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tWe present an in-depth theoreti
al, algorithmi
 and 
omputational study of a linear pro-gramming (LP) relaxation to the pre
eden
e 
onstrained single ma
hine s
heduling problem1jpre
jPj wjCj to minimize a weighted sum of job 
ompletion times. On the theoreti
alside, we study the stru
ture of tight parallel inequalities in the LP relaxation and show thatevery permutation s
hedule whi
h is 
onsistent with Sidney's de
omposition has total 
ostno more than twi
e the optimum. On the algorithmi
 side, we provide a parametri
 exten-sion to Sidney's de
omposition and show that a �nest de
omposition 
an be obtained byessentially solving a parametri
 minimum 
ut problem. Finally, we report results obtainedby an algorithm based on these developments on randomly generated instan
es with up to2,000 jobs. 1



Subje
t 
lassi�
ations: Network/graphs, 
ow algorithms: parametri
 
ows and Sidney de-
ompositions. Produ
tion/s
heduling, approximations: 2-approximation algorithm. Program-ming, integer, algorithms, relaxation/subgradient: integer formulation.1 Introdu
tionWe 
onsider the following single ma
hine s
heduling problem, denoted 1jpre
jPj wjCj in thes
heduling literature (see, e.g., the extensive survey by Lawler et al. (1993)): a set N of n jobsis to be pro
essed non preemptively on a single ma
hine, whi
h 
an pro
ess only one job at atime. Asso
iated with ea
h job j are a positive pro
essing time pj and a nonnegative weightwj . A feasible job s
hedule must obey a partial order spe
i�ed by an a
y
li
 graph G = (N;A).The obje
tive is to �nd a feasible sequen
e (or s
hedule) of jobs whi
h minimizes the weightedsum Pj2N wjCj of 
ompletion times. (The basi
 de�nitions and notations 
an be found inSe
tion 2).This s
heduling problem is NP-Complete (Lawler 1978) and has a long history, see Lawleret al. (1993) for referen
es. It is a very basi
 problem in s
heduling theory and it appears as asubproblem in more elaborate settings. An attra
tive idea for solving this problem is to use ade
omposition te
hnique introdu
ed by Sidney (1975): Identify job subsets su
h that an optimals
hedule 
an be obtained from pasting together optimal s
hedules for the job subsets. One ofthe goals of this paper is to give an eÆ
ient way to 
ompute the �nest su
h de
omposition. Weshall provide a detailed exposition of and extensions to Sidney's results in Se
tion 3 below.In this paper we also study stru
tural, algorithmi
 and 
omputational properties of a lin-ear programming (LP) relaxation whi
h uses as its only de
ision variables the job 
ompletiontimes Cj . This type of formulation was �rst introdu
ed by Balas (1985), and studied by severalauthors. In parti
ular, Queyranne and Wang (1991a) presented an extensive polyhedral studyof the LP relaxation determined mainly by two families of valid inequalities, 
alled parallelinequalities and series inequalities. Wolsey (1990) later extended the formulation with O(n2)sequen
e-determining binary variables, and proved that this formulation is at least as tight as2



the one given by parallel and series inequalities. See the survey by Queyranne and S
hulz (1996)for an exposition and referen
es.The linear programming formulation 
onsidered in this paper, introdu
ed by Queyranne andWang (1991b), was used by S
hulz (1996) and Hall et al. (1997) to design a polynomial-time2-approximation algorithm for this s
heduling problem. In Se
tion 4, we study the stru
ture oftight parallel inequalities in this LP formulation. We show that, if the problem is not amenableto Sidney's de
omposition, then a single, global parallel inequality suÆ
es in the LP formulation.As a 
onsequen
e, we also get that every permutation s
hedule whi
h is 
onsistent with Sidney'sde
omposition has total 
ost no more than twi
e the optimum, a surprising extension to S
hulz's2-approximation result.In Se
tion 3, we provide a parametri
 extension to Sidney's de
omposition, and show that a�nest de
omposition 
an be obtained by essentially solving a parametri
 minimum 
ut problem,whi
h, by Gallo, Grigoriadis and Tarjan (1989) (see also M
Cormi
k 1998), requires about thetime of a single maximum 
ow 
al
ulation. In Se
tion 5 we show that, after this Sidneyde
omposition, the LP formulation 
an be solved as essentially a single dual minimum 
ost 
owproblem. Both network 
ow problems are on networks with the jobs as nodes (plus one sour
eand one sink), and the non-redundant pre
eden
e 
onstraints as ar
s (plus one sour
e or sinkar
 per job).In Se
tion 6, we report results obtained by an implementation taking advantage of thesetheoreti
al developments on randomly generated instan
es with up to 2,000 jobs. By repeat-edly applying the extended Sidney de
omposition pro
edure and using series de
ompositions,most of these problems end up as a 
olle
tion of subproblems, the largest of whi
h 
ontainsapproximatively 60% of the jobs of the initial problem. In short 
omputing time (determinedprimarily by the performan
e of the network 
ow algorithms) we obtain feasible solutions andlower bounds with an average optimality gap of about 1%, and whi
h never ex
eeded 3.5%.
3
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Figure 1: A pre
eden
e graph on 7 jobs; numbers a; b next to node i 
orrespond to the pairwi; pi2 Basi
 notations and de�nitionsThroughout this paper, we use the following notation:w 2 <N+ for the row ve
tor of the nonnegative job weights,p 2 <N+ for the row ve
tor of the positive job pro
essing times,C 2 <N for a 
olumn ve
tor of job 
ompletion times,where w and p are given and C are the de
ision variables. A subset J of the job set N isproper if J 6= N ; it is nontrivial if it is proper and nonempty.Let G = (N;A) be an a
y
li
 digraph that represents the pre
eden
e relations among thejobs in N . (See Figure 1). For a job subset J � N , letÆ+(J) = fij 2 A : i 2 J; j 2 N n Jg and Æ�(J) = fji 2 A : i 2 J; j 2 N n Jg:A subset I � N is initial (in N) if Æ�(I) = ;; equivalently, if ij 2 A and j 2 I imply i 2 I.Similarly, a subset T � K is terminal if Æ+(T ) = ;; equivalently, if i 2 T and ij 2 A implyj 2 T . In Figure 1, the set f1; 3; 4; 5g is initial and the set f6; 7g is terminal. Initial subsetsare also known, among others, as (order) ideals (Davey and Priestley 1990), sele
tions (Lawler1976), and 
losures (Pi
ard 1976), whereas terminal sets are also known as �lters (Davey and4



Priestley 1990). Let I denote the 
olle
tion of all initial sets (in N), and T that of all terminalsets. From these de�nitions, it follows immediately that� N and ; are ea
h an initial and a terminal set;� a subset I � N is initial if and only if its 
omplement N n I is terminal;� I and T are a sublatti
es of 2N , that is, ea
h is 
losed under set union and interse
tion;i.e., the union U [ V and interse
tion U \ V of any initial (resp., terminal) sets U and Vare also initial (resp., terminal) sets.We assume throughout that G = (N;A) does not 
ontain a dire
ted Hamiltonian path and thatwj > 0 for some j 2 N , for otherwise the s
heduling problem would be trivial.The problem 1jpre
jPwjCj 
an now be stated as a disjun
tive linear program as follows:z� = min wC(1) s.t. Cj � Ci � pj; 8ij 2 ACj � Ci � pj _ Ci � Cj � pi; 8i 6= j; ij 62 A;C � p:This problem is known to be strongly NP hard. In the sequel, we denote the problem (1)by P (w; p;N;A). As w � 0, the optimal s
hedule is obtained as a permutation of the jobs,pro
essed with no idle time.For a set J � N , we use w(J) for Pj2J wj and p(J) is de�ned similarly. The weight ve
torw is tailing o� if there exists some terminal set T 2 T su
h that w(T ) = 0; in su
h a 
ase, thes
heduling problem redu
es to one de�ned on the job set N n T , and we may s
hedule the jobsin T in an arbitrary feasible sequen
e after all those in N n T without a�e
ting the obje
tivefun
tion value. In Figure 1, w is tailing o� as the terminal set T = f2; 7g has w(T ) = 0.For any nonempty job subset J , de�ne �(J) = w(J)=p(J). The problem P (w; p;N;A) issti� if �(I) < �(N) for all proper initial subsets I of N ; otherwise, it is Sidney de
omposable.5



