THE PACKING PROPERTY
GERARD CORNUEJOLS, BERTRAND GUENIN, AND FRANCOIS MARGOT

ABSTRACT. A clutter (V, E') packs if the smallest number of vertices needed to intersect all th
edges (i.e. a minumum transversal) is equal to the maximunbeu of pairwise disjoint edges (i.e.
a maximum matching). This terminology is due to Seymour 18V&lutter isminimally nonpacking

if it does not pack but all its minors pack. An x n 0,1 matrix isminimally nonpacking if it is
the edge-vertex incidence matrix of a minimally nonpaclihgter. Minimally nonpacking matrices
can be viewed as the counterpart for the set covering probfeminimally imperfect matrices for
the set packing problem. This paper proves several pregesfiminimally nonpacking clutters and
matrices.

1. INTRODUCTION

A clutter C is a pair(V(C), E(C)), whereV (C) is a finite set andZ(C) = {S1,...,5m} is a
family of subsets o¥/(C) with the property thas; C S; implies S; = S;. The elements oV (C)
are thevertices of C and those off/(C) are theedges. A transversal of C is a subset of vertices
that intersects all the edges. A transversahiisimal if none of its proper subset is a transversal. A
transversal isninimum if no transversal has smaller cardinality. l:€C) denote the cardinality of
a minimum transversal. A cluttér packs if there existr (C) pairwise disjoint edges.

Forj € V(C), thecontraction C/; anddeletion C \ j are clutters defined as follows: both have
V(C) — {j} as vertex setF/(C/j) is the set of minimal elements ¢5 — {;} : S € E(C)} and
E(C\j)={S:j ¢S e E()}. Contractions and deletions of distinct vertices can bépaed
sequentially, and it is well known that the result does nqteshel on the order. A cluttéP obtained
from C by deletingZ; C V(C) and contracting, C V(C), wherel.NI; = §andI. U I; # (), is a
minor of C and is denoted by \ 1;/I..
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Note that the property that packs is not closed under minor taking. For example, conside
the graph with four vertice¥” = {1,2,3,4} and four edge¥’ = {{1,2},{1,3},{1,4},{2,3}}.
This clutter packs: indeed,1, 2} is a minimum transversal and 1,4}, {2,3}} is a matching of
cardinality two. However, the clutter obtained by deletiregtex 4 is a graph with three vertices
and the three edgdd 1, 2}, {1,3},{2,3}}. This clutter does not pack: minimum transversals have
cardinality two while maximum matchings have cardinalityeo This observation leads us to con-
sider the following property: We say that a cluttehas thepacking property if it packs and all its
minors pack. A clutter isninimally non packing (mnp) if it does not pack but all its minors do. In
this paper, we study mnp clutters.

These concepts can be described equivalently in terms ah8tfices. Anm x n 0,1 matrix A
packs if the minimum number of columns needed to cover all the rogusaés the maximum number
of nonoverlapping rows, i.e.

min{ez : Az > e, z € {0,1}"}
(-4 = max{ye:yA<e, ye{0,1}"},
wheree denotes a vector of appropriate dimension all of whose comps are equal to 1. Ob-
viously, dominating rows play no role in this definition (rad; dominates row A, & # 1, if
A;j > Ay, forall j), so we assume without loss of generality tHatontains no such row. That is,
we assume that is the edge-vertex incidence matrix of a clutter. Since thgement A packs” is
invariant upon permutation of rows and permutation of calanwe denote byl (C) any 0,1 matrix
that is the edge-vertex incidence matrix of clutelObserve that contractinge V (C) corresponds
to settingz; = 0 in the set covering constrainis(C)z > e (since, inA(C/j), columny is removed
as well as the resulting dominating rows), and delefiraprresponds to setting; = 1 (since, in
A(C \ j), columnj is removed as well as all rows with a 1 in coluin The packing property for
A requires that equation (1.1) holds for the matdixtself and all its minors. This concept is dual
to the concept of perfection (Berge [1]). Indeed, one camdedi perfect 0,1 matrix as follows. A
0,1 matrix isperfect if all its column submatriceg! satisfy the equation

max{ex:AxSe, 336{071}“}
= min{ye:yAd>e, ye{0,1}"}.

This definition involves “column submatrices” instead ofifyors” since setting a variable to 0
or 1 in the set packing constraintsr < e amounts to considering a column submatrixAfin
the case of setting a variable to 0, this is obvious, and incdse of setting a variable to 1, the
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constraintsAz < e may force other variables to 0, so all the correspondingrookiof A are
removed). Pursuing the analogy, mnp matrices are to theosetring problem what minimally
imperfect matrices are to the set packing problem.

