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ABSTRACT. A clutter (V;E) packs if the smallest number of vertices needed to intersect all the

edges (i.e. a minumum transversal) is equal to the maximum number of pairwise disjoint edges (i.e.

a maximum matching). This terminology is due to Seymour 1977. A clutter isminimally nonpacking

if it does not pack but all its minors pack. Anm � n 0,1 matrix isminimally nonpacking if it is

the edge-vertex incidence matrix of a minimally nonpackingclutter. Minimally nonpacking matrices

can be viewed as the counterpart for the set covering problemof minimally imperfect matrices for

the set packing problem. This paper proves several properties of minimally nonpacking clutters and

matrices.

1. INTRODUCTION

A clutter C is a pair
�V (C); E(C)�, whereV (C) is a finite set andE(C) = fS1; : : : ;Smg is a

family of subsets ofV (C) with the property thatSi � Sj impliesSi = Sj. The elements ofV (C)
are thevertices of C and those ofE(C) are theedges. A transversal of C is a subset of vertices

that intersects all the edges. A transversal isminimal if none of its proper subset is a transversal. A

transversal isminimum if no transversal has smaller cardinality. Let�(C) denote the cardinality of

a minimum transversal. A clutterC packs if there exist�(C) pairwise disjoint edges.

For j 2 V (C), thecontraction C=j anddeletion C n j are clutters defined as follows: both haveV (C) � fjg as vertex set,E(C=j) is the set of minimal elements offS � fjg : S 2 E(C)g andE(C n j) = fS : j 62 S 2 E(C)g. Contractions and deletions of distinct vertices can be performed

sequentially, and it is well known that the result does not depend on the order. A clutterD obtained

from C by deletingId � V (C) and contractingI
 � V (C), whereI
 \ Id = ; andI
 [ Id 6= ;, is a

minor of C and is denoted byC n Id=I
.
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2 GÉRARD CORNÚEJOLS, BERTRAND GUENIN, AND FRANÇOIS MARGOT

Note that the property thatC packs is not closed under minor taking. For example, consider

the graph with four verticesV = f1; 2; 3; 4g and four edgesE = ff1; 2g; f1; 3g; f1; 4g; f2; 3gg.
This clutter packs: indeed,f1; 2g is a minimum transversal andff1; 4g; f2; 3gg is a matching of

cardinality two. However, the clutter obtained by deletingvertex 4 is a graph with three vertices

and the three edgesff1; 2g; f1; 3g; f2; 3gg. This clutter does not pack: minimum transversals have

cardinality two while maximum matchings have cardinality one. This observation leads us to con-

sider the following property: We say that a clutterC has thepacking property if it packs and all its

minors pack. A clutter isminimally non packing (mnp) if it does not pack but all its minors do. In

this paper, we study mnp clutters.

These concepts can be described equivalently in terms of 0,1matrices. Anm� n 0,1 matrixA
packs if the minimum number of columns needed to cover all the rows equals the maximum number

of nonoverlapping rows, i.e.

(1.1)
min�e x : Ax � e; x 2 f0; 1gn	= max�y e : yA � e; y 2 f0; 1gm	;

wheree denotes a vector of appropriate dimension all of whose components are equal to 1. Ob-

viously, dominating rows play no role in this definition (rowAi: dominates row Ak:, k 6= i, ifAij � Akj for all j), so we assume without loss of generality thatA contains no such row. That is,

we assume thatA is the edge-vertex incidence matrix of a clutter. Since the statement “A packs” is

invariant upon permutation of rows and permutation of columns, we denote byA(C) any 0,1 matrix

that is the edge-vertex incidence matrix of clutterC. Observe that contractingj 2 V (C) corresponds

to settingxj = 0 in the set covering constraintsA(C)x � e (since, inA(C=j), columnj is removed

as well as the resulting dominating rows), and deletingj corresponds to settingxj = 1 (since, inA(C n j), columnj is removed as well as all rows with a 1 in columnj). The packing property forA requires that equation (1.1) holds for the matrixA itself and all its minors. This concept is dual

to the concept of perfection (Berge [1]). Indeed, one can define a perfect 0,1 matrix as follows. A

0,1 matrix isperfect if all its column submatricesA satisfy the equationmax�e x : Ax � e; x 2 f0; 1gn	= min�y e : yA � e; y 2 f0; 1gm	:
This definition involves “column submatrices” instead of “minors” since setting a variable to 0

or 1 in the set packing constraintsAx � e amounts to considering a column submatrix ofA (in

the case of setting a variable to 0, this is obvious, and in thecase of setting a variable to 1, the
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constraintsAx � e may force other variables to 0, so all the corresponding columns ofA are

removed). Pursuing the analogy, mnp matrices are to the set covering problem what minimally

imperfect matrices are to the set packing problem.

The 0,1 matrixA is ideal if the polyhedronfx � 0 : Ax � eg is integral (Lehman [9]). IfA is

ideal, then so are all its minors [16]. The following result is a consequence of Lehman’s work [10].