In Figure 1, for the initial set I = f3; 4; 5g we have �(I) = 5=3 > �(N) = 7=11 and thus thisinstan
e is not sti�.A simple result that will be used several times is the following:Lemma 2.1 Let a; b � 0 and 
; d > 0. Then a+b
+d < bd if and only if a
 < bd . (A similarstatement holds for > and = operators.)Proof: By 
ross multipli
ation. 2A reader interested in Sidney de
ompositions may now 
ontinue with Se
tion 3 below,whereas one more immediately interested in properties of the LP relaxation of the s
hedulingproblem may now pro
eed dire
tly to Se
tion 4.3 Sidney De
ompositionsIn this se
tion, we study extensions, properties, and algorithmi
 aspe
ts of Sidney de
omposi-tions. Finding a Sidney de
omposition will allow us to de
ompose an instan
e of the s
hedulingproblem into smaller, more manageable instan
es.3.1 Parametri
 Sidney De
ompositionWe begin with a parametri
 extension to Sidney's de
omposition theorem in Sidney (1975). Inaddition to its algorithmi
 impli
ations, this extension also provides a short proof of Sidney'smain result. For nonnegative real number � and job set H, de�ne f�(H) byf�(H) = w(H) � �p(H):Theorem 3.1 Consider any �xed � � 0 and any initial subset J in N su
h that �(J) =maxff�(I) : I 2 Ig: Then there exists an optimal s
hedule in whi
h J pre
edes N n J:Proof: As in the proof of Lemma 3 in Sidney (1975), for A0 = A n Æ+(J), we 
onsider therelated problem P (w; p;N;A0); that is, we eliminate all pre
eden
e relations from J to N n J:Thus, P (w; p;N;A0) is a relaxation of P (w; p;N;A).6



Lemma 3.2 J 2 argmaxff�(I) : I is initial in (N;A0)g:Proof: First, note that J is initial in (N;A0). Now, to get a 
ontradi
tion, assume that thereis an initial set I in (N;A0) with f�(I) > f�(J). Let U = J [ I and V = J \ I, so U and V areinitial sets in (N;A0) and f�(U)+ f�(V ) = f�(J)+ f�(I) > 2f�(J): But note that U and V arealso initial in (N;A): this is trivial for V as it is 
ontained in J , and A and A0 
oin
ide on J ;regarding U , if jk 2 A and k 2 U , then either jk 2 A0 implying j 2 U , or jk 2 AnA0 implyingj 2 J � U . Sin
e U and V are initial in (N;A), we have f�(U) � f�(J) and f�(V ) � f�(J), a
ontradi
tion. 2Lemma 3.3 There exists an optimal s
hedule for (N;A0) in whi
h J pre
edes N n J .Proof: As in Sidney (1975), 
onsider an optimal permutation � on (N;A0) and write � =(�jG1; �jH1; �jG2; : : : ; �jHr; �jGr+1), where �jK denotes the restri
tion of � to a subset K,su
h that J = SiHi, and where G1 or Gr+1 may be empty. By the Adja
ent String Inter
hangeLemma (Lemma 2 in Sidney 1975), we have �(H1) � �(G2) � : : : � �(Hr), for otherwise we
ould ex
hange a subset with its prede
essor in the list, obtaining a feasible permutation for(N;A0) with lower total 
ost. Note that �(Hr) � �, for otherwise f�(J nHr) = f�(J)�(w(Hr)��p(Hr)) > f�(J) a 
ontradi
tion with Lemma 3.2, sin
e J nHr is initial in (N;A0). On the otherhand, sin
e H1 is initial in (N;A0), we have �(H1) � �. In addition, if G1 6= ;, we also have�(G1) � � for otherwise f�(J [G1) = f�(J) + (w(G1) � �p(G1)) > f�(J) again 
ontradi
tingLemma 3.2, sin
e J [ G1 is initial in (N;A0). Therefore �(G1) = �(H1) = �(G2) = : : : =�(Hr) = �, where the �rst equality holds provided G1 is non-empty. This implies that we 
anex
hange ea
h Hi with all pre
eding Gj 's, obtaining an optimal permutation for (N;A0) asstated in the lemma. 2Theorem 3.1 now follows immediately, sin
e an optimal s
hedule as in Lemma 3.3 is feasiblefor (N;A), and problem P (w; p;N;A0) is a relaxation of P (w; p;N;A). 2Let �� = maxf�(I) : I 2 Ig. Note that Sidney's result follows as a spe
ial 
ase, using� = ��: As f��(J) � 0 for all initial sets J , and is equal to 0 if and only if �(J) = ��, we have:7



Corollary 3.4 If J � N is an initial set with �(J) = �� then there exists an optimal s
hedulefor (N;A) in whi
h J pre
edes N n J .3.2 An Algorithm for Parametri
 Sidney De
ompositionWe now dis
uss an algorithmi
 impli
ation of Theorem 3.1. As observed by Pi
ard (1976)and Lawler (1976), Lawler (1978), �nding an initial set J whi
h maximizes f�(J) is equivalentto �nding a minimum s; t{
ut in the network N� = (N�;A�; 
�) where N� = N [ fs; tg ands; t =2 N are a sour
e and a sink; A� = A [ fsj; jt : j 2 Ng and 
� : A� 7! <+ is de�ned by
�(ij) = +1 for all ij 2 A,
�(si) = maxf�wi + �pi; 0g and 
�(it) = maxfwi � �pi; 0gfor all i 2 N . Indeed, by 
onstru
tion of the graph (N�;A�), every subset J � N� with s =2 J ,t 2 J and �nite 
ut 
apa
ity 
�(Æ�N�(J)) < +1 de�nes an initial set I = J n ftg in N withf�(I) = 
�(Æ�N�(ftg))� 
�(Æ�N�(J)). That is, the sink side of the minimum 
ut identi�ed by the
ow de�nes an initial set in N maximizing f�. Note that (be
ause w � 0) N is optimal for� = 0 and (sin
e p > 0) ; is optimal for all � � maxfwj=pj : j 2 Ng.As the parameter � � 0 in
reases, we obtain a parametri
 minimum 
ut problem wherear
s adja
ent to the sour
e have monotoni
ally non-de
reasing 
apa
ity, those aja
ent to thesink have monotoni
ally non-in
reasing 
apa
ity and other ar
s have 
onstant 
apa
ity. Thisis pre
isely the setting for the parametri
 maximum 
ow algorithm, hereafter 
alled the GGTalgorithm, due to Gallo, Grigoriadis and Tarjan (1989). Indeed, the GGT algorithm produ
es,in about the time needed to 
ompute a single maximum 
ow on a network N�, a nested familyof subsets ; = H0 � H1 � : : : � Hk = N and a sequen
e of breakpoints +1 = �0 > �1 > : : : >�k � �k+1 = 0 su
h that for all i = 0; : : : ; k, Hi maximizes f� for all values of � in the interval[�i+1; �i℄. (Note that we may have �k = �k+1 = 0 if w is tailing o�, as de�ned at the end ofSe
tion 2.)
8