The 0,1 matrixA is ideal if the polyhedron{z > 0 : Az > e} is integral (Lehman [9]). IfA is
ideal, then so are all its minors [16]. The following resslii consequence of Lehman’s work [10].

Theorem 1.1. If A hasthe packing property, then A isideal.

The converse is not true, however. A famous example is thebm@g with 4 rows and 6
columns comprising all 0,1 column vectors with two 0’s and tifs. It is ideal but it does not pack.
This is in contrast to Lovasz’s theorem [11] stating thiats perfect if and only if the polytope
{z > 0: Az < e} isintegral.

The 0,1 matrixA has theMax-Flow Min-Cut property (or simply MFEMC property) if the linear
systemAz > e, z > 0 is totally dual integral (Seymour [16]). Specifically, let

(A, w) = min{wz: Az >e, z€{0,1}"},

v(A,w) = max{ye:yAgw, yEZT}.

A has the MFMC property if (A, w) = v(A,w) for all w € Z. Settingw; = 0 corresponds to
deleting columry and settingu; = +o0o to contracting;. So, if A has the MFMC property, thea
has the packing property. Conforti and Cornuégjols [3] eotyre that the converse is also true.

Conjecture 1.2. A clutter has the packing property if and only if it has the MFMC property.

This conjecture for the packing property is the analog offttlewing version of Lovasz’s the-
orem [11]: A0, 1 matrix A is perfect if and only if the linear systedir < e, x > 0 is totally dual
integral.

In Section 2, we show that this conjecture holds for diadidtets. A clutter igliadic if its edges
intersect its minimal transversals in at most two vertidesg [6]). In fact, we show the stronger

result:
Theorem 1.3. Adiadic clutter isideal if and only if it has the MFMC property.

A clutter is said to beminimally non ideal (mni) if it is not ideal but all its minors are ideal.
Theorem 1.1 implies that all minors of an mnp clutter arelid€aerefore mnp clutters fall into two
distinct classes, namely:

Remark 1.4. A minimally non packing clutter is either ideal or mni.
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Sections 3 and 4 deal with ideal mnp clutters. Seymour [16yv&ld thatQ)s is the only ideal
mnp clutter which is binary (a clutter Bnary if its edges have an odd intersection with its minimal
transversals). Aside fromg, only one ideal mnp clutter was known prior to this work, doe t
Schrijver [14]. We construct an infinite family of such mnpitbérs in Section 4. The clutt&pg,
Schrijver's example and those in our infinite class all $atigC) = 2. We prove in Section 3 that
all ideal mnp clutters with-(C) = 2 share strong structural properties wigh.

A clutter C has theQs property if A(C) has four rows such that every column4(C) restricted
to this set of rows contains two 0’s and two 1's and, furtheleneach of the six such possible 0,1
vectors occurs at least once.

Theorem 1.5. Every ideal mnp clutter C with 7(C) = 2 has the Qg property.

Our motivation for studying th&)s property was an attempt to characterize and, if possible, to
enumerate all ideal mnp clutters. Section 4 shows that ieexeich family of ideal mnp clutter§

with 7(C) = 2. These clutters are best described in terms ofQhgroperty, which they all share
by Theorem 1.5. We make the following conjecture and we plate in this section that it implies
Conjecture 1.2.

Conjecture 1.6. If C isanideal mnp clutter, then 7(C) = 2.

Theblocker b(C) of a clutterC is the clutter with//(C) as vertex set and the minimal transversals
of C as edge set. Fafy,I. C V(C) with I, N I. = (), it is well known and easy to derive that
b(C\ I4/1.) = b(C)/ 14\ I..

Section 5 studies minimally non ideal mnp clutters. Theteluf;, for ¢ > 2 integer, is given by
V(J) = {0,....t} andE(F) = {{1,...,t},{0,1},{0,2},...,{0,¢}}. Given a mni matrix4,
let z be any vertex of z > 0 : Az > e} with fractional components. A maximal row submatrix
A of A for which Az = e is called acore of A. The next result is due to Lehman [10] (see also
Padberg [13], Seymour [17]).

Theorem 1.7. Let A beanm x n mni matrix, B = b(A), r = 7(B) and s = 7(A). Then
(i) A (resp. B) hasa unique core A (resp. B).
(i) A, B are square matrices.
Moreover, either A = A(7;), t > 2, or the rows and columns of A can be permuted so that
(iiiy ABT = J + (rs —n)I, with rs > n + 1.
HereJ denotes a square matrix filled with ones dnithe identity matrix. Only three cores with
rs = n + 2 are known and none withs > n + 3. Nevertheless Cornuéjols and Novick [5] have
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constructed more than one thousand mni matrices from aesaogé withrs = n + 2. An odd hole
C} is a clutter withk > 3 odd, V(C?) = {1,...k} andE(C?) = {{1,2},{2,3},...,{k — 1,
k},{k,1}}. Odd holes and their blockers are mni with = n + 1 and Luetolf and Margot [12]
give dozens of additional examples of cores with= n + 1 andn < 17. We prove the following
theorem.