Theorem 1.1. If A has the packing property, then A is ideal.

The converse is not true, however. A famous example is the matrix Q6 with 4 rows and 6

columns comprising all 0,1 column vectors with two 0’s and two 1’s. It is ideal but it does not pack.

This is in contrast to Lovász’s theorem [11] stating thatA is perfect if and only if the polytopefx � 0 : Ax � eg is integral.

The 0,1 matrixA has theMax-Flow Min-Cut property (or simply MFMC property) if the linear

systemAx � e, x � 0 is totally dual integral (Seymour [16]). Specifically, let�(A;w) = min�wx : Ax � e; x 2 f0; 1gn	;�(A;w) = max�y e : yA � w; y 2 Zm+ 	:A has the MFMC property if�(A;w) = �(A;w) for all w 2 Zn+. Settingwj = 0 corresponds to

deleting columnj and settingwj = +1 to contractingj. So, ifA has the MFMC property, thenA
has the packing property. Conforti and Cornuéjols [3] conjecture that the converse is also true.

Conjecture 1.2. A clutter has the packing property if and only if it has the MFMC property.

This conjecture for the packing property is the analog of thefollowing version of Lovász’s the-

orem [11]: A0; 1 matrixA is perfect if and only if the linear systemAx � e; x � 0 is totally dual

integral.

In Section 2, we show that this conjecture holds for diadic clutters. A clutter isdiadic if its edges

intersect its minimal transversals in at most two vertices (Ding [6]). In fact, we show the stronger

result:

Theorem 1.3. A diadic clutter is ideal if and only if it has the MFMC property.

A clutter is said to beminimally non ideal (mni) if it is not ideal but all its minors are ideal.

Theorem 1.1 implies that all minors of an mnp clutter are ideal. Therefore mnp clutters fall into two

distinct classes, namely:

Remark 1.4. A minimally non packing clutter is either ideal or mni.
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Sections 3 and 4 deal with ideal mnp clutters. Seymour [16] showed thatQ6 is the only ideal

mnp clutter which is binary (a clutter isbinary if its edges have an odd intersection with its minimal

transversals). Aside fromQ6, only one ideal mnp clutter was known prior to this work, due to

Schrijver [14]. We construct an infinite family of such mnp clutters in Section 4. The clutterQ6,
Schrijver’s example and those in our infinite class all satisfy �(C) = 2. We prove in Section 3 that

all ideal mnp clutters with�(C) = 2 share strong structural properties withQ6.
A clutter C has theQ6 property if A(C) has four rows such that every column ofA(C) restricted

to this set of rows contains two 0’s and two 1’s and, furthermore, each of the six such possible 0,1

vectors occurs at least once.

Theorem 1.5. Every ideal mnp clutter C with �(C) = 2 has the Q6 property.

Our motivation for studying theQ6 property was an attempt to characterize and, if possible, to

enumerate all ideal mnp clutters. Section 4 shows that thereis a rich family of ideal mnp cluttersC
with �(C) = 2. These clutters are best described in terms of theQ6 property, which they all share

by Theorem 1.5. We make the following conjecture and we provelater in this section that it implies

Conjecture 1.2.

Conjecture 1.6. If C is an ideal mnp clutter, then �(C) = 2.

Theblocker b(C) of a clutterC is the clutter withV (C) as vertex set and the minimal transversals

of C as edge set. ForId; I
 � V (C) with Id \ I
 = ;, it is well known and easy to derive thatb(C n Id=I
) = b(C)=Id n I
.
Section 5 studies minimally non ideal mnp clutters. The clutterJt, for t � 2 integer, is given byV (Jt) = f0; : : : ; tg andE(Jt) = �f1; : : : ; tg;f0; 1g; f0; 2g; : : : ;f0; tg	. Given a mni matrixA,

let �x be any vertex offx � 0 : Ax � eg with fractional components. A maximal row submatrix�A of A for which �A�x = e is called acore of A. The next result is due to Lehman [10] (see also

Padberg [13], Seymour [17]).

Theorem 1.7. Let A be an m� n mni matrix, B = b(A), r = �(B) and s = �(A). Then

(i) A (resp. B) has a unique core �A (resp. �B).

(ii) �A; �B are square matrices.

Moreover, either A = A(Jt), t � 2, or the rows and columns of �A can be permuted so that

(iii) �A �BT = J + (rs� n)I , with rs � n+ 1.

HereJ denotes a square matrix filled with ones andI the identity matrix. Only three cores withrs = n + 2 are known and none withrs � n + 3. Nevertheless Cornuéjols and Novick [5] have
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constructed more than one thousand mni matrices from a single core withrs = n+2. An odd holeC2k is a clutter withk � 3 odd,V (C2k) = f1; : : : kg andE(C2k) = �f1; 2g; f2; 3g; : : : ; fk � 1;kg; fk; 1g	. Odd holes and their blockers are mni withrs = n + 1 and Luetolf and Margot [12]

give dozens of additional examples of cores withrs = n+ 1 andn � 17. We prove the following

theorem.

