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Abstract

We present an in-depth theoretical, algorithmic and computational study of a linear pro-
gramming (LP) relaxation to the precedence constrained single machine scheduling problem
1fprec| 3_; w;C; to minimize a weighted sum of job completion times. On the theoretical
side, we study the structure of tight parallel inequalities in the LP relaxation and show that
every permutation schedule which is consistent with Sidney’s decomposition has total cost
no more than twice the optimum. On the algorithmic side, we provide a parametric exten-
sion to Sidney’s decomposition and show that a finest decomposition can be obtained by
essentially solving a parametric minimum cut problem. Finally, we report results obtained
by an algorithm based on these developments on randomly generated instances with up to

2,000 jobs.



Subject classifications: Network/graphs, flow algorithms: parametric flows and Sidney de-
compositions. Production/scheduling, approximations: 2-approximation algorithm. Program-

ming, integer, algorithms, relaxation/subgradient: integer formulation.

1 Introduction

We consider the following single machine scheduling problem, denoted 1|prec| >_j w;Cj in the
scheduling literature (see, e.g., the extensive survey by Lawler et al. (1993)): a set NV of n jobs
is to be processed non preemptively on a single machine, which can process only one job at a
time. Associated with each job j are a positive processing time p; and a nonnegative weight
wj. A feasible job schedule must obey a partial order specified by an acyclic graph G = (N, A).
The objective is to find a feasible sequence (or schedule) of jobs which minimizes the weighted
sum )iy w;Cj of completion times. (The basic definitions and notations can be found in
Section 2).

This scheduling problem is NP-Complete (Lawler 1978) and has a long history, see Lawler
et al. (1993) for references. It is a very basic problem in scheduling theory and it appears as a
subproblem in more elaborate settings. An attractive idea for solving this problem is to use a
decomposition technique introduced by Sidney (1975): Identify job subsets such that an optimal
schedule can be obtained from pasting together optimal schedules for the job subsets. One of
the goals of this paper is to give an efficient way to compute the finest such decomposition. We
shall provide a detailed exposition of and extensions to Sidney’s results in Section 3 below.

In this paper we also study structural, algorithmic and computational properties of a lin-
ear programming (LP) relaxation which uses as its only decision variables the job completion
times Cj. This type of formulation was first introduced by Balas (1985), and studied by several
authors. In particular, Queyranne and Wang (1991a) presented an extensive polyhedral study
of the LP relaxation determined mainly by two families of valid inequalities, called parallel
inequalities and series inequalities. Wolsey (1990) later extended the formulation with O(n?)

sequence-determining binary variables, and proved that this formulation is at least as tight as



the one given by parallel and series inequalities. See the survey by Queyranne and Schulz (1996)
for an exposition and references.

The linear programming formulation considered in this paper, introduced by Queyranne and
Wang (1991b), was used by Schulz (1996) and Hall et al. (1997) to design a polynomial-time
2-approximation algorithm for this scheduling problem. In Section 4, we study the structure of
tight parallel inequalities in this LP formulation. We show that, if the problem is not amenable
to Sidney’s decomposition, then a single, global parallel inequality suffices in the LP formulation.
As a consequence, we also get that every permutation schedule which is consistent with Sidney’s
decomposition has total cost no more than twice the optimum, a surprising extension to Schulz’s
2-approximation result.

In Section 3, we provide a parametric extension to Sidney’s decomposition, and show that a
finest decomposition can be obtained by essentially solving a parametric minimum cut problem,
which, by Gallo, Grigoriadis and Tarjan (1989) (see also McCormick 1998), requires about the
time of a single maximum flow calculation. In Section 5 we show that, after this Sidney
decomposition, the LP formulation can be solved as essentially a single dual minimum cost flow
problem. Both network flow problems are on networks with the jobs as nodes (plus one source
and one sink), and the non-redundant precedence constraints as arcs (plus one source or sink
arc per job).

In Section 6, we report results obtained by an implementation taking advantage of these
theoretical developments on randomly generated instances with up to 2,000 jobs. By repeat-
edly applying the extended Sidney decomposition procedure and using series decompositions,
most of these problems end up as a collection of subproblems, the largest of which contains
approximatively 60% of the jobs of the initial problem. In short computing time (determined
primarily by the performance of the network flow algorithms) we obtain feasible solutions and

lower bounds with an average optimality gap of about 1%, and which never exceeded 3.5%.
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Figure 1: A precedence graph on 7 jobs; numbers a;b next to node ¢ correspond to the pair
Wi; Pi
2 Basic notations and definitions
Throughout this paper, we use the following notation:

w € §Rf for the row vector of the nonnegative job weights,

pE %f for the row vector of the positive job processing times,

C € RY for a column vector of job completion times,

where w and p are given and C are the decision variables. A subset J of the job set N is
proper if J # N; it is nontrivial if it is proper and nonempty.

