
Pruning by Isomorphism in Bran
h-and-CutFran�
ois MargotDepartment of Mathemati
s, University of Kentu
kyLexington, KY 40506-0027fmargot�ms.uky.eduAbstra
t. The paper presents a Bran
h-and-Cut for solving (0, 1) inte-ger linear programs having a large symmetry group. The group is used forpruning the enumeration tree and for generating 
uts. The 
uts are nonstandard, 
utting integer feasible solutions but leaving un
hanged theoptimal value of the problem. Pruning and 
ut generation are performedby ba
ktra
king pro
edures using a S
hreier-Sims table for representingthe group. Appli
ations to the generation of 
overing designs and error
orre
ting 
odes are presented.1 Introdu
tionLet �n be the set of all permutations of the ground set In = f1; : : : ; ng. Apermutation in �n is represented by an n-ve
tor �, with �[i℄ being the imageof i under �. If v is an n-ve
tor and � 2 �n, let w = �(v) denote the ve
tor wobtained by permuting the 
oordinates of v a

ording to �, i.e.w[�[i℄℄ = v[i℄ for all i 2 In:We 
onsider an ILP problem of the formmin 
T � x (1)s.t. Ax � b;x 2 f0; 1gn ;where A is an m � n matrix. For a permutation � of the n variables su
hthat �(
) = 
 and a permutation � of the m rows of A su
h that �(b) = b, letA(�; �) be the matrix obtained from A by permuting its 
olumns a

ording to� and its rows a

ording to �. LetG = f� j there exists � s:t: A(�; �) = Ag :Clearly, G is a permutation group of In. Moreover, for � 2 G, a point �x isfeasible (resp. optimal) for the linear relaxation of the ILP (1) if and only if �(�x)is feasible (resp. optimal) for that ILP. Hen
e, G is a symmetry group of thefeasible (and of the optimal) set of the ILP.ILPs with large symmetry groups are natural when formulating 
lassi
alproblems in 
ombinatori
s, a.o. problems looking for a family of subsets of a



given set E with spe
i�ed properties. In most 
ases, the elements in E are undis-tinguishable and G is a group with order at least jEj!. The problem of s
hedulingjobs on p parallel identi
al ma
hines also yields ILPs with a natural symmetrygroup with at least p! elements. For relatively modest size problems, it turns outthat the 
orresponding ILPs be
ome very diÆ
ult (if not impossible) to solveby traditional Bran
h-and-Cut te
hniques. The trouble 
omes from the fa
t thatmany subproblems in the enumeration tree will be isomorphi
, for
ing a wastefuldupli
ation of e�ort.In this paper, we assume that an ILP together with its symmetry group G isgiven. We show how to useG in order to prune eÆ
iently isomorphi
 subproblemsand to help the sear
h by generating isomorphism 
uts (
utting integer feasiblesolutions, but leaving the value of the optimal solution un
hanged). This isomor-phism pruning is 
ompatible with standard 
ut generation te
hniques (Gomory
uts, Lift-and-Proje
t 
uts, or spe
ially designed 
uts for the problem at hand).The pri
e to pay for the pruning is that the bran
hing variable 
an no longer be
hosen arbitrarily.While isomorphism reje
tion in ba
ktra
king sear
hes has been used in manyappli
ations [1℄, [3℄, [4℄, [7℄, [8℄, [10℄, [11℄, [12℄, [13℄, [15℄, [17℄, [18℄, it is not
ommonly used in a Bran
h-and-Cut (B&C) 
ontext. In most instan
es, thesymmetry group G is not assumed to be known and the ba
ktra
king sear
hhas the additional task to produ
e it. The originality of the proposed approa
hresides essentially in (i) the possibility of generating isomorphism 
uts (that willbe shown to be eÆ
ient for the 
overing design problem), and (ii) the develop-ment of algorithms for 
omputing orbits and stabilizers of sets under a group,taking advantage of the type of stabilizers and points in the queries needed bythe B&C.Se
tion 2 des
ribes the pruning algorithm and Se
tion 3 presents basi
 datastru
tures and algorithms for group operations. Se
tion 4 des
ribes the restri
-tions that 
an be put on queries for orbits and stabilizers generated during theB&C. Se
tion 5 introdu
es the isomorphism 
uts. Finally, Se
tion 6 presentsresults on two appli
ations, 
overing designs and error 
orre
ting 
odes.We 
lose this se
tion with two basi
 de�nitions and a notation:Let S � In. To simplify the notation, we make no di�eren
e between a setS and its 
hara
teristi
 ve
tor. The orbit of S under G isorb(S;G) = fS0 � In j S0 = g(S) for g 2 Gg :The stabilizer of S in G is the subgroup of G given by:stab(S;G) = fg 2 G j g(S) = Sg :For 1 � a � b � n, we write v[a::b℄ the entries fv[a℄; v[a + 1℄; : : : ; v[b℄g of vas an unordered set.2 Isomorphism Test and PruningThe proposed B&C will bran
h by �xing the value of one variable xj to 0 or1. Sin
e the ILP (1) has a large automorphism group G, it is very likely that