Theorem 1.8. Let A # A(J;) be an m x n mni matrix. If A is minimally non packing, then

rs=mn+1.
We conjecture that the conditios = n + 1 is also sufficient.

Conjecture1.9. Let A # A(J;) beanm x n mni matrix. Then A isminimally non packing if and
onlyifrs =mn+ 1.

Using a computer program, we were able to verify this conjector all known mni matrices
with n < 14.

A clutter is minimally non MFMC if it does not have the MFMC property but all its minors
do. Conjecture 1.2 states that these are exactly the mnjerslutAlthough we cannot prove this
conjecture, the next proposition shows that a tight linksexbetween minimally non MFMC and
mnp clutters. The clutteP obtained byreplicating elementj € V(C) of C is defined as follows:
V(D) =V(C)U{j'} wherej’ ¢ V(C), and

E(D) = E(C)U{S - {j}u{s'}:j € S e E(C)}

Elementj’ is called areplicate of j. Lete; denote thgi” unit vector.
Remark 1.10. D packs if and only ifr (C,e +¢;) = v(C, e + ¢;).

Remark 1.11. D is ideal if and only ifC is: AsC is a deletion minor oD, if D is ideal therC is
ideal [16]. Conversely, iD is not ideal, there exists a fractional extreme paiwff the polyhedron
Pp ={x >0: A(D)r > e}. Note thatz; = z;, otherwise the larger of the two can be reduced or
incremented while retaining feasibility, a contradictmith z being an extreme point. Létbe the
vector obtained by removing component from z. If C is ideal, thenz is a convex combination
of integer extreme points dfz > 0 : A(C)x > e}. This convex combination extend to a convex
combination of points P, generatingz, a contradiction.

Proposition 1.12. Let C be a minimally non MFMC clutter. We can construct a minimally non
packing clutter D by replicating elements of V' (C).
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Proof. Letw € Z7 be chosen such tha{C, w) > v(C,w) and7(C,w") = v(C,w’) forallw' € Z7
with w’ < w andw} < w; for at least ong. Note thatw; > 0 for all j, since otherwise some
deletion minor ofC does not have the MFMC property. Constr@zty replicatingw; — 1 times
every elemenf € V(C). We show tha® is minimally non packing. By Remark 1.1®, does not
pack. LetD' = D\ I;/I. be any minor ofD. We claim thatD’ packs. Ifj or one of its replicateg’

is in I, then we can assume thatand all its replicates are ify, since each subsé& € E(D) with

j' € D contains aseB € E(D/j), i.e. D is a dominating subset i®/j. ThenD' is a replication
of a minorC’ of C/j. SinceC’ has the MFMC propertyD’ packs by Remark 1.10. Thus we can
assumel. = (. By the choice ofw and Remark 1.10, if; # 0 thenD’ packs. This proves the
claim and therefore the proposition. O

Proposition 1.12 can be used to show that, if every ideal ntutpecC satisfiesr(C) = 2, then
the packing property and the MFMC property are the same.

Proposition 1.13. Conjecture 1.6 implies Conjecture 1.2.

Proof. Suppose there is a minimally non MFMC cluttéthat has the packing property. By The-
orem 1.1,C is ideal. By Proposition 1.12, there is a mnp clutfemwith a replicated elemeni.
Furthermore, by remark 1.1D is ideal. Using Conjecture 1.8,= 7(D) < 7(D/j). SinceD/j
packs, there are sef§, So € E(D) with S1NS2 = {j}. Becausg is replicated irD, we have a set
Si = S1U{j'} —{j}. Note thatj’ ¢ S2. ButthenS; NS, = 0, henceD packs, a contradiction.

In Section 6, we introduce a new class of clutters called Vyeaikary. They can be viewed as
a generalization of binary and of balanced clutters. (A Oglrix is balanced if it does not have
A(C,%) as a submatrixi > 3 odd, where as abO\(é‘,f denotes an odd hole. See [4] for a survey of
balanced matrices). We say that a clutdras an odd hol€’? if A(C?) is a submatrix of4(C). An
odd holeC? of C is said to have aon intersecting set if 35 € E(C) such thatS NV (C?) = 0. A
clutter isweakly binary if, in C and all its minors, all odd holes have non intersecting &stanced
clutters are trivially weakly binary and we show in Sectiothét binary clutters are also weakly
binary.
Theorem 1.14. Let C be weakly binary and minimally non MFMC. Then C isideal.