Theorem 1.8. Let A 6= A(Jt) be an m � n mni matrix. If A is minimally non packing, thenrs = n+ 1.

We conjecture that the conditionrs = n+ 1 is also sufficient.

Conjecture 1.9. Let A 6= A(Jt) be an m� n mni matrix. Then A is minimally non packing if and

only if rs = n+ 1.

Using a computer program, we were able to verify this conjecture for all known mni matrices

with n � 14.

A clutter is minimally non MFMC if it does not have the MFMC property but all its minors

do. Conjecture 1.2 states that these are exactly the mnp clutters. Although we cannot prove this

conjecture, the next proposition shows that a tight link exists between minimally non MFMC and

mnp clutters. The clutterD obtained byreplicating elementj 2 V (C) of C is defined as follows:V (D) = V (C) [ fj0g wherej0 62 V (C), andE(D) = E(C) [ fS � fjg [ fj0g : j 2 S 2 E(C)g:
Elementj0 is called areplicate of j. Let ej denote thejth unit vector.

Remark 1.10. D packs if and only if�(C; e + ej) = �(C; e+ ej).
Remark 1.11. D is ideal if and only ifC is: As C is a deletion minor ofD, if D is ideal thenC is

ideal [16]. Conversely, ifD is not ideal, there exists a fractional extreme pointz of the polyhedronPD = fx � 0 : A(D)x � eg. Note thatzj = zj0 , otherwise the larger of the two can be reduced or

incremented while retaining feasibility, a contradictionwith z being an extreme point. Let�z be the

vector obtained by removing componentzj0 from z. If C is ideal, then�z is a convex combination

of integer extreme points offx � 0 : A(C)x � eg. This convex combination extend to a convex

combination of points inPD generatingz, a contradiction.

Proposition 1.12. Let C be a minimally non MFMC clutter. We can construct a minimally non

packing clutter D by replicating elements of V (C).
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Proof. Letw 2 Zn+ be chosen such that�(C; w) > �(C; w) and�(C; w0) = �(C; w0) for allw0 2 Zn+
with w0 � w andw0j < wj for at least onej. Note thatwj > 0 for all j, since otherwise some

deletion minor ofC does not have the MFMC property. ConstructD by replicatingwj � 1 times

every elementj 2 V (C). We show thatD is minimally non packing. By Remark 1.10,D does not

pack. LetD0 = Dn Id=I
 be any minor ofD. We claim thatD0 packs. Ifj or one of its replicatesj0
is in I
 then we can assume thatj and all its replicates are inI
, since each subsetD 2 E(D) withj0 2 D contains a setB 2 E(D=j), i.e.D is a dominating subset inD=j. ThenD0 is a replication

of a minorC0 of C=j. SinceC0 has the MFMC property,D0 packs by Remark 1.10. Thus we can

assumeI
 = ;. By the choice ofw and Remark 1.10, ifId 6= ; thenD0 packs. This proves the

claim and therefore the proposition. �
Proposition 1.12 can be used to show that, if every ideal mnp clutter C satisfies�(C) = 2, then

the packing property and the MFMC property are the same.

Proposition 1.13. Conjecture 1.6 implies Conjecture 1.2.

Proof. Suppose there is a minimally non MFMC clutterC that has the packing property. By The-

orem 1.1,C is ideal. By Proposition 1.12, there is a mnp clutterD with a replicated elementj.
Furthermore, by remark 1.11,D is ideal. Using Conjecture 1.6,2 = �(D) � �(D=j). SinceD=j
packs, there are setsS1; S2 2 E(D) with S1\S2 = fjg. Becausej is replicated inD, we have a setS01 = S1[fj0g�fjg. Note thatj0 62 S2. But thenS01\S2 = ;, henceD packs, a contradiction.�

In Section 6, we introduce a new class of clutters called weakly binary. They can be viewed as

a generalization of binary and of balanced clutters. (A 0,1 matrix is balanced if it does not haveA(C2k) as a submatrix,k � 3 odd, where as aboveC2k denotes an odd hole. See [4] for a survey of

balanced matrices). We say that a clutterC has an odd holeC2k if A(C2k) is a submatrix ofA(C). An

odd holeC2k of C is said to have anon intersecting set if 9S 2 E(C) such thatS \ V (C2k) = ;. A

clutter isweakly binary if, in C and all its minors, all odd holes have non intersecting sets.Balanced

clutters are trivially weakly binary and we show in Section 6that binary clutters are also weakly

binary.

Theorem 1.14. Let C be weakly binary and minimally non MFMC. Then C is ideal.

Note that, whenC is binary, this theorem is an easy consequence of Seymour’s theorem saying

that a binary clutter has the MFMC property if and only if it does not haveQ6 as a minor [16].