several nodes in the enumeration tree will 
orrespond to isomorphi
 problems.Obviously, solving one of these isomorphi
 problems and pruning the otherswould result in huge savings. One important goal is to do so without having tokeep in memory the list of all non isomorphi
 subproblems en
ountered sin
ethe start of the algorithm. One way to a
hieve this is to de�ne, for ea
h isomor-phism 
lass of subproblems, one parti
ular subproblem (
alled representative ofthe 
lass) that will be solved. Given a subproblem, we then just need to beable to de
ide if it is a representative or not and, in the latter 
ase, we 
anprune the 
orresponding node of the B&C. Some 
are must be taken to ensurethat the representative subproblems form a subtree of the B&C tree in
ludingthe root. The general approa
h of isomorphism free generation of 
ombinatorialstru
tures based on representatives was studied by Read [17℄. A general theoryfor isomorphism free generation, developed by M
Kay, 
an be found in [15℄.Let a be a node of the B&C enumeration tree. Let F a1 (resp. F a0 ) be the setof indi
es of variables �xed to 1 (resp. to 0) at a. Let F a be the set of indi
es ofvariables that are not �xed to 0 or 1 at a, variables also 
alled free at a. Let b bean other node and let F b1 ; F b0 and F b be the 
orresponding set of indi
es of �xedand free variables at b. The subproblems asso
iated with nodes a and b of theB&C are isomorphi
 if and only if there exist a permutation g 2 G, su
h thatg(F ai ) = F bi for i = 0; 1.Unfortunately, using this isomorphism test to identify subproblems that 
anbe pruned during the B&C would require the storage of a maximal set of nonisomorphi
 subproblems generated so far in the enumeration. Moreover, the 
om-putation needed to �nd if g exists is not trivial and would be required for manypairs of subproblems. Using the de�nition of a representative, we 
an use a slightrelaxation of the isomorphism test that turns out to be pra
ti
al. The pri
e topay for the simpli�
ation is that we will no longer be free to bran
h on anyvariable of the ILP: At node a, the bran
hing variable will have to be xf wheref is the minimum index in F a (even if the value of xf in the 
urrent solutionof the LP relaxation is 0 or 1). The variable xf is 
alled the bran
hing variableat a. This bran
hing strategy is 
alled minimum index bran
hing (MIB). Theenumeration tree (
ontaining only nodes that are not pruned) generated by aBran
h-and-Bound B using the LP relaxation of (1) to prune only infeasiblesubproblems is 
alled the full enumeration tree of B.A set S � In is a representative if S is lexi
ographi
ally minimum amongthe sets in its orbit under G. The following property is 
ru
ial for the validity ofthe pruning:Lemma 1. Let S � In be a representative under G. Let S0 := S � v withv = max fw 2 Sg. Then S0 is also a representative.Proof. If S0 is not a representative, then there exists g 2 G su
h that g(S0) islexi
ographi
ally smaller than S0. Then g(S) is lexi
ographi
ally smaller than S,a 
ontradi
tion. �



Consider the following isomorphism pruning (IP) to be applied on nodes ofthe enumeration tree of a B&C: If F a1 is not a representative, then prune nodea.Lemma 2. Let � be the full enumeration tree of a B&C B using MIB. Let S bethe nodes in � that are not pruned by IP. Then(i) S indu
es a subtree of � 
ontaining the root of � ;(ii) The B&C B0 obtained by adding IP to B returns the same optimal value asB.Proof. (i): Let a 2 S and let b 2 � on the path between the root and a in � .Then F a1 is a representative and, by the 
hoi
e of bran
hing strategy, F b1 is theset of the jF b1 j smallest entries in F a1 . By Lemma 1, F b1 is a representative, i.e.b 2 S.(ii): Let a be a node of � for whi
h F a1 is an optimal solution to ILP (1).Then the representative of the orbit of F a1 under G is a set F �, and thus there isa node b 2 S with F b1 = F �. By (i), the full enumeration tree of B0 is the subtreeindu
ed by S in � , implying that B0 will pro
ess node b at some point, yieldingthe same optimal value as the one returned by B. �When solving a subproblem a, it is sometimes possible to identify variablesthat may be set to 0 without a�e
ting the optimal solution returned by a B&Cusing MIB and IP. Consider the following operations:(i) Let b be the father of a in the enumeration tree and let xf the bran
hingvariable at b. If a is the son of b where xf is set to 0 then set to 0 all freevariables in orb(f; stab(F a1 ; G)).(ii) Let f = min fr 2 F ag. If F a1 [ f is not a representative, then �x to 0 all freevariables in orb(f; stab(F a1 ; G)).Applying these operations (repeatedly for (ii) if possible, i.e. until no freevariable exists or until F a1 [f is a representative) is 
alled a 0-�xing. The outputof the 0-�xing is the value f in (ii) for whi
h F a1 [ f is a representative, or n+1is no su
h f exists.Remark 3. Trivially, the variables set to 0 during a 0-�xing at node a have allan index larger than the maximum indexM in F a1 , sin
e all variables in F a haveindex larger than M . �Lemma 4. Consider a B&C B using MIB and IP and let B0 be the B&C ob-tained by adding 0-�xing in B. Then the optimal values returned by B and B0are equal.Proof. Let a be a node of the full enumeration tree � of B for whi
h F a1 is anoptimal solution to ILP (1). Then F a1 is a representative. Assume that no nodeb in the full enumeration tree � 0 of B0 has F b1 = F a1 . Hen
e there exists a node
 2 � 0 su
h that F 
1 
ontains the jF 
1 j smallest indi
es in F a1 and, during the



0-�xing at 
, one of the variables in F a1 � F 
1 is �xed to 0. Assuming that 
 is
hosen as 
lose as possible to the root, we then have j 2 orb(f; stab(F 
1 ; G)) forsome j 2 F a1 � F 
1 and f 2 F 
0 withmaxfr 2 F 
1 g < f < m := minfr 2 (F a1 � F 
1 )g � j :The �rst inequality 
omes from Remark 3 and the se
ond one from the fa
t thatF 
1 [m is a representative: If m is �xed to 0 during the 0-�xing at 
, then it isfrom a f < m and if m is not �xed to 0, then all f 
onsidered during the 0-�xingare smaller than m.Thus there exists g 2 stab(F 
1 ; G) su
h that g[j℄ = f . Then g(F 
1 [ j) =F 
1 [ f whi
h is lexi
ographi
ally smaller than F 
1 [m, proving that F a1 is not arepresentative as F 
1 [ j � F a1 , a 
ontradi
tion. �It remains to show how to 
ompute orb(f; stab(F a1 ; G)) and how to test if aset is a representative or not. This will be 
overed in Se
tion 4. In the remainderof the paper, the B&C is assumed to use MIB, IP and 0-�xing. The operationsperformed at node a in the enumeration tree are thus:r := 0-�xing(a);Repeat until a 
riterion is metsolve the LP relaxation;generate 
uts;If r < n+ 1 then 
reate two sons of a by �xing xr to 0 or 1;3 Group Representation and Basi
 AlgorithmsEssentially two options are available to represent a permutation group G: Theexpli
it representation or a representation by generators. The expli
it representa-tion simply store in a list ea
h permutation in G. A representation by generatorsstore only a subset fg1; : : : ; gkg of the permutations in G, with the property thatany permutation in G 
an be written as a produ
t of permutations in the subset.If jGj is small, the expli
it representation might work well, but in most 
ases ofinterest a representation by generators is required. The operations of interestlisted above are also, usually, faster with the representation by generators.We use the S
hreier-Sims representation of G (also 
alled strong generators)[1℄, [2℄, [3℄, [4℄, [10℄, [11℄, [12℄. LetG0 = GG1 = fg 2 G0 j g[1℄ = 1gG2 = fg 2 G1 j g[2℄ = 2g: : :Gn = fg 2 Gn�1 j g[n℄ = ng :G1 is simply the stabilizer of 1 in G and Gi is the stabilizer of i in Gi�1. Itfollows that G0; G1; : : : ; Gn are nested subgroups of G.