Note that, whert is binary, this theorem is an easy consequence of Seymb@dsdm saying
that a binary clutter has the MFMC property if and only if itedonot havel)s as a minor [16].
Indeed, Seymour’s theorem implies that the only binarytefuhat is minimally non MFMC i€)s,
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which is ideal. Observe also that Theorem 1.14 together @athjecture 1.6, Proposition 1.13, and
Theorem 1.5, would imply that a weakly binary clutter hasNtieMC property if and only if it does
not contain a minor with th€g property.

2. GENERAL PROPERTIES OF IDEAL MINIMALLY NON PACKING CLUTTERS

Let C be ideal and le€ be the clutter with same vertex set@sind edge set containing those
edges ot that intersect exactly once each minimum transversél @i other words:E(C) = {S €
E(C):|TNS|=1foreveryT € E(b(C)) with |T| = 7(C)}. Consider

(2.2) 7(C) = minf{ex: A(C)z > e,z > 0}
(2.3) = max{ye: yA(C) <e,y > 0}.

Let T be any transversal witfl’| = 7(C) and letz be its incidence vector. Sincgis ideal,z is an
optimal solution to (2.2). Thus ifi; z > 1, then by complementary slacknegs= 0 for all optimal
solutions to (2.3). Conversely i; x = 1 for all optimal solutionsz to (2.2), then, by [15] p.95
(36), there is an optimal solutianto (2.3) withy; > 0. It follows,

Remark 2.1. A(C) contains exactly the rowd(C);. for which there is an optimum solutionto
(2.3) withy; > 0.
We start with a collection of properties that an ideal mnptelusatisfies.

Proposition 2.2. Let C be anideal minimally non packing clutter. Then
(i) VieV(C),r(C\i)=7(C) —1.
(i) yA(C) = e for all optimum solutions to max{ye : yA(C) < e,y > 0}.
(i) 7(C) = 7(C).
(iv) VS € E(C),3T € E(b(C)) suchthat |T'— S| < 7(C) — 2.
(V) VS € E(C),3T € E(b(C)) with |T| > 7(C) suchthat [T — S| < 7(C) — 2.
(vi) If two columns ¢, ¢/ of A(C) satisfy ¢! < ¢/, then ¢* = ¢/
(vii) Vi e V(C),7(C/i) = 7(C).
Proof.

(i): By definition of deletion,7(C \ i) > 7(C) — 1. SinceC is mnp, there is a familyF =
{S1,- -+, 8-(c\i} Of pairwise disjoint edges aF(C \ 7). SinceF C E(C) andC does not
pack,|F| = 7(C \ i) < 7(C). The result follows.

(ii): Follows from (i) by complementary slackness.
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(iii): The equalityr(C) = 7(C) follows from

7(C) = min{ex : A(C)z > e,z > 0} = max{ye: yA(C) < e,y >0}

= max{ge: JA(C) < e,§ > 0} = min{ex : A(C)z > e,z > 0}

IN

T(C~) < 7(0).

This first equality follows by the fact that is ideal, the second and fourth equality by
duality and the third from the fact that, by Remark 2;1~= 0 for all rows of A(C) which
are not rows ofd(C).

(iv): f VT € E(b(C)),|T — S| > 7(C) — 1, thent(C \ S) > 7(C) — 1. C is mnp, therefore
there is a family” = {Si,...,S7c)-1} € E(C\ S) of pairwise disjoint edges. Hence,
{S} U Fis afamily of 7(C) pairwise disjoint edges df, i.e. C packs, a contradiction.

(v): LetS € BE(C)andT € E(b(C)) with |T| = 7(C). Then by definition o€, |T — S| =
|T| — |SNT|=7(C) — 1 and the result follows by (iv).

(vi): Assume that’ < ¢/ andéi, < ¢}. By Remark 2.1, there is an optimal solutigrwith
yr > 0to max{ye : yA(C) < e,y > 0}. Moreover,y, = 0 for all rows! of A(C) which
are not rows of4(C). It follows thaty A(C) ; < yA(C).;, a contradiction with (ii).

(vii): By (vi), 3S € E(C) with i € S. Suppose-(C/i) > 7(C). We will show thatS = {i}, a
contradiction to (iv). Consider anye V (C)—{i}. By (i) 35; € E(b(C)) with |S;| = 7(C)
andj € S;. Sincer(C/i) > 7(C), we knowi € S;. But by definition ofC, we have

1=|SnS;| =|{i}], hencej € S. O

Proposition 2.2 is sufficient to prove Theorem 1.3 statirag ¢hdiadic clutter is ideal if and only
if it has the MFMC property.