Indeed, Seymour’s theorem implies that the only binary clutter that is minimally non MFMC isQ6,
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which is ideal. Observe also that Theorem 1.14 together withConjecture 1.6, Proposition 1.13, and

Theorem 1.5, would imply that a weakly binary clutter has theMFMC property if and only if it does

not contain a minor with theQ6 property.

2. GENERAL PROPERTIES OF IDEAL MINIMALLY NON PACKING CLUTTERS

Let C be ideal and let~C be the clutter with same vertex set asC and edge set containing those

edges ofC that intersect exactly once each minimum transversal ofC. In other words:E( ~C) = fS 2E(C) : jT \ Sj = 1 for everyT 2 E�b(C)� with jT j = �(C)g. Consider�(C) = minfex : A(C)x � e; x � 0g(2.2) = maxfye : yA(C) � e; y � 0g:(2.3)

Let T be any transversal withjT j = �(C) and letx be its incidence vector. SinceC is ideal,x is an

optimal solution to (2.2). Thus ifAi:x > 1, then by complementary slacknessyi = 0 for all optimal

solutions to (2.3). Conversely ifAi:x = 1 for all optimal solutionsx to (2.2), then, by [15] p.95

(36), there is an optimal solutiony to (2.3) withyi > 0. It follows,

Remark 2.1. A( ~C) contains exactly the rowsA(C)i: for which there is an optimum solutiony to

(2.3) withyi > 0.

We start with a collection of properties that an ideal mnp clutter satisfies.

Proposition 2.2. Let C be an ideal minimally non packing clutter. Then

(i) 8i 2 V (C); �(C n i) = �(C)� 1.

(ii) yA(C) = e for all optimum solutions to maxfye : yA(C) � e; y � 0g.

(iii) �(C) = �( ~C).
(iv) 8S 2 E(C);9T 2 E�b(C)� such that jT � Sj � �(C) � 2.

(v) 8S 2 E( ~C);9T 2 E�b(C)� with jT j > �(C) such that jT � Sj � �(C)� 2.

(vi) If two columns 
i; 
j of A( ~C) satisfy 
i � 
j , then 
i = 
j .
(vii) 8i 2 V (C); �(C=i) = �(C).

Proof.

(i): By definition of deletion,�(C n i) � �(C) � 1. SinceC is mnp, there is a familyF =fS1; : : : ; S�(Cni)g of pairwise disjoint edges ofE(C n i). SinceF � E(C) andC does not

pack,jFj = �(C n i) < �(C). The result follows.

(ii): Follows from (i) by complementary slackness.
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(iii): The equality�(C) = �( ~C) follows from�(C) = minfex : A(C)x � e; x � 0g = maxfye : yA(C) � e; y � 0g= maxf~ye : ~yA( ~C) � e; ~y � 0g = minfex : A( ~C)x � e; x � 0g� �( ~C) � �(C):
This first equality follows by the fact thatC is ideal, the second and fourth equality by

duality and the third from the fact that, by Remark 2.1,yi = 0 for all rows ofA(C) which

are not rows ofA( ~C).
(iv): If 8T 2 E�b(C)�; jT � Sj � �(C) � 1, then�(C n S) � �(C) � 1. C is mnp, therefore

there is a familyF = fS1; : : : ; S�(C)�1g � E(C n S) of pairwise disjoint edges. Hence,fSg [ F is a family of�(C) pairwise disjoint edges ofC, i.e. C packs, a contradiction.

(v): Let S 2 E( ~C) andT 2 E�b(C)� with jT j = �(C). Then by definition of~C, jT � Sj =jT j � jS \ T j = �(C) � 1 and the result follows by (iv).

(vi): Assume that
i � 
j and
ik < 
jk. By Remark 2.1, there is an optimal solutiony withyk > 0 to maxfye : yA(C) � e; y � 0g: Moreover,y` = 0 for all rows l of A(C) which

are not rows ofA( ~C). It follows thatyA(C):i < yA(C):j , a contradiction with (ii).

(vii): By (vi), 9S 2 E( ~C) with i 2 S. Suppose�(C=i) > �(C). We will show thatS = fig, a

contradiction to (iv). Consider anyj 2 V (C)�fig. By (i) 9Sj 2 E�b(C)� with jSj j = �(C)
and j 2 Sj. Since�(C=i) > �(C), we know i 2 Sj. But by definition of ~C, we have1 = jS \ Sjj = jfigj, hencej 62 S. �

Proposition 2.2 is sufficient to prove Theorem 1.3 stating that a diadic clutter is ideal if and only

if it has the MFMC property.