For k = 1; : : : ; n, let orb(k;Gk�1) = fj1; : : : ; jpg be the orbit of k underGk�1. Then for ea
h 1 � i � p, let hk;ji be a permutation in Gk�1 sending k onji, i.e. hk;ji [k℄ = ji. Let Uk = fhk;j1 ; : : : ; hk;jpg. Note that Uk is never empty asorb(k;Gk�1) always 
ontains k.Arrange the permutations in the sets Uk, k = 1; : : : ; n in an n � n table T ,with Tk;j = �hk;j if j 2 orb(k;Gk�1);; otherwise.The table T is 
alled the S
hreier-Sims representation of G. This table is notuniquely de�ned, as there is usually a 
hoi
e for the permutations in
luded inthe sets Uk. However, the general shape of the table (i.e. whi
h entries are emptyor not) is �xed.Remark 5. It is more eÆ
ient to implement the table as a ve
tor of orderedlists instead of a 2-dimensional table, as most entries in the table are usuallyempty. However, algorithms are simpler to des
ribe and understand for the 2-dimensional table. The a
tual implementation uses a ve
tor of ordered lists. �Remark 6. The most interesting property of this representation of G is that ea
hg 2 G 
an be uniquely written asg = g1 � g2 � � � � � gn (2)with gi 2 Ui for i = 1; : : : n. Hen
e the permutations in the table form a setof generators of G. It is 
alled a strong set of generators, sin
e the equation (2)shows that g 2 G 
an be expressed as a produ
t of at most n permutations inthe sets.Given a permutation g 2 G, it is easy to �nd the n permutations g1; : : : ; gnof equation (2): the permutations g2; : : : ; gn all stabilize point 1, for
ing g1 to beT [1; g[1℄℄. Then, as g3; : : : ; gn all stabilize point 2, we must have (g1 �g2)[2℄ = g[2℄,i.e. g2[2℄ = (g�11 � g)[2℄ and thus g2 = T [2; (g�11 � g)[2℄℄. A similar reasoning yieldsg3; : : : ; gn. �It is possible to make a small generalization of the presentation by orderingthe points of the ground set in an arbitrary order �, 
alled the base of the table.In that 
ase, the subgroups G(�)k for k = 1; : : : ; n are de�ned as the stabilizer of�[k℄ in G(�)k�1, with G(�)0 = G. The 
orresponding table is denoted by T (�).Row k of T (�) 
orresponds to the element k, U(�)k is the set of non empty entriesin row k of T (�) and J(�)k denotes the set of indi
es fj 2 In j T (�)[k; j℄ 6= ;g,also 
alled the basi
 orbit of k in T , following the terminology of [12℄. When thebase � is �xed, we sometimes drop the quali�er (�) in these symbols, but fromnow on ea
h table T is de�ned with respe
t to a base.Remark 7. For any k 2 f1; : : : ; ng, repla
ing rows �[1℄; : : : ; �[k � 1℄ in T (�)by identity rows yields a S
hreier-Sims representation of G(�)k�1. Hen
e thepermutations on rows �[k℄; : : : ; �[n℄ of T (�) form a set of generators of G(�)k�1.�



Two natural questions arise: How 
an we 
reate the table T (�), knowing thegroup G either expli
itly or by a family of generators, and how 
an we 
hangethe base � of the representation. Algorithms for performing these operations
an be found in [1℄, [3℄, [4℄, [10℄, [11℄, [12℄. The implemented algorithm to 
reatethe table is 
losest to [10℄, with worst 
ase 
omplexity in O(n6). The algorithmfor 
hanging the base is essentially the algorithm in [4℄, blended with basi
algorithms of [10℄, taking advantage of the fa
t that the base 
hanges that ariseduring the 
ourse of the B&C are of a parti
ular kind: Suppose that T (�) isthe table at a node of the enumeration tree. As we will see in Se
tion 4, thebase �0 for any of its sons 
an be obtained through a few appli
ations of thefollowing operation (
alled downing of a point v): Assume that v = �[k℄ and letk � r � n. Let �0 be the permutation obtained from � by moving the entry v toposition r of �0, keeping the other entries in the same order as in �. The worst
ase 
omplexity of this modi�ed base 
hange algorithm is in O(n4) for downinga single point.An algorithm with worst 
ase 
omplexity of O(n6) or even O(n4) mightseem impra
ti
al for values of n � 100. It turns out that these bounds arevery pessimisti
 and that the amount of time spent in performing these groupoperations during the B&C stays well below 5% of the total 
pu time in typi
alappli
ations.4 Orbits, Stabilizers and RepresentativesWe are interested in performing the following operations that were mentioned inSe
tion 2: Computing the orbit of a point in the stabilizer of a set and de
idingif a set is lexi
ographi
ally minimum in its orbit under G.Standard algorithms for 
omputing orbits under a group G0 [2℄, [10℄ usuallyreturn a partition of the ground set into orbits. Here, we only need the orbit of aparti
ular point v and it seems a waste of e�ort to 
ompute all the disjoint orbitsand keep only the one we are interested in. If G0 was given by a S
hreier-Simstable, it would be of 
ourse possible to make a 
hange of basis so that v be
omesthe �rst entry of the basis, sin
e, by de�nition, non empty entries in row v ofthe table will be the orbit of v under G00 = G0. In our parti
ular 
ase, however,G0 is the stabilizer of a set in G and building the table for G0 would be quiteexpensive.We thus devised a ba
ktra
king algorithm for 
omputing the orbit of a singlepoint in the stabilizer of a set in G. It takes advantage of the fa
t that we mightassume that the basis � of the group at node a of the enumeration tree has thefollowing stru
ture: Variables set to 1 at a (i.e. F a1 ) 
ome �rst in �, then the freevariables (F a), and then the variables set to 0 at a (F a0 ).The data stru
ture asso
iated with group G at node a of the B&C is thefollowing:table: T base: �integer: fixed one ve
tor: part zero .



The table T is just a S
hreier-Sims representation of the group with base �.The variable fixed one gives the number of variables in F a1 andF a1 = �[1::fixed one℄ with �[1℄ < � � � < �[fixed one℄ :The ve
tor part zero is used to store information about variables �xed to 0. Fori = 1; : : : ; fixed one, �[part zero[i℄::n℄ are the variables that have been �xed to0 before �[i℄ was set to 1. For i = fixed one+1, �[part zero[i℄::n℄ = F a0 , i.e. allthe variables 
urrently �xed to 0 at a. The remaining variables (the free ones)appear in � in in
reasing order of their index, after variables in F a1 and beforevariables in F a0 . Note that this stru
ture of � is easy to maintain throughout theB&C: When the 0-�xing is performed (or a variable is set to 0 by bran
hing),free variables in a set U be
ome �xed to 0. To update the table, simply usethe pro
edure for 
hanging the base by downing a point, moving one by onethe variables in U . When a variable is �xed to 1 by bran
hing, it is always thefree variable with smallest index, and the basis (and thus the table) remains thesame.The ba
ktra
king pro
edure 
omputes the orbit of �[k℄ in the stabilizer ofthe points in �[1::k � 1℄. Due to the parti
ular stru
ture of the base �, this isexa
tly the operation of 
omputing orb(f; stab(F a1 ; G)) with f = min fr 2 F agneeded in Se
tion 2 if we use k = jF a1 j+ 1.The pro
edure is a re
ursive pro
edure orb in stab() (des
ribed below) 
alledfrom the following initializing pro
edure:orbit in stabilizer(n; T; �; k)/* Returns the orbit of �[k℄ in stab(�[1::(k � 1)℄; G) where Gis the group represented by T with base � */Jk = basi
 orbit of �[k℄ in T;ident = identity permutation in �n;remain := �[1::k � 1℄;orbit := Jk;orb in stab(n; T; �; k; Jk; ident; remain; orbit; 1);return(orbit);The parameters of the 
all to orb in stab() have the following interpretation:perm is a permutation in G sending �[1::ind � 1℄ on a subset B � �[1::k � 1℄;remain is the set perm�1(�[1::k�1℄�B); Jk is the basi
 orbit of �[k℄ in T ; orbitis the set of points 
urrently known in the orbit of �[k℄ in stab(�[1::(k� 1)℄; G);(orbit is passed by referen
e during the re
ursive 
alls;) ind refers to the point�[ind℄ being treated during the 
urrent 
all.