Proposition 3.5 Let ; = H0 � H1 � : : : � Hk = N be a nested sequen
e of initial sets
onstru
ted by the GGT algorithm. For i = 1; : : : ; k de�ne Ji = Hi n Hi�1. Then there existsan optimal s
hedule for P (w; p;N;A) in whi
h Ji pre
edes Ji+1 for all i = 1; : : : ; k � 1.This Proposition shows that we 
an use the GGT algorithm to identify a de
omposition of thejob set N su
h that an optimal s
hedule is obtained from optimal s
hedules for the job subsetsin the de
omposition. In the rest of this subse
tion, we prove this Proposition and, in thenext subse
tion, we show how it relates to Sidney's original de
omposition. In parti
ular, weshall need to 
onsider spe
ial 
ases where there are several optimal initial sets. The reader notinterested in su
h details may now skip dire
tly to Se
tion 4.For the proof of Proposition 3.5 and subsequent developments, we need to extend the no-tations and de�nitions of Se
tion 2 to subsets of an arbitrary job set K � N . For any subsetsJ � K, letÆ+K(J) = fij 2 A : i 2 J; j 2 K n Jg and Æ�K(J) = fji 2 A : i 2 J; j 2 K n Jg:A subset I � K is initial in K if Æ�K(I) = ;; Similarly, a subset T � K is terminal in K ifÆ+K(T ) = ;. Let I(K) denote the 
olle
tion of all initial sets inK, and T (K) that of all terminalsets in K.Proof of Proposition 3.5: The Proposition va
uously holds for k = 1, the 
ase where node
omposition 
an be found, i.e., the problem is sti�; so, assume k � 2. For i = 1; : : : ; k, de�neKi = N nHi�1. Observe that ea
h Ki is a terminal set in N and ea
h Ji is an initial set in Ki.We prove by indu
tion on i that there exists an optimal s
hedule for P (w; p;N;A) in whi
hJi pre
edes Ki. Sin
e J1 = H1 is an initial set in K1 = N whi
h maximizes f�1 , Theorem 3.1implies that it is optimal to s
hedule all jobs in J1 before all jobs in K2 = K1 n J1. Therefore,we may from now on restri
t attention to optimal s
hedules for P (w; p;K2;A2) where A2 isthe restri
tion of A to K2. So, by indu
tion, assume we have proved the proposition for alli � h, and now restri
t attention to optimal s
hedules for P (w; p;Kh;Ah) where Ah is therestri
tion of A to Kh. We 
laim that Jh is an initial set in Kh whi
h maximizes f� for � = �h.9
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Figure 2: Illustration of Proposition 3.5; �(Hi�1) = �i�1 and �(Hi) = �i; Ki = N �Hi�1 is notshown.By 
ontradi
tion, assume that there exists an initial set I in Kh with f�(I) > f�(Jh). Sin
eHh�1 [ I is an initial set in N we havef�(Hh�1) � f�(Hh�1 [ I) = f�(I) + f�(Hh�1)> f�(Hh�1) + f�(Jh) = f�(Hh) = f�(Hh�1);where the last equality follows from Hh�1 and Hh being both optimal for � = �h. This produ
esa 
ontradi
tion. Thus Jh is an initial set in Kh whi
h maximizes f� and Theorem 3.1 impliesthat it is optimal to s
hedule all jobs in Jh before all jobs in Kh+1 = Kh n Jh, and thereforebefore Jh+1. 23.3 Sidney De
ompositions and the Semilatti
e of Sidney PartitionsWe now 
onsider in greater detail the stru
ture of the various de
ompositions one may obtainby using the parametri
 method des
ribed above or Sidney's original de
omposition method,as well as through di�erent 
hoi
es within these methods. We shall start with a few de�nitions.For job subset K � N , let��(K) = maxf�(I) : I is an initial subset in the subgraph of G indu
ed by Kg:Let (J1; : : : ; Jk) denote an ordered partition of K, that is, a sequen
e of nonempty subsets of Ksatisfying [ki=1Ji = K and Jh \ Ji = ; whenever h 6= i. We say that (J1; : : : ; Jk) is a Sidney10



de
omposition of K if, for all i = 1; : : : ; k, subset Ji is an initial set in Ki := Ji [ : : : [ Jk and�(Ji) = ��(Ki).Lemma 3.6 The GGT algorithm 
onstru
ts a Sidney de
omposition of the job set N .Proof: Letting, for h = 1; : : : ; k, subset Ji be as de�ned in Proposition 3.5 and, as above,Ki = N nHi�1, we only need to prove that �(Ji) = ��(Ki). Assume by 
ontradi
tion that thereexists an initial set I in Ki with �(I) > �(Ji). Note that, as in the proof of Proposition 3.5, wehave, f�i(Ji) = f�i(Hi�1)� f�i(Hi) = 0, so �i = �(Ji) < �(I). But then Hi�1 [ I is an initialset su
h thatf�i(Hi�1 [ I) = f�i(Hi�1) + f�i(I) > f�i(Hi�1);a 
ontradi
tion. Thus we must have �(Ji) = ��(Ki). 2Sidney (1975) 
onstru
ts a de
omposition of the job set N by the following simple pro
ess:�rst, let K1 = N ; then for i = 1; : : : ; and while Ki 6= ;, 
hoose a nonempty initial subset Jiof Ki with �(Ji) = ��(Ki) and let Ki+1 = Ki n Ji. Clearly, this is a Sidney de
omposition asde�ned above, but it need not 
oin
ide with that obtained from the GGT algorithm. We nowinvestigate the 
olle
tion of all Sidney de
ompositions of a job set N ; we will show in parti
ularthat there is a �nest su
h de
omposition and that it 
an be obtained from the GGT algorithmwith modest additional work.The �{pro�le of a Sidney de
omposition J = (J1; : : : ; Jl) is the sequen
e (�1 > : : : > �q) ofthe distin
t values �(Ji) for all members Ji of J . The proof of the following lemma is immediate,and is left to the interested reader:Lemma 3.7 Let J = (J1; : : : ; Jl) denote a Sidney de
omposition of K. If �(Ji) > �(Jk) theni < k.A 
onsequen
e of this Lemma is that in a Sidney de
omposition J , the subsets Ji must bein non in
reasing order of their � values. The redu
tion of a Sidney de
omposition J with11



�{pro�le (�1 > : : : > �q) is the ordered partition R = (R1; : : : ; Rq) where, for i = 1; : : : ; q,Ri = SfJj : �(Jj) = �ig. The proof of the following lemma is immediate, and is also left to theinterested reader:Lemma 3.8 The redu
tion of a Sidney de
omposition is a Sidney de
omposition.Theorem 3.9 All Sidney de
ompositions of a given instan
e have the same �{pro�le and thesame redu
tion.Proof: Let J = (J1; : : : ; Jk) and J 0 = (J 01; : : : ; J 0l ) be two Sidney de
ompositions of the samejob set N , with �{pro�les (�1 > : : : > �q) and (�01 > : : : > �0r), respe
tively, and redu
tionsR = (R1; : : : ; Rq) and R0 = (R01; : : : ; R0r), respe
tively. We will show by indu
tion on i that,for all i, �i = �0i and Ri = R0i, thus implying that q = r and yielding the result. By de�nition,we have �1 = ��(N) = �01. If R1 6= R01 then let U = R1 [ R01 and assume, wlog, that R1 � U .Sin
e U is a union of initial sets in N , it is itself an initial set in N . Therefore, U n R1 is aninitial set in N n R1, with �(U n R1) = ��(N) by Lemma 2.1. As ��(N) > �2 = ��(N n R1),we get a 
ontradi
tion. So, we must have R1 = R01. The general 
ase pro
eeds similarly: if�h = �0h and Rh = R0h for all h � i, then we observe that (Ri+1; : : : ; Rq) and (R0i+1; : : : ; R0r) areSidney de
omposition of N n Sh�iRh with pro�les (�i+1 > : : : > �q) and (�0i+1 > : : : > �0r),respe
tively; and the same argument applies to show that �i+1 = �0i+1 and Ri+1 = R0i+1,
ompleting the proof. 2A

ordingly, 
all the 
ommon �{pro�le of all Sidney de
ompositions of N the �{pro�leof N , and 
all the 
ommon redu
tion of all Sidney de
ompositions of N the redu
ed Sidneyde
omposition of N . Thus all Sidney de
ompositions of N di�er only in the way the subsets Riin the redu
ed Sidney de
omposition are partitioned and ordered. For our s
heduling problem,we will prefer to use a �ner de
omposition than the redu
ed Sidney de
omposition, wheneverone exists; indeed, we prefer to de
ompose the problem into as many (small) pie
es as possible.We will show that this is indeed possible. 12