Proof of Theorem 1.3: Since clutters with the MFMC property are ideal, it is sufficient to show

that all ideal diadic clutters have the MFMC property. By contradiction, letC be an ideal diadic

clutter which is minimally non MFMC. By Proposition 1.12, there is a mnp clutterD obtained by

replicating elements ofC. Note that the property of being diadic is closed under replication thusD is diadic. By Proposition 2.2 (v),8S 2 E( ~D);9T 2 E�b(D)� with jT j > �(D) such thatjT j � jS \ T j � �(D)� 2, a contradiction tojS \ T j � 2. �
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3. THE Q6 PROPERTY

We say that a clutter has theQ6 property, if V (C) can be partitioned into nonempty setsI1; : : : ; I6,
such that there are edgesS1; : : : ; S4 in C of the form:S1 = I1 [ I3 [ I5; S2 = I1 [ I4 [ I6;S3 = I2 [ I4 [ I5; S4 = I2 [ I3 [ I6:
Note thatQ6 trivially has theQ6 property. Now we prove Theorem 1.5 stating that, ifC is an ideal

mnp clutter with�(C) = 2, thenC has theQ6 property.

Proof of Theorem 1.5: LetA denoteA(C) and ~A denoteA( ~C). Since�(C) = 2; 9k; l 2 V (C) such

that fk; lg 2 E�b(C)�. Let K = fi : ~A:i = ~A:kg andL = fi : ~A:i = ~A:lg. Observe that, by

definition of ~A, we have~A:k + ~A:l = e. We claim that

(3.4) �(C nK=L) > 1:
Assume that the claim is false, i.e. there exists a transversal S of C with jS � Kj � 1 andS \ L = ;. Trivially, S is a transversal of~C. By Proposition 2.2 (iii), we have�( ~C) = �(C) = 2.

SincejS �Kj � �( ~C n K) = �( ~C n i) � 1 for any i 2 K, we have thatS �K = ftg for somet 2 V (C)� (K [L). Moreover, ~A:t � ~A:l. By Proposition 2.2 (vi), this inequality cannot be strict,

and thus~A:t = ~A:l. This impliest 2 L, a contradiction.

SinceC nK=L packs, there existS1; S2 2 E(C) such that:

(3.5) (S1 [ S2) \K = ; and (S1 \ S2) \ �V (C) � (K [ L)� = ;:
By symmetry, we must also have setsS3; S4 2 E(C) such that

(3.6) (S3 [ S4) \ L = ; and (S3 \ S4) \ �V (C)� (K [ L)� = ;:
Without loss of generality, let us assume that rowsA1:; : : : ; A4: correspond to edgesS1; : : : ; S4. Let

us callH the submatrix formed by these four rows and let�y = 12(e1 + e2 + e3 + e4). By (3.5) and

(3.6) we have

(3.7) �yA = 12eH = 12(A1: +A2: +A3: +A4:) � e:
Since�ye = 2, �y is an optimum solution tomaxfye : yA � e; y � 0g. By Proposition 2.2 (ii) we

get:

(3.8)
12eH = �yA = e:
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For every unordered pair(k; l) with k; l 2 f1; : : : ; 4g andk 6= l, we associate an indexr(k; l) as

follows: r(1; 2) = 1; r(3; 4) = 2; r(1; 4) = 3; r(2; 3) = 4; r(1; 3) = 5; r(2; 4) = 6. Also letIr(k;l) = fi 2 V (C) : i 2 Sk \ Slg
Note that (3.8) implies that everyi 2 V (C) belongs to exactly two ofS1; : : : ; S4. It follows thatI1; : : : ; I6 are all pairwise disjoint and thatI1 [ : : : I6 = V (C). Finally, since none ofS1 to S4 are

pairwise disjoint (otherwiseC would pack), we have thatIr(k;l) are all nonempty. �
4. NEW FAMILIES

In this section, we construct ideal minimally non packing cluttersC with �(C) = 2. By Theorem

1.5, these clutters have theQ6 property. ThusV (C) can be partitioned intoI1; : : : ; I6 and there

exist edgesS1; : : : ; S4 in C, as defined in Section 3. Without loss of generality we can reorder the

vertices inV (C) so that elements inIk preceed elements inIp whenk < p.

Given a setP of p elements, letHp denote the
�(2p � 1) � p� matrix whose rows are the char-

acteristic vectors of the nonempty subsets ofP, and letH�p be its complement, i.e.Hp +H�p = J .

For eachr; t � 1 let jI1j = jI2j = r; jI3j = jI4j = t andjI5j = jI6j = 1. We callQr;t the clutter

corresponding to the matrixA(Qr;t) = I1 I2 I3 I4 I5 I6264 Hr H�r J 0 1 0H�r Hr 0 J 1 0J 0 H�t Ht 0 10 J Ht H�t 0 1 375
whereJ denotes a matrix filled with ones. The rows are partitioned into four sets that we denote

respectively byT (3; 5), T (4; 5), T (1; 6), T (2; 6). The indicesk; l for a given family indicate that

the setIk [ Il is contained is every element of the family. Note that the edgeS1 occurs inT (3; 5),S2 in T (1; 6), S3 in T (4; 5) andS4 in T (2; 6).
SinceH1 contains only one row, we haveQ1;1 = Q6 andQ2;1 is given by

A(Q2;1) = 2666666664
1 1 0 0 1 0 1 01 0 0 1 1 0 1 00 1 1 0 1 0 1 00 0 1 1 0 1 1 01 0 0 1 0 1 1 00 1 1 0 0 1 1 01 1 0 0 0 1 0 10 0 1 1 1 0 0 1

3777777775 T (3; 5)T (4; 5)T (1; 6)T (2; 6)
The proof of the next proposition is straightforward but tedious (see Guenin [8] for details).
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Proposition 4.1. For all r; t � 1, the clutter Qr;t is ideal and minimally non packing.