Proof of Theorem 1.3: Since clutters with the MFMC property are ideal, it is suffiti to show
that all ideal diadic clutters have the MFMC property. By tadiction, letC be an ideal diadic
clutter which is minimally non MFMC. By Proposition 1.12 eite is a mnp clutteD obtained by
replicating elements of. Note that the property of being diadic is closed under cagilbn thus
D is diadic. By Proposition 2.2 (VS € E(D),3T € E(b(D)) with |T| > 7(D) such that
|T| —1SNT| < 7(D) — 2, acontradiction t¢S N T'| < 2. O
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3. THE Q¢ PROPERTY

We say that a clutter has tlg; property, if V' (C) can be partitioned into nonempty séts. . ., I,
such that there are edg8s, . . ., .Sy in C of the form:
S1=LUI3Uls, So =1 UIyUlg,
S3=LUIl,UlIs, Sy =1L UI3U .

Note thatQ trivially has theQs property. Now we prove Theorem 1.5 stating tha€ i an ideal
mnp clutter with7(C) = 2, thenC has theQ)s property.

Proof of Theorem 1.5: Let A denoteA(C) and A denoteA(C). Sincer(C) = 2, 3k, € V(C) such
that{k,1} € E(b(C)). LetK = {i: A; = Ay} andL = {i : A; = A;}. Observe that, by
definition of A, we haved j, + A; = e. We claim that

(3.4) 7(C\ K/L) > 1.

Assume that the claim is false, i.e. there exists a tranavérof C with |S — K| < 1 and
SN L = . Trivially, S is a transversal of. By Proposition 2.2 (iii), we have(C) = 7(C) = 2.
Since|S — K| > 7(C\ K) = 7(C \ i) > 1foranyi € K, we have thatS — K = {t} for some
t € V(C) — (K UL). Moreover,A ; > A ;. By Proposition 2.2 (vi), this inequality cannot be strict,
and thusd; = A . This impliest € L, a contradiction.

SinceC \ K/L packs, there exist;, Sz € E(C) such that:

(3.5) (S1US)NK =0 and (S1NS)N(V(C)—(KUL))=0.
By symmetry, we must also have séts S, € E(C) such that
(3.6) (SsuSy)NL=0 and (S3NSy)N(V(C)—(KUL)) =0.

Without loss of generality, let us assume that rolys . . ., A4, correspond to edgées, ..., Sy. Let
us call H the submatrix formed by these four rows andijet %(el + e2 + e3 +e4). By (3.5) and
(3.6) we have

1 1
(3.7) yA = §6H = §(A1. + Ay + A3 +Ay) <e
Sinceye = 2, y is an optimum solution temax{ye : yA < e,y > 0}. By Proposition 2.2 (ii) we
get:
1 _
(3.8) —eH =jA=e.

2
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For every unordered paik,!) with k,l € {1,...,4} andk # [, we associate an indexk,![) as
follows: r(1,2) = 1, r(3,4) = 2, (1,4) = 3, r(2,3) =4, r(1,3) = 5, r(2,4) = 6. Also let

Ir(k:,l) == {’l € V(C) NS Sk N Sl}

Note that (3.8) implies that everiye V(C) belongs to exactly two ofy,...,Ss. It follows that
I, ..., Is are all pairwise disjoint and thdt U ... I = V(C). Finally, since none of; to S, are
pairwise disjoint (otherwis€ would pack), we have thdi. ;) are all nonempty. O

4. NEw FAMILIES

In this section, we construct ideal minimally non packingtigrsC with 7(C) = 2. By Theorem
1.5, these clutters have tligs property. ThusV/ (C) can be partitioned intdy, ..., Is and there
exist edgessy, ..., Sy in C, as defined in Section 3. Without loss of generality we candeothe
vertices inV (C) so that elements ify, preceed elements ify whenk < p.

Given a sefP of p elements, le#{, denote the((2” — 1) x p) matrix whose rows are the char-
acteristic vectors of the nonempty subset$ofind letH, be its complement, i.€t, + H, = J.

Foreach-,t > 1let|I,| = |I2| =, |I3] = |14] = tand|l5| = |Is| = 1. We callQ), , the clutter
corresponding to the matrix

L L I3 I, Iy Ig
H, [HE| J |0 [1]0
0
1
1

AQr)= | HI[H, [0 | J |1
J 10 [H[H, |0
0| J | H [H [0

whereJ denotes a matrix filled with ones. The rows are partitioned four sets that we denote
respectively byl’(3,5), 7'(4,5), T'(1,6), T'(2,6). The indicesk, [ for a given family indicate that
the setl;, U I; is contained is every element of the family. Note that theegfigoccurs inT'(3, 5),
S2inT(1,6), S3inT(4,5) andSs in T'(2,6).