A Sidney de
omposition J = (J1; : : : ; Jk) of a job set N de�nes a partition J = fJ1; : : : ; Jkgof N 
onsisting of the same subsets, by simply disregarding their order. Call su
h a partition aSidney partition of N . The subsets Ji are 
alled the blo
ks of the partition. We now 
hara
terizeall the Sidney de
ompositions that de�ne a same Sidney partition J .Theorem 3.10 Let J = fJ1; : : : ; Jkg be a Sidney partition. An ordered sequen
e (J1; : : : ; Jk)of its blo
ks is a Sidney de
omposition if and only if, for all distin
t i; j 2 f1; : : : ; kg,(i). if �(Ji) > �(Jj) then i < j; and(ii). if uv 2 A with u 2 Ji and v 2 Jj then i < j.Proof: The 
onditions are 
learly ne
essary: (i) by Lemma 3.7, and (ii) be
ause its violationwould imply that Jj is not an initial set in Snh=j Jh. Therefore, assume that J = (J1; : : : ; Jk)is an ordered sequen
e satisfying 
onditions (i) and (ii), and 
onsider any index i 2 f1; : : : ; kg.We prove by indu
tion on i that Ji is a initial set in Ki = Snh=i Jh with �(Ji) = ��(Ki). Thisfollows immediately from (i) and (ii) when i = 1. So assume that this holds for all h < i wherei � 2. This implies that the blo
ks J1; : : : ; Ji�1 
an be identi�ed by Sidney's algorithm as the�rst i�1 blo
ks in a Sidney de
omposition J 0 = (J1; : : : ; Ji�1; J 0i ; : : : ; J 0r). Condition (ii) impliesthat Ji is an initial set in Ki. Let (�1; : : : ; �q) denote the �{pro�le of N . Sin
e J is de�nedby a Sidney de
omposition, by Theorem 3.9, �(Ji) = �j for some index j. Therefore, lettingR denote the Sidney redu
tion of N , we have Ji � Rj. This implies ��(Ki) � �(Ji) = �j. By
ondition (i), we have Rh \Ki = ; for all h < j. By Theorem 3.9 applied to J 0, this impliesthat ��(Ki) = �(J 0i) � �j . Therefore ��(Ki) = �j = �(Ji). 2For our s
heduling problem, we will be indi�erent between using any of several Sidneyde
ompositions that de�ne a same partition; although the resulting optimal sequen
es willdi�er, they will remain (globally) optimal, and the 
omputational e�ort will be identi
al, as wewill need to solve identi
al subproblems. We will show that the Sidney partitions of a job set Nform a (�nite) meet semilatti
e, and thus that there exists a \�nest" Sidney partition.13



Re
all that the set Part(N) of all partitions of a set N is a latti
e (Gr�atzer 1978). Theasso
iated partial order \�" is de�ned as follows: a partition Q = fQ1; : : : ; Qqg of N is �nerthan partition Q0 = fQ01; : : : ; Q0rg, denoted Q � Q0, if for all i = 1; : : : ; q there exists an index jsu
h that Qi � Q0j. Note that this implies q � r. A 
olle
tion M � Part(N) is a meetsub{semilatti
e of Part(N) if it is 
losed for the (partition latti
e) meet operation, that is, ifQ;Q0 2 M then their meet Q ^ Q0 is also in M, where Q ^Q0 2 M is the 
oarsest partitionQ00 2 Part(N) su
h that Q00 � Q and Q00 � Q0.Theorem 3.11 The set of all Sidney partitions of a set N is a meet sub{semilatti
e of thepartition latti
e Part(N).Proof: Given any two Sidney de
ompositions J = (J1; : : : ; Jk) and J 0 = (J 01; : : : ; J 0l ) of N , weneed to prove that the meet (largest lower bound) J ^J 0 of their asso
iated Sidney partitionsis also a Sidney partition of N . Re
all (e.g., Lemma IV.4.1 in Gr�atzer 1978) that J ^ J 0 isthe partition 
onsisting of all the nonempty interse
tions Hij = Ji \ J 0j . Order these nonemptyinterse
tions Hij in lexi
ographi
 order of the indi
es i and j (that is, if Hij is before Huv theneither i < u or i = u and j < v). It follows that the sequen
e of all nonempty interse
tions Hijthus ordered satis�es 
ondition (ii) of Theorem 3.10. By Theorem 3.9, we have Hij 6= ; only if�(Ji) = �(J 0j). Therefore this ordered sequen
e of nonempty Hij 's also satis�es 
ondition (i) ofTheorem 3.10, implying that J ^ J 0 is a Sidney partition. 2Corollary 3.12 There exists a �nest Sidney de
omposition of a set N , unique up to permuta-tions of some of its blo
ks.The following example shows that the set of all Sidney partitions is not 
losed for the joinoperation:Example: let N = fa; b; 
; d; eg and A = fab; 
dg; let all pi = wi = 1, so all nonempty sub-sets J � N have �(J) = ��(N) = 1; then J = (fa; eg; fb; 
g; fdg) and J 0 = (fag; fbg; f
g; fd; eg)are Sidney de
ompositions, and yet the join J _J 0 = ffa; d; eg; fb; 
gg of their asso
iated Sidneypartitions is not a Sidney partition, as neither of its blo
ks is an initial set in N . 214



Note however that there is a 
oarsest, i.e., least �ne, Sidney partition, R de�ned by theredu
ed Sidney de
ompositionR of N . In 
ontrast with the �nest Sidney partition, the 
oarsestSidney partition R is unique.3.4 Constru
ting a Finest Sidney De
ompositionWe now show how to 
onstru
t a �nest Sidney de
omposition, using the GGT algorithm de-s
ribed in Se
tion 3.2.First re
all (see, e.g., Hu 1970) that, given a network N� = (N�;A�; 
�) with sour
e s andsink t in N�, the 
olle
tion of sink sets T of all minimum 
apa
ity s; t{
uts forms a sublatti
eof 2N� . This sublatti
e is isomorphi
 to the sublatti
e of ideals I � N with maximum weightf�(I) = w(I)��p(I), by simply letting I = T n ftg, as seen in Se
tion 3.2. Re
all also that thelargest and smallest su
h sink sets T_ and T^, respe
tively, 
an be obtained by simple labeling.For T_, start from the sour
e s and apply the Ford-Fulkerson labeling pro
edure: then T_ isthe set of all unlabeled nodes at the end of the pro
edure (i.e., all nodes not rea
hable fromthe sour
e s in the augmenting network asso
iated with the 
urrent maximum 
ow). For T^,take all nodes from whi
h one 
an rea
h the sink t in the augmenting network (see Hu (1970)for details). Note that ea
h pro
edure requires O(m+n) operations, where n = jN j = jN�j � 2and m = jAj (so the number of ar
s in N� is m+ 2n).Sin
e, by Theorem 3.9, R1 = T_nftg de�nes the largest ideal with maximum weight f�(I), itfollows that we immediately obtain the redu
ed Sidney de
omposition by using Ford-Fulkerson'soriginal labeling pro
edure at ea
h step of the GGT algorithm.For our s
heduling purposes, however, we want to 
onstru
t a �nest Sidney de
omposition.Re
all that the GGT algorithm identi�es a sequen
e of breakpoints +1 = �0 > �1 > : : : >�k � �k+1 = 0, where, as follows from Se
tions 3.2 and 3.3, (�1; : : : ; �k) is the �{pro�le of N .Letting, as above, R = (R1; : : : ; Rk) denote the redu
ed Sidney de
omposition of N , ea
h setIi = Sh�iRh is, for i = 0; : : : ; n, the largest ideal I in N with maximum weight f�i(I). Considera step of the GGT algorithm where we have determined a maximum 
ow for � = �i. We now15



seek to determine a �nest Sidney de
omposition, whi
h amounts to �nding a maximal nestedfamily of minimum s; t-
uts in N�. All minimum s; t-
uts in N� 
an be obtained as follows(details 
an be found in Pi
ard and Queyranne (1980):Let AG(N�; f) be the augmentation graph asso
iated with the optimal 
ow f on N� and letA1; : : : ; Au be its strongly 
onne
ted 
omponents. Let AG0 be the dire
ted graph obtained fromAG by 
ontra
ting to a single vertex aj the 
omponent Aj for j = 1; : : : ; u. Observe that AG0is a dire
ted a
y
li
 graph, thus indu
ing a natural partial order on its nodes. Any minimums; t-
ut in N� is the set of ar
s entering the union of 
omponents 
orresponding to an initial setin AG0. A maximal nested family of su
h 
uts 
an be obtained by ordering the nodes of AG0a