The clutterD obtained byduplicating elementj 2 V (C) of C is defined by:V (D) = V (C)[fj0g
wherej0 62 V (C) andE(D) = fS : j 62 S 2 E(C)g [ fS [ fj0g : j 2 S 2 E(C)g. Let�(k) be the

mapping defined by:�(1) = 2; �(2) = 1; �(3) = 4; �(4) = 3; �(5) = 6; �(6) = 5.

Suppose that, fork 2 f1; ::; 6g, we have thatIk contains a single elementj 2 V (C). Thenj
belongs to exactly two ofS1; : : : ; S4. These two edges are of the formfjg [ Ir [ It andfjg [I�(r) [ I�(t). We can construct a new clutterC 
 j by duplicating elementj in C and including inE(C 
 j) the edges:

(4.9)
fjg [ I�(j) [ Ir [ It;fj0g [ I�(j) [ I�(r) [ I�(t):

Since the
 construction is commutative we denote byC 
 fk1; : : : ; ksg the clutter(C 
 k1) : : : 
ks. ForQ6, we haveI1 = f1g = S1 \ S2 andf1g [ I�(1) [ I3 [ I5 = f1; 2; 3; 5g and finallyf10g [ I�(1) [ I�(3) [ I�(5) = f10; 2; 4; 6g. ThusA(Q6 
 1) = 266664 1 1 0 1 0 1 01 1 0 0 1 0 10 0 1 0 1 1 00 0 1 1 0 0 11 0 1 1 0 1 00 1 1 0 1 0 1
377775

Again, we refer the reader to Guenin’s dissertation [8] for aproof of the next result.

Proposition 4.2. Any clutter obtained from Q6 and the 
 construction is ideal and minimally non

packing.

The clutterQ6 
 f1; 3; 5g was found by Schrijver [14] as a counterexample to a conjecture of

Edmonds and Giles on dijoins. Prior to this work,Q6 andQ6
f1; 3; 5g were the only known ideal

mnp clutters. Eleven clutters can be obtained using Proposition 4.2. There are also examples that

do not fit any of the above constructions, as shown by the following ideal mnp clutter.

A(C) = 2666666664
1 1 0 0 1 0 1 01 1 0 0 0 1 0 10 0 1 1 1 0 0 10 0 1 1 0 1 1 01 0 1 1 1 0 1 00 1 1 0 0 1 0 10 1 1 0 1 0 0 11 1 0 1 0 1 1 0

3777777775



12 GÉRARD CORNÚEJOLS, BERTRAND GUENIN, AND FRANÇOIS MARGOT

5. NON IDEAL MINIMALLY NON PACKING CLUTTERS

As mentioned in Remark 1.4, a non ideal mnp clutter is always mni. The following is a result of

Bridges and Ryser [2]:

Theorem 5.1. Let �A, �B be n� n 0,1 matrices satisfying �A �BT = J + dI , where d � 1. Then

(i) Columns and rows of �A (resp. �B) have exactly r (resp. s) ones with d = rs� n.

(ii) �A �BT = �AT �B
(iii) �AT ( �B:j) = e+ dej

Note that, in Theorem 5.1, Property (iii) follows from the equality �AT �B = J + dI. The next

remark collects known properties of mni matrices [10], [13], [17]. Note that these properties follow

readily from Theorem 1.7 (iii) and Theorem 5.1: Point (i) follow from the unicity of the core, and

Point (ii) then follows from Point (i). Point (iii) is implied by the fact that the core is a square matrix.

Finally, Point (iv) is nothing more than a rewording of Theorem 5.1 (iii).

Remark 5.2. Let A be anm� n mni matrix,B = b(A), r = �(B) ands = �(A). Let �A (resp.�B) be the core ofA (resp.B) and letQ(A) denotefx � 0 : Ax � eg.
(i) Q(A) (resp.Q(B)) has a unique fractional extreme point1re (resp. 1se).
(ii) minfex : Ax � e; x � 0g 62 Z.

(iii) Rows in A (resp.B) that are not rows of�A (resp. �B) have at leastr + 1 (resp.s+ 1)

ones.

(iv) �A=j (resp. �B=j) packs withs (resp.r) rows whose indices are given by the incidence

vector of columnj of �B (resp. �A).

Given a mni clutterC, we will denote by�C the core ofC. Let D = b(C) and letL be the set

corresponding to theith row of A( �C). By Theorem 1.7 (iii),L intersects all sets ofE( �D) exactly

once except for theith row ofA( �D) that is intersectedrs� n+ 1 � 2 times. This particular row is

called themate of L.