orb in stab(n; T; �; k; Jk; perm; remain; orbit; ind)For ea
h i 2 remain doh := T [�[ind℄; i℄;If h 6= ; thenlo
 remain := remain� i;lo
 remain := h�1(lo
 remain);lo
 perm := perm � h;If ind < k � 1 thenorb in stab(n; T; �; k; Jk; lo
 perm; lo
 remain; orbit; ind+ 1);elseFor ea
h j 2 Jk do orbit := orbit [ perm[j℄;Proposition 8. The algorithm orbit in stabilizer() is 
orre
t.Proof. Let S = �[1::(k � 1)℄. If k = 1, stab(;; G) = G and the orbit of �[1℄ inG is J1, as returned by the algorithm. Otherwise, we have k � 2. By Remark 2,stab(S;G) is generated by all permutations g su
h that g(S) = S withg = g1 � � � � � gk�1 � gk � hand gi 2 U�[i℄ for i = 1; : : : k, h 2 Gk. Sin
e h[�[k℄℄ = �[k℄,orb(�[k℄;stab(S;G)) =fv 2 In jv = (g1 � � � � � gk)[�[k℄℄; gi 2 U�[i℄ for i = 1; : : : k; g(S) = Sg :Assume that gi = T [�[i℄; ji℄ for i = 1; : : : ; k � 1. The 
ondition g(S) = Simplies j1 2 S. Moreover, if k � 3 then (g1 � g2)[2℄ 2 S � j1 and thus g2[2℄ 2g�11 (S � j1). In general, for index 2 � ind � k � 1, we havegind[ind℄ 2 (g�1ind�1(: : : (g�12 ((g�11 (S � j1))� j2))� � � � � jind�1)) : (3)Note that the set in (3) is exa
tly the parameter remain of the 
all toorb in stab() with value ind as last parameter. That pro
edure simply sele
tsan index in this set, update perm and remain and 
alls itself re
ursively withind + 1 until ind = k � 1 or no permutation h is found. In the former 
ase,g1 � � � � �gk�1(S) = perm(S) = S and it adds perm[j℄ for all j 2 Jk. This amountsto 
ompute (perm � gk)[�[k℄℄ for all gk 2 U�[k℄. In the later 
ase, the algorithmba
ktra
ks to ind � 1, sin
e no permutation in G stabilizes S with the 
urrent
hoi
e of permutations g1; : : : ; gind�1. Sin
e at ea
h level in the re
ursion, allpossible 
hoi
es for gind are explored, the algorithm indeed returns the desiredorbit. �Remark 9. As observed in the justi�
ation above, the set in (3) is the 
urrentset remain. A weaker statement about this set is that remain � perm�1(S), asperm�1 = g�1ind�1 � : : : g�12 � g�11 : �



Let us now turn to the question of de
iding if set S = �[1::k℄ is the lexi
o-graphi
ally minimum set in orb(S;G). Note that for k = jF a1 j+1, this is exa
tlythe same question as de
iding if F a1 [f is a representative, with f = min fr 2 F agmentioned in Se
tion 2. We assume that � has the stru
ture stated at the be-ginning of this se
tion.first in orbit(n; T; k)/* Returns ``true'' if and only if �[1::k℄ islexi
ographi
ally minimum in orb(�[1::k℄; G) */ident := identity permutation in �n;remain := �[1::k℄;is first := true;f in orb(n; T; k; ident; remain; 1; is first);return(is first);The parameters perm, remain and ind in the 
all to f in orb() are similarto the same parameters in the 
all of orb in stab(). The parameter is first ispassed by referen
e and is used to stop the pro
edure as soon as it is known that�[1::k℄ is not lexi
ographi
ally minimum in orb(�[1::k℄; G).f in orb(n; T; k; perm; remain; ind; is first)If is first = false then return;For ea
h i 2 remain doh := T [�[ind℄; i℄;If h 6= ; thenlo
 remain := remain� i;lo
 remain := h�1(lo
 remain);lo
 perm := perm � h;For ea
h j 2 lo
 remain doIf ��1[j℄ � part zero[ind+ 1℄ thenis first := false;return;If ind < k thenf in orb(n; T; k; lo
 perm; lo
 remain; ind+ 1; is first);Proposition 10. The algorithm �rst in orbit() is 
orre
t.Proof. Suppose that the 
ondition��1[j℄ � part zero[ind+ 1℄in pro
edure f in orb() is satis�ed. This 
ondition means that there exists a pointj in lo
 remain that has been �xed to 0 before �xing �[t℄ to 1 and (if t � 2)