ording to any order 
ompatible with the partial order represented by AG0, say fb1; : : : ; bugand 
onsidering the 
uts generated by the sets b1 [ : : : [ bj for j = 1; : : : ; u� 1.As all the above operations 
an be 
arried out in time O(m+ n), we have shown:Theorem 3.13 Let MF(v; a) denote the time required to solve a maximum 
ow problem in anetwork with v nodes and a ar
s, using an algorithm 
ompatible with the Gallo-Grigoriadis-Tarjan parametri
 maximum 
ow approa
h (Gallo, Grigoriadis and Tarjan 1989). Then a�nest Sidney de
omposition of a s
heduling problem with n jobs and m pre
eden
e 
onstraints
an be 
onstru
ted in MF(n;m+2n) + O(n(m+ n)) time. The 
oarsest Sidney de
omposition
an be 
onstru
ted in MF(n;m+ 2n) + O((m+ n)) time.4 Properties of the LP Relaxation: tight sets and de
ompositionsIn this se
tion, we study an LP relaxation of the problem. We explore some interesting proper-ties of the LP optimal solutions. We derive a ne
essary and suÆ
ient 
ondition for the Sidneyde
omposition of the problem. Finally, we show that any feasible solution of a sti� instan
ehas obje
tive value at most twi
e the optimal value. (This has been proved independently byChekuri and Motwani 1999.)For 
onvenien
e, we introdu
e some notation. For any ve
tors u; v 2 RN and J � N , let16



u(J) =Pj2J uj , u2(J) =Pj2J u2j , and u�v(J) =Pj2J ujvj . The following set fun
tion plays afundamental role in the study of s
heduling polyhedra (see, e.g., Queyranne 1993 or Queyranneand S
hulz 1996): for J � N , letg(J) = 12 hp(J)2 + p2(J)i :The following identity (Queyranne 1993) will be useful: for any J;H � N ,g(J [H) + g(J \H) = g(J) + g(H) + p(J nH)p(H n J):(2) For any J � N , inequality p � C(J) � g(J) is known to be valid for (1), and it is 
alled aparallel inequality (Queyranne and Wang 1991a)Without loss of generality we may assume that the pre
eden
e graph G is transitively re-du
ed, that is, A is the minimum 
olle
tion of ar
s representing the partial order. (This is also
alled the Hasse diagram of the partial order).Let A denote the jAj � jN j ar
-job in
iden
e matrix of G, where rows of A are indexed byar
s ij 2 A, 
olumns by jobs h 2 N , andAij;h = 8>>>>><>>>>>: �1 if h = i and ij 2 A1 if h = j and ij 2 A0 otherwiseLet Ah denote the 
olumn of A indexed by job h. Also de�ne the 
olumn ve
tor b 2 RA asbij = pj for all ij 2 A. Let 0 denote a ve
tor of all 0's, and 1 a 
olumn ve
tor of all 1's.Repla
ing the disjun
tive 
onstraints and C � p in (1) with all parallel inequalities, weobtain the following LP relaxation.wC� = min wC(3) s.t. p � C(J) � g(J); 8J � NAC � b:
17



Using a variable �J for ea
h J � N and a variable yij for ea
h ar
 ij 2 A, the LP dualformulation of (3) isD(��; y�) = maxX ( g(J)�J : J � N ) + yb(4) s.t. X ( ph�J : J 3 h; J � N ) + yAh = wh; 8h 2 N� � 0; y � 0;where (��; y�) denote an optimal dual solution.Now, for any optimal solution C to (3), de�ne�(C) = fJ : J � N; p � C(J) = g(J)g:That is, �(C) is a family of tight sets. By 
onvention, ; 2 �(C).Lemma 4.1 Let J 2 �(C) be any nontrivial tight set. Then(i) 8i 2 J; Ci � p(J) and it holds with equality i� J n fig 2 �(C);(5) (ii) 8j 62 J; Cj � p(J) + pj and it holds with equality i� J [ fjg 2 �(C).Proof: Note that by (2), g(J) � g(J n fig) = pip(J). Thus, (i) follows fromg(J) = piCi + p � C(J n fig) � piCi + g(J n fig):Similarly, sin
e g(J [ fjg) � g(J) = pj(p(J) + pj), (ii) follows fromg(J [ fjg) � pjCj + p � C(J) = pjCj + g(J):Note that we have used the fa
t that all parallel inequalities are valid. 2Lemma 4.2 Let J 2 �(C) be any tight subset. If one of the following 
onditions holds:(i). there exists no tight set Ĵ with Ĵ � J and jĴ j = jJ j � 1,(ii). there exists no tight set Ĵ with J � Ĵ and jĴ j = jJ j+ 1,18



then Cj � Ci > pj; for all i 2 J and j 2 N n J .Proof: Suppose that for for some i 2 J and j 2 N n J , Cj � Ci � pj . Then by (i) and (ii) of(5) we have Cj � p(J) � Cj � Ci � pj � Cj � p(J). This implies(a) Ci = p(J) and (b) Cj = p(J) + pj.(1) If jJ j � 1 and Cj �Ci � pj for some i 2 J and j 2 N n J then, by (a) above and (i) of (5),J n fig 2 �(C), a 
ontradi
tion to the minimality of J .(2) Observe that (b) above and (ii) of (5) imply that Ĵ [ fjg 2 �(C) with jĴ j = jJ j + 1, againa 
ontradi
tion. 2Note that it is not ne
essary that A 
ontain the pair ij or ji.The following proposition establishes some important properties of tight sets.Proposition 4.3 For any optimal solution C to (3),(i). �(C) 
ontains a nonempty set;(ii). for any pair J; H 2 �(C), either J � H or H � J holds;(iii). ea
h J 2 �(C) is initial;(iv). N 2 �(C) if w is not tailing o�.Proof: (i): If (i) does not hold, then by 
omplementary sla
kness, �� = 0. So w = y�A, andw(N) = w1 = y�A1 = 0, implying w = 0, a 
ontradi
tion.(ii): If (ii) is false, then there exists a pair J; H 2 �(C) with p(J nH)p(H n J) > 0. Using twoparallel inequalities indu
ed by J [H and J \H to obtain the �rst inequality below and theidentity (2) for the se
ond line, we obtain a 
ontradi
tion sin
eg(J [H) + g(J \H) � p � C(J [H) + p � C(J \H) = p � C(J) + p � C(H)= g(J) + g(H) = g(J [H) + g(J \H)� p(J nH)p(H n J):
19



(iii): If some J 2 �(C) is not initial, then there exists some j 62 J but ji 2 A for some i 2 J .Then Cj � Ci � pi, and Ci � p(J) by (i) of (5). This implies that Cj < p(J), a 
ontradi
tionto inequality (ii) of (5).(iv) Suppose that N 62 �(C). Then by (i) and (ii), there exists a unique maximal tight set J�with J� 6= N . Let H = N nJ�, and note that H is terminal sin
e J� is initial by (iii). De�ne Ĉby Ĉh = Ch if h 2 J� and Ĉh = Ch � � if h 2 H. By maximality of J� and (ii) of Lemma 4.2,we have Cj � Ci > pj for all ij 2 Æ+(J�). Furthermore, the maximality of J� ensures that notight set 
ontains a node in H. Therefore, for suÆ
iently small � > 0, Ĉ is primal feasible. ButwC � wĈ = wC � �w(H), implying wj = 0 for all j 2 H and w is tailing o�. 2Theorem 4.4 Assume that G = (N;A) does not 
ontain a dire
ted Hamiltonian path. Theproblem P (w; p;N;A) is Sidney de
omposable if and only if there exists an optimal LP solutionC su
h that p � C(J) = g(J) holds for some nontrivial subset J � N .Proof: Ne
essity: Let I 2 I be a nontrivial initial set su
h that �(I) = w(I)=p(I) = ��. LetH = N n I. Sin
e P (w; p;N;A) is Sidney de
omposable and using Lemma 2.1, we havew(I)p(I) � w(N)p(N) = w(I) +w(H)p(I) + p(H) () w(I)p(I) � w(H)p(H) :(6)Now, 
onsider any optimal LP solution C. If there exists some nontrivial subset J � N withp � C(J) = g(J), we are done. Otherwise, for � > 0, de�ne C�i = Ci � �p(H) for all i 2 I andC�j = Cj + �p(I) for all j 2 H. Observe that for any � > 0, the following inequalityp � C�(N) = p � C(I)� �p(H)p(I) + p � C(H) + �p(I)p(H) � g(N)(7)and all pre
eden
e 
onstraints are still satis�ed by C� (sin
e I is initial). Furthermore, by (6)wC � wC� = wC � �w(I)p(H) + �w(H)p(I) � wC:So C� is also an optimal solution if no parallel inequality p�C�(J) � g(J) indu
ed by nontrivialsubset J � N is violated as � in
reases. Clearly, we 
an in
rease � until p � C�(J �) � g(J �)be
omes binding for some nontrivial subset J �. The resulting C� is the required solution.20