SinceH; contains only one row, we havg, | = Qs andQs ; is given by

"1 100 0|1[0[1]07
1 0|0 1[1]0]1]0 T(3,5)
0 1|1 0|1]0|1]0
0 0T 1[0[L[1]0

A@1) =11 olo 1]o|1]|1]0 T(4,5)
0 1[1 0/olL]1]0
T 110 0]0(1[0]1 7(1,6)
0 0T T{L{0[0[T| (2. 6)

The proof of the next proposition is straightforward butited (see Guenin [8] for details).
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Proposition 4.1. For all r,¢ > 1, the clutter @), ; isideal and minimally non packing.

The clutterD obtained byduplicating elementj € V(C) of C is defined by V' (D) = V(C)u{j'}
wherej’ € V(C)andE(D) ={S:j ¢ Se€ E(C)} U{SU{j'}:j€ S e EC)} Leta(k)bethe
mapping defined byw (1) = 2, a(2) =1, a(3) =4, a(4) =3, a(b) =6, a(6) = 5.

Suppose that, fok € {1,..,6}, we have thaf/; contains a single elemerite V(C). Thenj
belongs to exactly two of4,...,Ss. These two edges are of the forfyi} U I, U I, and{;} U
Iy U o) We can construct a new cluttér® j by duplicating element in C and including in
E(C ® j) the edges:

{7y Ulyy Ul UL,
(4.9)

{7 U Loy U Loy U Loy
Since the® construction is commutative we denote®w {k1, ...,k } the clutter(C ® k1) ... ®
ks. ForQg, we havel; = {1} = S; NSy and{1} U IyyU I3 Ul = {1,2,3,5} and finally
{1} Ul Ulys Ulysy = {1',2,4,6}. Thus

1 110[1]0][1]0
1 1]o0lol1]o]1
0 ol1lol1]1]0
AQs@l) =19 ol1|1]0]0]|1
T O0TTTTT0T]0
0 1/1]/0|1]0]|1

Again, we refer the reader to Guenin’s dissertation [8] fpr@of of the next result.

Proposition 4.2. Any clutter obtained from (g and the ® construction isideal and minimally non
packing.

The clutterQs ® {1, 3,5} was found by Schrijver [14] as a counterexample to a conjeabfl
Edmonds and Giles on dijoins. Prior to this wo€k andQs ® {1, 3,5} were the only known ideal
mnp clutters. Eleven clutters can be obtained using Propost.2. There are also examples that
do not fit any of the above constructions, as shown by theviatig ideal mnp clutter.

1 100 0[1]0[1]0
1 1]0 olol1]o]1
0 0|1 1]|1]0]o0]1
0 0|1 1]o|1]1]0
AC) = |ToTT T[T T0TTT0
0 1|1 olo|1]o]1
0 T1T 0[1[0]0[1
1 1]0 1|o|1|L]0
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5. NON IDEAL MINIMALLY NON PACKING CLUTTERS

As mentioned in Remark 1.4, a non ideal mnp clutter is alwags iirhe following is a result of
Bridges and Ryser [2]:

Theorem 5.1. Let A, B ben x n 0,1 matrices satisfying AB” = J + dI, whered > 1. Then

(i) Columnsand rows of A (resp. B) have exactly r (resp. s) oneswithd = rs — n.

(i) ABT = ATB

(i) AT(B.j) = e +de;j

Note that, in Theorem 5.1, Property (iii) follows from theuadity A” B = J + dI. The next

remark collects known properties of mni matrices [10], [13}]. Note that these properties follow
readily from Theorem 1.7 (iii) and Theorem 5.1: Point (i)lée¥ from the unicity of the core, and
Point (ii) then follows from Point (i). Point (iii) is implie by the fact that the core is a square matrix.
Finally, Point (iv) is nothing more than a rewording of Thewr5.1 (iii).

Remark 5.2. Let A be anm x n mni matrix, B = b(A), r = 7(B) ands = 7(A). Let A (resp.
B) be the core ofd (resp.B) and letQ(A) denote{z > 0 : Az > e}.
(i) Q(A) (resp.Q(B)) has a unique fractional extreme pojnt (resp.Ze).
(i) min{ex: Az >e,x >0} & Z.
(i) Rows in A (resp. B) that are not rows ofl (resp. B) have at least + 1 (resp.s + 1)
ones.
(iv) A/j (resp.B/j) packs withs (resp.r) rows whose indices are given by the incidence
vector of columnj of B (resp. A).