after �xing �[t� 1℄ to 1, for some t � ind+ 1. LetS := perm(�[1::ind℄) � �[1::k℄ i.e. perm�1(S) = �[1::ind℄ :Moreover, as pointed out in Remark 9 (the algorithms are similar, so this remarkholds here too), lo
 remain � perm�1(�[1::k℄) and sin
e it is disjoint from S,we have j = perm�1[�[s℄℄ for some s 2 find+ 1; : : : ; kg :Sin
e j was �xed to 0 before setting �[t℄ to 1, we have, for some w < �[t℄,j 2 orb(w; stab(�[1::t� 1℄; G)) :Hen
e there exists a permutationp 2 stab(�[1::t� 1℄; G) with p(j) = w :Let T := perm(�[1::t� 1℄) � S. As p(�[1::t� 1℄) = �[1::t� 1℄, we have(p � perm�1)(T ) = �[1::t� 1℄ and (p � perm�1)[�[s℄℄ = w < �[t℄ :Thus (p � perm�1)(�[1::t � 1℄ [ �[s℄) = �[1::t � 1℄ [ w is lexi
ographi
allysmaller than �[1::t℄. It follows that when the algorithm returns \false", the set�[1::k℄ is indeed not lexi
ographi
ally minimal in its orbit under G.Suppose now that the set �[1::k℄ is not lexi
ographi
ally minimal in its orbitunder G. Hen
e, there is a smallest index 1 � t � k su
h that �[1::t � 1℄ islexi
ographi
ally minimal in its orbit under G, but �[1::t℄ is not. Let p 2 G su
hthat p(�[1::t℄) is lexi
ographi
ally smaller than �[1::t℄. By Remark 6, we 
anwrite p = h1 � � � � � hnwith hi 2 U�[i℄ for i = 1; : : : ; n. Observe that the 
hoi
e of t implies thatp(�[1::t℄) = �[1::t� 1℄ [ w for some w < �[t℄and w �xed to 0 before setting �[t℄ to 1. We havep�1(�[1::t�1℄[w) = �[1::t℄ and thus p�1[w℄ = �[s℄ for some s 2 f1; : : : ; tg:During the re
ursive 
alls to f in orb(), a permutation perm will o

ur withperm[�[i℄℄ = p�1[�[i℄℄ for i = 1; : : : ; t� 1, namelyperm = h1 � � � � � ht�1with hi = T [�[i℄; p�1[�[i℄℄℄ for i = 1; : : : ; t � 1. Let z := perm�1[�[s℄℄. Observethat(perm�1 � p�1)[w℄ = z and perm�1 � p�1 2 stab(�[1::t� 1℄; G) :Hen
e z 2 orb(w; stab(�[1::t � 1℄; G)) and z was �xed to 0 with w (or earlier).It follows that lo
 remain 
ontains z and that ��1[z℄ � part zero[t℄, implyingthat the algorithm will return \false". �



Crude bounds on the worst 
ase 
omplexities for these two ba
ktra
kingpro
edures are O(n � k!) and O(n � (k + 1)!), respe
tively, but they turn out tobe orders of magnitude faster on average, making them pra
ti
al. (Values of kin the range of 20 to 40 with n � 200 appear routinely in appli
ations and arehandled eÆ
iently).Remark 11. For 
larity, the algorithms orb in stab() and �rst in orbit() werepresented separately, but it is possible to take advantage of their similarities tomerge them into one single re
ursive pro
edure. �5 Isomorphism InequalitiesLet a be a node of the enumeration tree and Ha be the set of variables thatare not �xed to 0 at node a. Suppose that there exists J � Ha su
h that therepresentative J� of the orbit of J under stab(F a1 ; G) is lexi
ographi
ally smallerthan F a1 . Then if a node b in the des
endants of a with J � F b1 exists, this nodewill be pruned by IP. Hen
e, the isomorphism inequalityXj2J xj � jJ j � 1 (4)is valid in the subtree rooted at a. Moreover, if the whole restri
ted enumerationtree is explored by a depth-�rst sear
h, always sele
ting �rst the son d where thebran
hing variable is set to 1, then the sets F d1 are enumerated in lexi
ographi
order, starting with the smallest one. It follows that if an inequality (4) is gen-erated at a, it is valid for the rest of the enumeration, i.e. it 
an be 
onsideredglobal.The (exa
t) separation algorithm for the isomorphism inequalities is similarto the ba
ktra
king pro
edure for testing if a set is lexi
ographi
ally minimalin its orbit under a stabilizer. Crude estimates for its worst 
ase 
omplexity isin O(n � jHaj!) but, in pra
ti
e, it is able to handle eÆ
iently instan
es withjHaj � 100 and n � 200. The algorithm 
an also be turned to an heuristi
separation algorithm by working with a subset H � Ha instead of Ha, if needed.6 Appli
ationsWe use the software ABACUS (version 2.2) developed by Thienel [9℄ as generi
implementation of all B&C steps (isomorphism pruning ex
epted) and the LPsolver is CPLEX6.6. We brie
y des
ribe preliminary results obtained on twoappli
ations: 
overing designs and error 
orre
ting 
odes.Let V be a set of elements of 
ardinality v and let k and t be integers su
hthat v � k � t � 0. Let K be the set of all k-subsets of V and T be the set ofall t-subsets of V . A (v; k; t)-
overing design is a 
olle
tion C of sets in K su
hthat ea
h t 2 T is 
ontained in at least one set of C. A (v; k; t)-
overing designC is minimum if the 
ardinality of C is as small as possible.



Covering designs have a long history and have appli
ations in statisti
s, 
od-ing theory and 
ombinatori
s, among others. Numerous theorems give the valueof a minimum 
overing design under 
ertain assumptions on the parameters (seethe survey [16℄). Yet, for parti
ular values of the parameters, only lower and up-per bounds are available. A 
ase point is the (10; 5; 4)-
overing design, for whi
ha lower bound of 50 and an upper bound of 51 are known [6℄.Running the des
ribed B&C algorithm for the (10; 5; 4)-
overing design prob-lem, pruning nodes as soon as their asso
iated LP relaxation has value stri
tlylarger than 50, we obtain a proof that no solution better than the best known so-lution of 51 exists (see [14℄ for the ILP formulation and details). The ILP has 252variables, 384 inequalities and the symmetry group G has order 10! = 306280800.The average number of non empty entries in the S
hreier-Sims table over allnodes of B&C is about 550. There are only 313 nodes in the enumeration treeand the 
pu time (in se
onds) is distributed as follows (the ma
hine used is anHP-J5000 running HP-UX10.20 with two 440MHz PA-8500 RISC CPUs): Total
pu time: 75.99, LP 
pu time: 66.13, Pool separation for ina
tive inequalities:0.97, Separation for isomorphism inequalities: 4.72, Representative test algo-rithm: 2.34.Although the separation for isomorphism inequalities might seem time 
on-suming, this should be balan
ed with the fa
t that not using these inequalitiesmakes the B&C enumeration tree grow from 313 nodes to well above 400. (Thesenumbers and running times are better than those in [14℄ where no 0-�xing anda less general isomorphism pruning were used). It is worth noting that prov-ing that this ILP has no solution with value 50 is not doable by the B&C ofCPLEX6.6.An error 
orre
ting binary 
ode with distan
e d and word length w is a
olle
tion C of binary w-ve
tors su
h that the Hamming distan
e between anypair of ve
tors in C is at least d [5℄. The maximum number of ve
tors in C isdenoted by A(w; d). Here also, for small values of w and d, only bounds onA(w; d) are known. For example, 72 � A(10; 3) � 79. A simple set partitioningproblem with one variable per binary w-ve
tor with at least three 1's yields anILP with a group of order w!. This ILP for �nding A(8; 3) is diÆ
ult for the B&Cof CPLEX6.6 as it needs about half a million nodes and 4 hours CPU to proveoptimality of a given solution. The isomorphism pruning algorithm des
ribed inthis paper, however, does it in 95 nodes and 13 se
onds CPU. The ILP has 219variables, 347 inequalities and the symmetry group G has order 8! = 400320.The average number of non empty entries in the S
hreier-Sims table over allnodes of the B&C is about 315. The 
pu time (in se
onds) is distributed asfollows: Total 
pu time: 13.46, LP 
pu time: 11.80, Pool separation for ina
tiveinequalities: 0.04, Separation for isomorphism inequalities: 0.04, Representativetest algorithm: 0.79.Referen
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