SuÆ
ien
y: Let C be the optimal solution with �(C) 
ontaining some nontrivial subset. Weneed to �nd some nontrivial initial subset J� with �(J�) � �(N).First, observe that if N 62 �(C), then by (iv) of Proposition 4.3, w is tailing o�, whi
himplies that there exists some nontrivial terminal subset H with w(H) = 0. So J� = N nH isthe required initial set, and we are done. Thus, for the rest of the proof assume that j�(C)j � 3(sin
e �(C) 
ontains the empty set, a nontrivial tight set and N).By (ii) and (iii) of Proposition 4.3, we know that �(C) 
ontains k nested nonempty tightsets J1 � � � � � Jk; where 2 � k � n and that all these sets are initial. We distinguish thefollowing two 
ases.CASE 1: 2 � k < n.(I). We �rst 
laim that, for some q with 1 � q < n, Cj � Ci > pj for all ij 2 Æ+(Jq).If jJ1j � 2, then (i) of Lemma 4.2 implies that the 
laim holds; Otherwise, sin
e k < n,there exist tight sets Jq and Jq+1 with jJq+1j � jJqj + 2. Then the 
laim follows from (ii) ofLemma 4.2. This proves the 
laim.(II). Let I = Jq and T = N n Jq. De�ne C�i = Ci + �p(T ) for all i 2 I and C�j = Cj � �p(I)for all j 2 T . For suÆ
iently small � > 0, C� violates no pre
eden
e 
onstraints by the above
laim, and moreover, using 4.3 (ii), it is straightforward to verify thatp � C�(Q) > g(Q); for all Q 6= N , and that p � C�(N) = g(N):So C� is a feasible solution, and0 � wC� � wC = �w(I)p(T ) � �w(T )p(I) =) w(I)p(I) � w(T )p(T ) :It follows that �(I) � �(N) as required.CASE 2: k = n. Without loss of generality assume that C1 < C2 < � � � < Cn. It follows fromrepeated appli
ation of Lemma 4.1 that C forms a s
hedule, that is, C1 = p1; Cj+1 = Cj + pjfor j = 1; : : : ; n� 1. First observe that Cj �Ci > pj for any ij 2 A with j � i+ 2 (Otherwise,by Lemma 4.1, Ji [ fjg 62 �(C) is also tight, a 
ontradi
tion.) If there exists some proper tightsubset Jq su
h that (q; q+1) 62 A, then using the above observation and the 
onstru
tion of C�21



as in (II) of CASE 1, we show that I = Jq is the required subset and we are done. Otherwise,we must have (q; q + 1) 2 A for q = 1; : : : ; n� 1. So A forms a 
hain, again a 
ontradi
tion. 2When P (w; p;N;A) is sti� (i.e., not Sidney de
omposable), some interesting 
onsequen
esfollow from the above theorem. First, one obtains a new (trivially 
omputable) lower boundfor the optimal obje
tive value z�. Se
ond, any feasible s
hedule with no idle times has itsobje
tive value within a fa
tor of 2 of the optimal obje
tive value.Theorem 4.5 If P (w; p;N;A) is sti�, then the optimal LP value wC� � w(N)p(N)=2. More-over, there exists a family of instan
es su
h that this inequality is asymptoti
ally tight.Proof: Sin
e P (w; p;N;A) is sti�, by Theorem 4.4, �(C) = fNg for any optimal LP solution C(sin
e w 6= 0.) By duality, w = ��Np+ y�A, and the optimal LP value is wC� = ��Ng(N) + y�b.Sin
e w(N)p(N) = w1p(N) = (��Np(N) + 0)p(N) = ��Np(N)2,wC� = ��Ng(N) + y�b � ��N p(N)22 = w(N)p(N)2 ;as required. The required family of instan
es 
an be 
onstru
ted as follows. Let N = f1; : : : ; ngand A = fjn : j = 1; : : : ; n� 1g. Let wj = 0 for j = 1; : : : ; n� 1 and wn = n, and let pj = 1,for j = 1; : : : ; n. The optimal LP solution C� is given by C�j = n2+n�22n for j = 1; : : : ; n� 1 andC�n = n2+3n�22n with wC� = n2+3n�22n and w(N)p(N)2 = n2 . 2Corollary 4.6 If P (w; p;N;A) is sti�, then any feasible s
hedule with no idle times has itsobje
tive value within a fa
tor of 2 of the optimal value.Using the same LP formulation, S
hulz (1996) and Hall et al. (1997) obtained 2-approxi-mation algorithms by 
onstru
ting a feasible solution with value at most twi
e the value of thelinear relaxation. Corollary 4.6 has the same 
avor, but shows that, for a sti� instan
e, eventhe worst feasible solution is within a fa
tor of 2 of the optimal value.
22



5 Solving the LP for a Sti� Instan
eIn this se
tion, we show how to solve the LP (3) for a sti� instan
e P (w; p;N;A) by network
ow te
hniques. By Theorem 4.4, the LP (3) for a sti� instan
e redu
es to the inequalitiesgenerated by the pre
eden
e 
onstraints and to the equality p �C(N) = g(N). In the reminderof this se
tion, we �nd 
onvenient to work with variables asso
iated with starting times insteadof 
ompletion times. For J � N , we de�ne g0(J) = 12 �p(J)2 � p2(J)� and for j 2 N , we useSj = Cj � pj to denote the start time for job j. Hen
epjSj = pjCj � p2j ; and Cj � Ci � pj () Sj � Si � pi:Rewriting the LP (3) with these variables (see Queyranne and S
hulz 1996), we obtain:min z = wS(8) s:t: p S = g0(N)Sj � Si � pi for all ij 2 AS � 0:Let � = w(N)=p(N) and �w = w � �p. Consider the Lagrangian relaxation of this problemobtained by dualizing the equality 
onstraint with multiplier �, i.e.:min z0 = wS � � (p S � g0(N)) = �w S + � g0(N)(9) s:t: Sj � Si � pi for all ij 2 AS � 0:We say that an ar
 ij 2 A is tight for a solution S if Sj �Si = pi. The next Lemma impliesthat z = z0.Lemma 5.1 There exists a solution S� optimal for both LP (8) and LP (9).Proof: Sin
e the problem P (w; p;N;A) is sti�, for ea
h initial set I 2 I we have �w(I) =w(I) � w(N)p(N) p(I) < 0 and thus for ea
h terminal set T 2 T we have �w(T ) > 0. Sin
e the23



