2) contains only facet defining inequalities, F3 is a strict

subset of F1(= F2).

Next we identify a class of intersection cuts, i.e. members of F1 (of F2), that are

not members of F3. This class consists of all intersection cuts from a cone C1 with

apex at a vertex v of P and a convex set S := {x ∈ Rn : π0 ≤ πx ≤ π0 + 1}, where

(π1, π0) ∈ Zn+1, such that π0 < πv < π0 + 1, that satisfy a certain requirement.

Let α1x ≥ β1 be any intersection cut from S and a cone C1 with apex at v ∈

(vertP ) ∩ intS, and let T := {qj}j=1,...,n be the n intersection points of the extreme

rays of C1 with bdS. Further, let bdS = S0 ∪ S1, where S0 := {x : πx = π0},

S1 := {x : πx = π0 + 1}; let T0 := T ∩ S0, T1 : T ∩ S1, and assume T0 6= ∅ 6= T1. Let C

be the convex polyhedron defined by a subset of the inequalities defining P (possibly

C = P ), such that the vertex v of P (the apex of C1) is also a vertex of C. Finally, let

P := {pj}j∈Q be the set of intersection points of the edges of C with bdS.

From Theorem 3, α1 is a feasible solution to the system (1)β̄ . Thus α1 is not

a member of F3 if and only if it is not basic. The next theorem gives a necessary

and sufficient condition for α1 to be basic, which shows how seldom this condition is

satisfied.

Theorem 13. α1 is a basic feasible solution of (1)β1
if and only if

dim(convP ∩ conv Tk) = dim(conv Tk), k = 0, 1
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Proof. Sufficiency. Suppose the condition holds. Then for k = 0, 1, convP ∩ conv Tk

contains the same number of affinely independent points as conv Tk, say tk; and since

t0 + t1 = n, it follows that convP ∩ (conv T0 ∪ conv T1) contains n affinely independent

points pj ∈ P that satisfy α1pj = β1. To see why this is so, notice that the points pj

in question are of two kinds: intersection points pj = qℓ of some extreme ray qℓ of C1

with bdS, or intersection points pj 6= qℓ, ∀ℓ, of some edge of C, other than those of

C1, with bdS. Now the points pj = qℓ satisfy α1pj = β1 by the definition of the points

qℓ, and the points pj 6= qℓ, ∀ℓ, are convex combinations of the extreme points qℓ of the

set conv T0 or conv T1 to which they belong, hence they also satisfy α1pj = β1. Since

α1 satisfies (1)β1
and satisfies at equality a full rank subsystem of (1)β1

, it is a basic

feasible solution of (1)β1
.

Necessity. Suppose the condition of the theorem is violated for k = 0 (the same

argument holds for k = 1). Then the dimension of convP ∩ (conv T0 ∪ conv T1) is

strictly less than n. This is so because no matter how many points of P are contained in

conv T0, the maximum number of affinely independent points in the set convP∩conv T0

is given by its dimension. Thus the maximum number of affinely independent points

in convP ∩ (conv T0∪conv T1) is strictly less than n and hence α1 is a nonbasic feasible

solution of (1)β1
.

*

In this paper we have introduced a new framework for generating and using cuts.

Instead of generating cuts and adding them to the linear relaxation, then pivoting

to obtain deeper cuts, in this framework we generate intersection points of extreme

rays of the linear relaxation with the boundary of a cut generating convex set. We

then use these intersection points to generate the deepest cuts they can provide, in

various directions, as needed. These generalized intersection cuts dominate many of the

standard intersection cuts. There are in principle many ways in which this framework
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can be used, and determining the best ways requires further study and experimentation.

*
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