Given a mni clutteiC, we will denote byC the core ofC. Let D = b(C) and letL be the set
corresponding to th&” row of A(C). By Theorem 1.7 (iii),L intersects all sets af(D) exactly
once except for thé” row of A(D) that is intersecteds — n + 1 > 2 times. This particular row is
called themate of L.

Now we give a proof of Theorem 1.8 stating thaf i~ .7; is a mni clutter withrs > n + 1, then
C is not minimally non packing.

Proof of Theorem 1.8: Let L € E(C) and letU be its mate. We define = (L — U) U {i} wherei
is any elementil. N U.

Clam1. 7(C\I)>s—1.
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Proof of Claim: By contradiction, suppose there is a $et E(b(C \ I)) with |T] < s — 2. Letj
be any element i/ — {i}. By Remark 5.2 (iv),L is among thes disjoint sets ofE(C/j). Since
I C L, there ares — 1 sets inE(C \ I) that intersect only in columfi. Therefore|T| < s — 2
impliesj € T. By symmetry among the membersf— {i}, it follows thatU — {i} C T'. So in

particular|T’| > s — 1, a contradiction. &

Suppose \ I packs. Then, since(C \ I) > 7(C \ I), it follows from Claim 1 that there must
bes — 1 disjoint sets{Ly,...,Ls_1}in E(C\ I).

Claim 2. Noneof {L,...,Ls 1} arein E(C).

Proof of Claim: By contradiction, suppose thag is in E(C). LetU; be its mate ang = rs —n +
1 > 3. We have:

T[C\(IUL)] < [Ui—Li|=|Ui]—q=s5—-qg<s-3

where the first inequality follows from the fact thafC \ (I U L;)) = b(C)/(I U Ly). But
{Ls,..., Ly} are disjoint sets ofZ (C \ (I U L;)), a contradiction. O

By Remark 5.2 (iii), all sets it (C) — E(C) have cardinality at least+-1. Moreover{ L1, ..., Ls_;}
do not intersecf. Therefore we must have:

(r+)(s—=1)<n—-|Il=rs—q+1—-(r—qg+1)=rs—r

Thuss < 1, a contradiction. O

6. WEAKLY BINARY CLUTTERS

Let us first show that binary clutters are weakly binary (seetiSn 1). Given two set§; and
Sa, S1AS, denotes the symmetric difference$f andSs, i.e. (S1 U S3) — (S1 N Se). If the clutter
C is binary, then for any: setsS;, ..., Sy with £ odd, the sef5; A ... ASj contains a set of/(C)
[16]. Given( that contains an odd ho@,%, let Sy, ..., Sk be thek sets inE(C) corresponding to
E(C?). If Cis binary, thenC? has a non intersecting s6tC S;A ... ASy. Since minors of binary
clutters are again binary [16], it follows that binary ckrg are indeed weakly binary. The inclusion
is strict however, sinc®; defined ad/(Py) = {1,2,3,4} andE(Py) = {{1,2},{2,3},{3,4}} is
weakly binary but not binary.

In the remainder, we prove Theorem 1.14, stating thétigf weakly binary and minimally non
MFMC, thenC is ideal. To prove this result, we need the following thear&iven a family of sets
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H C E(C) we will denote byC — H the clutter defined by’ (C — H) = V(C) andE(C — H) =
E(C)— E(H).

Theorem 6.1. Let C # J; beamni clutter withrs =n + 1. ThenVi € V(C) 3H C {S € E(C) :
i € S} such that thereisaminor D of C — H with

(1)ie V(D) and

(2) D contains an odd hole C? with V(D) = V(C?).

To illustrate this theorem, considefC?). We haveE (b(C?)) = {{1,3,5},{1,2,4},{2,3,5},
{1,3,4},{2,4,5}}. Fori = 1, let H = {{1,3,4}}. ThenE([ (C2) — H|/{3,4}) = {{1,2},
{2,5},{1,5}}. We will need the following definition for the proof. A clutt€ is bicolorable if
there is a partition o¥/(C) into V; andV; such that every element &f(C) intersects/; andVs.

Proof of Theorem6.1: Let B = b(C), and letC (resp. B) denote the core of (resp. B). Let
i € V(C). Moreover, letL, ..., L, be the edges it7(C) that containi. Finally, forj = 1,...,r,
let U; be the mate of.;. Then, by Remark 5.2 (iv)Y/; N U, C {i} if j # ¢ and, by Theorem 5.1
(iii), exactly twoU;’s, sayU, andU,, contain{:}, sincers = n + 1.

Letl. = Uj_3U; andH = {S € E(C) : i € S} — {L1, L2}. We defineD’ = (C — H)/I.