extreme rays of LP (9) are generated by the 
hara
teristi
 ve
tors of the terminal sets, theoptimal value of LP (9) is bounded. As LP (9) is 
ontained in the positive orthant, there existsan optimal extreme point S. Let K be a 
onne
ted 
omponent of the subgraph of G indu
edby the tight ar
s for S. Note that K 
ontains a node i with Si = 0, for otherwise, adding (resp.subtra
ting) a small � > 0 to Sj for all j in K would yield a feasible point S+ (resp. S�). Butthen S = (S++S�)=2, a 
ontradi
tion. Hen
e, for ea
h node j 2 N there exists a path of tightar
s joining j to a node i(j) with Si(j) = 0 (ignoring the orientation of the ar
s).Let t = arg max fSi j i 2 Ng and t0; : : : ; tk; t be a simple path of tight ar
s joining t0 tot with St0 = 0. Then we have St � pt0 + : : : + ptk and, by 
hoi
e of t, St0 � St for all t0 2 N .Consider now the s
hedule obtained by starting with the jobs t0; : : : ; tk; t in that order and thenputting the remaining jobs in arbitrary order. (This s
hedule is probably not feasible for LP(9), but this is of no importan
e). Denote by y the starting times of that s
hedule. Note thatS � y and that p y = g0(N). It follows that p S � g0(N) and thus, for q = (g0(N)� p S)=p(N),we have q � 0. Hen
e S� = (S + q 1) is feasible for LP (9) and satis�es p S� = g0(N), i.e S�is feasible for LP (8). Moreover, sin
e �w(N) = 0, we have �w S� = �w S, implying that S� is anoptimum solution to LP (9) feasible for LP (8), i.e. an optimum solution to LP (8). 2The LP (9) is, in fa
t, a problem on node potentials with non-negativity 
onstraints. Hen
e,if we forget about the non-negativity 
onstraints, it is the dual of a max-
ost 
ow problemwith supply-demand ve
tor �w and with ar
 
apa
ities all in�nity. By solving this max-
ost
ow problem and 
onstru
ting a dual feasible solution by 
omplementary sla
kness, we 
an�nd an optimal solution of LP (8), as outlined in the proof of the previous lemma. The
omplexity of the whole pro
edure is dominated by the time to 
ompute a max-
ost 
ow, e.g.O((jAj log n)(jAj+ n logn)) (Ahuja et al. 1993).Depending on the algorithm 
hosen for solving the max-
ost 
ow problem, the dual variablesmay be readily available. Otherwise, starting from an optimal solution f� of the 
ow problem,we 
onsider the 
onne
ted 
omponents K1; : : : ;Ku indu
ed by the ar
s ij with f�ij > 0. Forea
h 1 � v � u, one 
an set potential Si � 0 for the nodes i 2 Kv su
h that all ar
s of Kv are24



tight for S and ea
h 
omponent 
ontains a node with potential 0. This solution S may violatesome pre
eden
e 
onstraints asso
iated with ar
 ij 2 A with i and j in di�erent 
onne
ted
omponents. But sin
e the potential asso
iated to the nodes of one 
onne
ted 
omponent arede�ned up to an additive 
onstant, it remains to determine additive 
onstants �1; : : : ;�u � 0su
h that adding �v to the potential of the nodes in Kv for all 1 � v � u yield a feasibleoptimal solution to LP (9) .These �'s 
an be found by solving a longest path problem the digraph G0 obtained fromG by 
ontra
ting ea
h 
onne
ted 
omponent to a single node, and repla
ing ar
 ij joining i in
omponent Ku with j in 
omponent Kv by an ar
 joining Ku to Kv with weight Si + pi � Sj .Add one node s joined to all nodes in G0 by an ar
 of length 0. Sin
e LP (9) is feasible, G0does not 
ontain a dire
ted 
y
le with positive weight and we 
an use Bellman-Ford algorithmto 
ompute the longest path from s to the other nodes in G0 in O(nm) operations. It isstraightforward to 
he
k that using the value of the longest path from s to the node Ku for �uyield a feasible solution to LP (9) that satis�es the 
omplementary sla
kness 
ondition with f�,implying the optimality of this solution.6 Computational resultsWe implemented the algorithms des
ribed in Se
tions 3, 4 and 5 and tested its performan
e onrandom instan
es. We �rst give a high level des
ription of the algorithm before detailing itssteps and expli
ating some of the terms it uses in the remainder of the se
tion.1. Initialize the ordered list L of subproblems as 
ontaining only the initial problem;2. For ea
h subproblem P in the list L, repeat2.1. if P is series de
omposable, repla
e P in L by the ordered subproblems of its seriesde
omposition; break;2.2. If P is Sidney de
omposable, repla
e P in L by the ordered subproblems of a �nestSidney de
omposition of P ; break; 25



/* Now P is non series de
omposable and sti� */2.3. Remove P from L;2.4. Compute the value of the LP (3) for P ; Try to improve the value of this lower bound;2.5. Compute a heuristi
 solution for P ;3. Paste the heuristi
 solutions and LP values of the non de
omposable subproblems toobtain an upper bound and lower bound on the optimal value for the initial problem.De
ompositions: Steps 2.1 and 2.2. We use two types of de
ompositions: series de
om-positions and Sidney de
ompositions. Series de
ompositions o

ur when there exists an initialset I su
h that ea
h node in N n I may be rea
hed from ea
h node in I by a dire
ted path inG. In other words, the jobs in I have to be 
ompleted before any job in N n I 
an start. Thus,jobs in I appear before jobs in N n I in any feasible s
hedule. Series de
ompositions 
an befound in O(n +m) for a graph with n nodes and m ar
s. The algorithm to �nd the Sidneyde
ompositions outlined in Se
tion 3 uses a parametri
 network 
ow algorithm. Unfortunately,we 
ould not �nd an implementation of the the parametri
 network 
ow algorithm of Gallo,Grigoriadis and Tarjan and thus we �nd the Sidney de
ompositions by O(n) 
alls to a max-
ow
ode (we use the 
ode Max
ow written by Goldfarb and Grigoriadis 1988).Solving the LP: Step 2.4. To �nd the optimal solution of the LP (3) for a sti� instan
e,we follow the dis
ussion of Se
tion 5 to formulate the problem in the form of LP (9). Wesolve its dual, a max-
ost 
ow problem, with the network simplex solver of the linear optimizerCPLEX4.0. We found that, for our problems, it is at least as eÆ
ient as the max-
ost 
ow
odes at our disposal. From the optimal 
ow and as dis
ussed in Se
tion 5, we 
onstru
t anoptimal solution of LP (9) from whi
h an optimal solution of the LP (8) and then of the LP(3) are easily obtained. The optimum value of the LP (3) is denoted by LP .Lower Bound Improvement: Improving the lower bound given by the LP (9) is pos-sible, as observed by Hoogeveen and Van de Velde (1996). They give a strengthening for theLagrangian relaxation of the pre
eden
e 
onstraints of the LP (9). We did not implement an26



as
ent method to �nd the best Lagrange multipliers as suggested by Hoogeveen and Van deVelde, but merely used the max-
ost 
ow solution. The value of this improved lower bound isdenoted by LPL.Heuristi
s: Step 2.5. A simple heuristi
 to �nd a relatively good solution of the s
hedulingproblem is to order the jobs as indi
ated by the optimal solution C of the LP (3), starting withthe job with the smallest entry in C. This ordering is feasible sin
e if ij 2 A then Cj �Ci � pjis a 
onstraint of the LP and thus Ci < Cj. The solution obtained in this way is denoted byOUB for Original Upper Bound.Note that it is possible to repla
e C by a point C 0 obtained by subtra
ting �ipi to Ci forall i 2 N , where �i is any number in [0; 1). Ordering the jobs a

ording to C 0 will also givea feasible solution. This idea, introdu
ed by Phillips et al. (1998) for 
onverting preemptives
hedules to non preemptive ones for problems with release dates, is part of several approxima-tion algorithms for s
heduling problem (Goemans et al. 2002). We generated 10 su
h feasibles
hedule O1; : : : ; O10 for ea
h subproblem by randomizing the �i's.Most of the time, substantial lo
al improvements of a feasible solution are possible bypermuting two 
onse
utive jobs, or more generally, by permuting two adja
ent groups of atmost d jobs, for a �xed d. Applying this improvement heuristi
 to several feasible s
hedulesusually yields a very good feasible solution. However, when the number of jobs in
reases abovea few hundred, this pro
edure may be
ome quite time 
onsuming, depending on the value of d(we used d = 10). In the results reported below, the time spent for this heuristi
 may be as highas 50% of the total time for problems with 1,000 jobs or more. Obviously, it is possible to devisea mu
h faster heuristi
 (using a smaller value for d, or looking for improvements only for a �xedamount of time) that would return almost the same results. But sin
e we use the best knownfeasible solution to approximate the gap, and we want this gap to be as small as possible, wedon't mind spending a large fra
tion of the time in the heuristi
 pro
edure. We denote by UBthe best solution found by this improvement pro
edure on the 10 feasible s
hedules O1; : : : ; O10.27