Now we give a proof of Theorem 1.8 stating that ifC 6= Jt is a mni clutter withrs > n+1, thenC is not minimally non packing.

Proof of Theorem 1.8: LetL 2 E( �C) and letU be its mate. We defineI = (L� U) [ fig wherei
is any element inL \ U .

Claim 1. �( �C n I) � s� 1.
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Proof of Claim: By contradiction, suppose there is a setT 2 E�b( �C n I)� with jT j � s� 2. Let j
be any element inU � fig. By Remark 5.2 (iv),L is among thes disjoint sets ofE( �C=j). SinceI � L, there ares � 1 sets inE( �C n I) that intersect only in columnj. Therefore,jT j � s � 2
impliesj 2 T . By symmetry among the members ofU � fig, it follows thatU � fig � T . So in

particularjT j � s� 1, a contradiction. 3
SupposeC n I packs. Then, since�(C n I) � �( �C n I), it follows from Claim 1 that there must

bes� 1 disjoint setsfL1; : : : ; Ls�1g in E(C n I).
Claim 2. None of fL1; : : : ; Ls�1g are in E( �C).
Proof of Claim: By contradiction, suppose thatL1 is inE( �C). LetU1 be its mate andq = rs�n+1 � 3. We have: ��C n (I [ L1)� � jU1 � L1j = jU1j � q = s� q � s� 3
where the first inequality follows from the fact thatb(C n (I [ L1)) = b(C)=(I [ L1). ButfL2; : : : ; Ls�1g are disjoint sets ofE�C n (I [ L1)�, a contradiction. 3

By Remark 5.2 (iii), all sets inE(C)�E( �C) have cardinality at leastr+1. MoreoverfL1; : : : ; Ls�1g
do not intersectI. Therefore we must have:(r + 1)(s� 1) � n� jIj = rs� q + 1� (r � q + 1) = rs� r
Thuss � 1, a contradiction. �

6. WEAKLY BINARY CLUTTERS

Let us first show that binary clutters are weakly binary (see Section 1). Given two setsS1 andS2, S1�S2 denotes the symmetric difference ofS1 andS2, i.e. (S1 [S2)� (S1 \S2). If the clutterC is binary, then for anyk setsS1; : : : ; Sk with k odd, the setS1� : : :�Sk contains a set ofE(C)
[16]. GivenC that contains an odd holeC2k , let S1; : : : ; Sk be thek sets inE(C) corresponding toE(C2k). If C is binary, thenC2k has a non intersecting setS � S1� : : :�Sk. Since minors of binary

clutters are again binary [16], it follows that binary clutters are indeed weakly binary. The inclusion

is strict however, sinceP4 defined asV (P4) = f1; 2; 3; 4g andE(P4) = �f1; 2g; f2; 3g; f3; 4g	 is

weakly binary but not binary.

In the remainder, we prove Theorem 1.14, stating that ifC is weakly binary and minimally non

MFMC, thenC is ideal. To prove this result, we need the following theorem. Given a family of sets



14 GÉRARD CORNÚEJOLS, BERTRAND GUENIN, AND FRANÇOIS MARGOTH � E(C) we will denote byC �H the clutter defined byV (C �H) = V (C) andE(C �H) =E(C)�E(H).
Theorem 6.1. Let C 6= Jt be a mni clutter with rs = n+ 1. Then 8i 2 V (C) 9H � fS 2 E(C) :i 2 Sg such that there is a minor D of C �H with

(1) i 2 V (D) and

(2) D contains an odd hole C2k with V (D) = V (C2k).
To illustrate this theorem, considerb(C25 ). We haveE�b(C25 )� = �f1; 3; 5g; f1; 2; 4g; f2; 3; 5g;f1; 3; 4g; f2; 4; 5g	. For i = 1, let H = �f1; 3; 4g	. ThenE�[b(C25 ) � H℄=f3; 4g� = �f1; 2g;f2; 5g; f1; 5g	. We will need the following definition for the proof. A clutter C is bicolorable if

there is a partition ofV (C) into V1 andV2 such that every element ofE(C) intersectsV1 andV2.
Proof of Theorem 6.1: Let B = b(C), and let �C (resp. �B) denote the core ofC (resp. B). Leti 2 V (C). Moreover, letL1; : : : ; Lr be the edges inE( �C) that containi. Finally, for j = 1; : : : ; r,
let Uj be the mate ofLj . Then, by Remark 5.2 (iv),Uj \ U` � fig if j 6= ` and, by Theorem 5.1

(iii), exactly twoUj ’s, sayU1 andU2, containfig, sincers = n+ 1.

Let I
 = Srj=3Uj andH = fS 2 E(C) : i 2 Sg � fL1; L2g. We defineD0 = ( �C �H)=I
.
Claim 1. Sets in E(D0) have cardinality 2.