Claim 1. Setsin E(D’) have cardinality 2.

Proof of Claim: Let L be any setinE(C — H). We want to show that. — U5 _3Uj| = 2. Since the
complement ofJ%_,U; is Uy U Uy, this is equivalent to show that N (U; U Uz)| = 2. Suppose
i ¢ L. ThenL is not a mate ot/; or U,. Thus|L N U;| = |[LNUs| = 1. SinceU; N Uz C {i} we
have|L N (U; U Uy)| = 2. Now supposé € L. By definition of H, L = Ly or L = L. Without
loss of generality we can assumie= L;. Now |Ly N (U U Us)| = [(Ly NUy) U (L1 NUR)| =
|(LyNU) U{i}| = |L1 NnU; | = 2, where the last equality follows from the fact that is the mate
of Uy. &

Claim 2. Thereisnoset T suchthat |T'N L| = 1,YL € E(C).

Proof of Claim: By Theorem 5.1 (iii) for any; € V(C) there are set§{, ..,8 € E(C) that

intersect only inj. Moreover,| J¢ = V(C) and exactlyrs — n = 2 of those sets, sa§’, S

=1 z
containj. By choosingj € T we obtain thal’ — {;j} does not intersecﬁ{ U Sg and thatl’ — {5}
intersects eaci5’§ ...SJ at most once. Hencd'| < s — 1. By choosingj ¢ T, we have|T| > s

sinceT intersects the sets/, . .., S, a contradiction. o

Claim 3. D' isnot bicolorable.
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Proof of Claim: Suppose thaD’ is bicolorable. Lefl’, T’ be the corresponding partition &f(D’).
Without loss of generality we can assume that 7. Let L be any set of2(C). We will show that
|T N L| = 1 thereby contradicting Claim 2. Suppoge- I, € E(D'). By Claim 1,|L — I..| = 2.
SinceT'N(L—I.) andT'N (L — I..) are both non empty, we must have= |TN(L—1.)| = [T NL|.
Thus we can assume that— I, ¢ E(D’), i.e. thati € L andL # L, L # Lo. ThereforeL is
the mate of some séf; with j > 3. Butthen, ag” = T'N (U; UU) andL N (U; U Us) = {i}, we

haveLNT = LN (U; UU,) N T = {i}. o
Claim 4. D' contains an odd hole C?.

Proof of Claim: By Claim 1, all elements of/(D’) have cardinality2. ThereforeM (D') can be
viewed as the edge-vertex incidence matrix of a gré@pt8inceD’ is not bicolorableG cannot be
bipartite. Thereforg? has a vertex induced subgraph that is a triangle or an odd hole. In both
cased7’ corresponds to an odd hafé? contained irD’. &

Claim 5. Every edgein (C — H)/I. has cardinality at least 2.

Proof of Claim: By Claim 1 it is sufficient to show that sefs € E(C — H) — E(C — H) satisfy

|LN (U UU)| > 2. SinceL ¢ E(H) U E(C) we have: ¢ L. The result then follows from the
fact that(U; — {i}) N (Uz — {i}) = 0. <&

Letl, = V(D')—V(C?) and letD = (C — H)/I.\ I,. By Claim 4,D' = (C — H)/I, contains
an odd holeC?. By Claim 5, the sets corresponding to the odd hole are inltiteec(C — H)/ .
HenceD satisfies item (2) in the statement of the theorem. The naxnhalill show item (1).

Clam6. i € V(D)
Proof of Claim: Supposei ¢ V(D). Theni € I; and thus, by the choice dff, we have that

D=(C—-H)/I.\1g=C/I.\ 1, i.e. Dis aminor ofC. But %e is a fractional extreme point of
{z > 0: A(D) > e}, a contradiction witlC mni. O

We are now ready to prove the main result of this section.

Proof of Theorem 1.14: Suppose is not ideal. From Remark 1.4, we have tlias mni. C # J;
sinceJ; is not weakly binary. Indeed the odd holegfdefined by the setgl, ..., ¢},{0,1},{0,2}
does not have a non intersecting set. By Theorem 1.8, we rsgshavers = n + 1.

ConsiderD = (C — H) \ I4/1. in Theorem 6.1. Note that\ I, contains the odd hol€?. Since
C is weakly binary, there is a non intersecting Seif C? in E(C\ I;). HereSN [V (CZ) U 1,] = 0.
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Sincei ¢ S, we haveS ¢ E(H) and therefores — I, contains an edge @. But sinceV (C) =
V(C,f) U I, U I; we must haveS — I, = (), a contradiction. O

Acknowledgments: We would like to thank Michele Conforti for helpful discusses in the
early stages of this research.
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