Pasting the solutions: Step 3. In Step 2 of the algorithm, we 
onstru
t an ordered list ofsubproblems (J1; : : : ; Jk) forming a partition of N and for ea
h of these subproblems (also 
alledpie
e) Jr, we �nd an heuristi
 solution UBr and 
ompute the lower bound LPr 
orrespondingto the LP (3). Pasting the solutions of the subproblems together, we get an upper bound UBand a lower bound LP on the value of the optimal solution of the original problem using:UB = kXi=1 [UBi + w(Ji) i�1Xj=1 p(Ji)℄ and LP = kXi=1 [LPi + w(Ji) i�1Xj=1 p(Ji)℄:We also 
ompute the simple lower bound WP derived from Theorem 4.4, i.e.:WP = kXi=1 [w(Ji)p(Ji)=2 + w(Ji) i�1Xj=1 p(Ji)℄:Instan
es: Problems are generated as proposed by Potts (1985). The pre
eden
e graph isa random a
y
li
 dire
ted graph on n nodes with density �, i.e. a dire
ted graph obtained bysele
ting independently and uniformly ar
 ij, with i < j, with probability �. For a given valueof n, 20 problems are generated, 2 for ea
h value of� 2 f0:001; 0:02; 0:04; 0:06; 0:08; 0:1; 0:15; 0:2; 0:3; 0:5g:The pro
essing times are drawn from the dis
rete uniform distribution on [1; 100℄ and theweights are drawn from the dis
rete uniform distribution on [1; 10℄. The graphs are then repla
edby their transitive redu
tion. The number of ar
s in the resulting digraphs varies, of 
ourse,with �. For example, for problems with 1000 jobs, we get roughly 430 ar
s for � = 0:001, 4000ar
s for � = 0:02, 3000 ar
s for � = 0:08, and 2000 ar
s for � = 0:3,We report results for problems generated in this way for 100, 500, 1000, 1500 and 2000 jobs.We partition the 20 problems generated for a value of n into four groups: problems 1-2 (� =0:001), problems 3-10 (� 2 f0:02; 0:04; 0:06; 0:08g), problems 11-18 (� 2 f0:1; 0:15; 0:2; 0:3g)and problems 19-20 (� = 0:5). The problems generated with � = 0:001 (problems 1 and 2) or� = 0:5 (problems 19 and 20) are usually easy instan
es, sin
e the former are 
lose to a digraphwith no ar
s and the latter resemble a 
omplete a
y
li
 digraph. The other problems are harderbut of relatively homogeneous diÆ
ulty inside a group.28



Results: To assess the eÆ
ien
y of the lo
al improvement heuristi
 and of the Lagrangianrelaxation pro
edure, we report the per
entage of the gap that is 
losed by the 
orrespondingpro
edure, gapim for the improvement heuristi
 and gapl for the Lagrangian pro
edure. Ideally,if the optimal value of a problem is OS, the best we 
an hope is that the lo
al improvementheuristi
 
lose the gap between OUB and OS. Unfortunately, for most of the problems we
onsider, the value of the optimal solution is not known. Hen
e we use LPL instead of OS toobtain a pessimisti
 estimator of the performan
e of the heuristi
. Similarly, the Lagrangianpro
edure may be able to 
lose the gap between LP and OS, and we use UB instead of OS toget an underestimation of the performan
e of the pro
edure. More pre
isely, we reportgapim = 100 OUB � UBOUB � LPL and gapl = 100 LPL� LPUB � LP :In addition, we also report the gap between the best heuristi
 solution UB and the bestlower bound LPL and the ratio r wp between the lower bounds WP and LP :gap = 100 UB � LPLLPL and r wp = 100 WPLP :For a group of instan
es, we report the average value of gap, gapim, gapl, r wp, the size ofthe largest pie
e in the de
ompositionmp
 and the 
pu time in se
onds 
pu with names pre�xedwith "a ". We also report the maximum of gap, mp
 and 
pu with names pre�xed with "m ".The ma
hine used was a Sun Spar
station 5 with a 400Mz pro
essor running SunOS5 and usingthe 
ompiler g

2.6.3.Several 
on
lusions may be drawn from Table 1. First, the gap between the best knownfeasible solution UB and the lower bound LPL is quite small: the maximum value of gap is3.48 %, attained for a single problem with 1000 jobs. The average gap is between 1% and 1.5%.Interestingly, the gap seems to de
rease as the number of jobs in
reases above 1000. The lo
alimprovement pro
edure for a feasible solution 
loses in average 20-40 % of the gap betweenOUB and LPL, whereas the Lagrangian relaxation 
loses in average 3-10 % of the gap betweenUB and LP . Here, it seems that the latter pro
edure is more eÆ
ient for small values of n,29




losing up to 31 % of the gap between the LP solution and the best known feasible solution forproblems with 100 jobs. We also note that the simple bound derived from Theorem 4.4 is a verygood bound, in parti
ular for problems with 1500 jobs or more, 
onsidering the simpli
ity of its
omputation. The de
ompositions are able to redu
e in average the size of the largest pie
e to,roughly, 60% of the initial size. The 
pu times are here as an indi
ation that the de
ompositionpro
edure does not take a huge amount of time. Interestingly enough, the time needed to applyour randomized heuristi
 on a problem with � 500 jobs (i.e. no de
omposition is performedand 10 
alls to the heuristi
 are made) takes far more time than the time needed to de
omposethe problem, apply the randomized heuristi
 on the pie
es of the de
omposition and paste thesolutions. The value of the solutions obtained are also slightly better when de
ompositions arein use.Note that the LP formulation we use on a sti� pie
e is one of the simplest formulations,i.e. it redu
es to the pre
eden
e 
onstraints and the parallel inequality on the jobs in the pie
e.This formulation is generally very weak for random instan
es, but our results show that it isquite strong for the non-series de
omposable sti� instan
es we get by de
ompositions.A
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n inst. a gap m gap a gapim a gapl a r wp a mp
 m mp
 a 
pu m 
pu1- 2 0.00 0.00 0.00 0.00 100.00 3.00 3 0.28 0.283-10 0.74 2.27 72.86 31.38 98.02 29.00 59 0.26 0.33100 11-18 2.16 3.51 47.97 13.82 94.82 55.12 79 0. 17 0.2019-20 0.36 0.63 33.53 35.86 98.48 22.50 28 0.17 0.201- 2 0.00 0.00 50.00 50.00 100.00 3.50 4 1.60 1.633-10 1.48 2.35 50.77 5.57 97.87 248.50 408 1.53 1.83500 11-18 1.20 2.46 32.97 8.64 97.76 323.00 460 1. 13 1.4819-20 0.09 0.15 41.23 24.48 99.64 53.00 76 1.00 1.031- 2 0.00 0.00 74.01 43.24 99.99 6.50 7 3.67 3.703-10 1.31 2.44 41.12 3.78 98.28 618.62 881 4.87 6.831000 11-18 1.42 3.48 20.48 5.51 97.80 579.12 950 3 .32 4.8019-20 0.03 0.04 46.26 28.83 99.86 38.50 55 2.40 2.421- 2 0.00 0.00 83.05 64.73 99.98 13.00 15 6.36 6.373-10 1.00 1.33 40.20 3.36 98.72 991.88 1422 9.66 15.951500 11-18 0.77 1.49 20.50 5.15 98.74 802.25 1091 5 .18 6.3519-20 0.02 0.03 44.27 24.34 99.88 48.00 57 4.02 4.071- 2 0.00 0.00 78.41 45.86 99.98 13.50 16 10.40 10.683-10 0.93 1.30 36.73 2.76 98.84 1027.12 1381 14.05 26.932000 11-18 1.13 1.92 13.23 3.03 98.27 1280.00 1933 9.79 13.3719-20 0.01 0.02 49.21 28.40 99.93 54.50 63 6.76 6.85Table 1: Aggregated results
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