Proof of Claim: LetL be any set inE( �C �H). We want to show thatjL�[rj=3Uj j = 2. Since the

complement of[rj=3Uj is U1 [ U2, this is equivalent to show thatjL \ (U1 [ U2)j = 2. Supposei 62 L. ThenL is not a mate ofU1 orU2. ThusjL \ U1j = jL \ U2j = 1. SinceU1 \ U2 � fig we

havejL \ (U1 [ U2)j = 2. Now supposei 2 L. By definition ofH, L = L1 or L = L2. Without

loss of generality we can assumeL = L1. Now jL1 \ (U1 [ U2)j = j(L1 \ U1) [ (L1 \ U2)j =j(L1 \U1)[ figj = jL1 \U1j = 2, where the last equality follows from the fact thatL1 is the mate

of U1. 3
Claim 2. There is no set T such that jT \ Lj = 1;8L 2 E( �C).
Proof of Claim: By Theorem 5.1 (iii), for anyj 2 V (C) there are setsSj1; : : : ; Sjs 2 E( �C) that

intersect only inj. Moreover,
Ssi=1 Sji = V ( �C) and exactlyrs � n = 2 of those sets, saySj1; Sj2

containj. By choosingj 2 T we obtain thatT � fjg does not intersectSj1 [ Sj2 and thatT � fjg
intersects eachSj3 : : : Sjs at most once. HencejT j � s � 1. By choosingj 62 T , we havejT j � s
sinceT intersects the setsSj1; : : : ; Sjs , a contradiction. 3
Claim 3. D0 is not bicolorable.



THE PACKING PROPERTY 15

Proof of Claim: Suppose thatD0 is bicolorable. LetT; T 0 be the corresponding partition ofV (D0).
Without loss of generality we can assume thati 2 T . LetL be any set ofE( �C). We will show thatjT \ Lj = 1 thereby contradicting Claim 2. SupposeL � I
 2 E(D0). By Claim 1,jL � I
j = 2.

SinceT \(L�I
) andT 0\(L�I
) are both non empty, we must have1 = jT \(L�I
)j = jT \Lj.
Thus we can assume thatL� I
 62 E(D0), i.e. thati 2 L andL 6= L1; L 6= L2. ThereforeL is

the mate of some setUj with j � 3. But then, asT = T \ (U1 [U2) andL\ (U1 [U2) = fig, we

haveL \ T = L \ (U1 [ U2) \ T = fig. 3
Claim 4. D0 contains an odd hole C2k .

Proof of Claim: By Claim 1, all elements ofE(D0) have cardinality2. ThereforeM(D0) can be

viewed as the edge-vertex incidence matrix of a graphG. SinceD0 is not bicolorableG cannot be

bipartite. ThereforeG has a vertex induced subgraphG0 that is a triangle or an odd hole. In both

casesG0 corresponds to an odd holeC2k contained inD0. 3
Claim 5. Every edge in (C �H)=I
 has cardinality at least 2.

Proof of Claim: By Claim 1 it is sufficient to show that setsL 2 E(C � H) � E( �C � H) satisfyjL \ (U1 [ U2)j � 2. SinceL 62 E(H) [ E( �C) we havei 62 L. The result then follows from the

fact that(U1 � fig) \ (U2 � fig) = ;. 3
Let Id = V (D0)�V (C2k) and letD = (C �H)=I
 n Id. By Claim 4,D0 = ( �C �H)=I
 contains

an odd holeC2k . By Claim 5, the sets corresponding to the odd hole are in the clutter (C �H)=I
.
HenceD satisfies item (2) in the statement of the theorem. The next claim will show item (1).

Claim 6. i 2 V (D)
Proof of Claim: Supposei 62 V (D). Then i 2 Id and thus, by the choice ofH, we have thatD = (C �H)=I
 n Id = C=I
 n Id, i.e. D is a minor ofC. But 12e is a fractional extreme point offx � 0 : A(D) � eg, a contradiction withC mni. �

We are now ready to prove the main result of this section.

Proof of Theorem 1.14: SupposeC is not ideal. From Remark 1.4, we have thatC is mni. C 6= Jt
sinceJt is not weakly binary. Indeed the odd hole ofJt defined by the setsf1; : : : ; tg; f0; 1g; f0; 2g
does not have a non intersecting set. By Theorem 1.8, we must also havers = n+ 1.

ConsiderD = (C �H)n Id=I
 in Theorem 6.1. Note thatC n Id contains the odd holeC2k . SinceC is weakly binary, there is a non intersecting setS of C2k in E(C nId). HereS\ �V (C2k)[ Id� = ;.
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Sincei =2 S, we haveS 62 E(H) and thereforeS � I
 contains an edge ofD. But sinceV (C) =V (C2k) [ I
 [ Id we must haveS � I
 = ;, a contradiction. �
Acknowledgments: We would like to thank Michele Conforti for helpful discussions in the

early stages of this research.
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[3] Conforti M., Cornuéjols G. (1993) Clutters that pack and the Max-Flow Min-Cut property: A conjecture,The Fourth

Bellairs Workshop on Combinatorial Optimization (W.R. Pulleyblank, F.B. Shepherd, eds.).
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