Let G = (N,.A) be an acyclic digraph that represents the precedence relations among the
jobs in N. (See Figure 1). For a job subset J C N, let

§T(J)={ijeA:icJ jeN\J} and 0 (J)={jicA:i€J jEN\J}.

A subset I C N is initial (in N) if 6~ (I) = 0; equivalently, if ij € A and j € T imply i € I.
Similarly, a subset 7' C K is terminal if 67 (T) = (); equivalently, if i € T' and ij € A imply
j € T. In Figure 1, the set {1,3,4,5} is initial and the set {6,7} is terminal. Initial subsets
are also known, among others, as (order) ideals (Davey and Priestley 1990), selections (Lawler

1976), and closures (Picard 1976), whereas terminal sets are also known as filters (Davey and



Priestley 1990). Let Z denote the collection of all initial sets (in V), and 7 that of all terminal

sets. From these definitions, it follows immediately that
e N and ) are each an initial and a terminal set;
e a subset I C N is initial if and only if its complement N \ [ is terminal;

e 7 and T are a sublattices of 2%V, that is, each is closed under set union and intersection;
i.e., the union U UV and intersection U NV of any initial (resp., terminal) sets U and V'

are also initial (resp., terminal) sets.

We assume throughout that G = (N, .A) does not contain a directed Hamiltonian path and that
w; > 0 for some j € N, for otherwise the scheduling problem would be trivial.

The problem 1|prec| Y- w;C; can now be stated as a disjunctive linear program as follows:

(1) 2 = min wC
s.t. Cj - C; > Djs Vij e A
Ci—Ci>p; \| Ci—Cj>pi, Vi#£j, ij €A,

C >np.

This problem is known to be strongly NP hard. In the sequel, we denote the problem (1)
by P(w,p, N, A). As w > 0, the optimal schedule is obtained as a permutation of the jobs,
processed with no idle time.

For a set J C N, we use w(J) for 3, ; w; and p(J) is defined similarly. The weight vector
w is tailing off if there exists some terminal set 7" € T such that w(7") = 0; in such a case, the
scheduling problem reduces to one defined on the job set N \ 7', and we may schedule the jobs
in 7" in an arbitrary feasible sequence after all those in N \ 7" without affecting the objective
function value. In Figure 1, w is tailing off as the terminal set 7' = {2, 7} has w(T") = 0.

For any nonempty job subset J, define p(J) = w(J)/p(J). The problem P(w,p,N,.A) is

stiff if p(I) < p(N) for all proper initial subsets I of N; otherwise, it is Sidney decomposable.



In Figure 1, for the initial set [ = {3,4,5} we have p(I) = 5/3 > p(N) = 7/11 and thus this
instance is not stiff.

A simple result that will be used several times is the following:

Lemma 2.1 Let a,b > 0 and ¢,d > 0. Then % < % if and only if ¢ < g. (A similar

statement holds for > and = operators.)
Proof: By cross multiplication. O

A reader interested in Sidney decompositions may now continue with Section 3 below,
whereas one more immediately interested in properties of the LP relaxation of the scheduling

problem may now proceed directly to Section 4.

3 Sidney Decompositions

In this section, we study extensions, properties, and algorithmic aspects of Sidney decomposi-
tions. Finding a Sidney decomposition will allow us to decompose an instance of the scheduling

problem into smaller, more manageable instances.

3.1 Parametric Sidney Decomposition

We begin with a parametric extension to Sidney’s decomposition theorem in Sidney (1975). In
addition to its algorithmic implications, this extension also provides a short proof of Sidney’s

main result. For nonnegative real number \ and job set H, define f)(H) by
IA(H) = w(H) — Ap(H).

Theorem 3.1 Consider any fized A > 0 and any initial subset J in N such that p(J) =

max{f\(I) : I € Z}. Then there exists an optimal schedule in which J precedes N \ J.

Proof: As in the proof of Lemma 3 in Sidney (1975), for A" = A\ §"(J), we consider the
related problem P(w,p, N, A’); that is, we eliminate all precedence relations from J to N \ J.
Thus, P(w,p, N, A’) is a relaxation of P(w,p, N, A).



Lemma 3.2 J € argmax{f\(I) : I is initial in (N, A")}.

Proof: First, note that J is initial in (N, A"). Now, to get a contradiction, assume that there
is an initial set I in (N, A") with fx(I) > fa(J). Let U =JUI and V =JN1I,s0o U and V are
initial sets in (N, A’) and fy(U) + fa(V) = fa(J) + fa(L) > 2f1(J). But note that U and V are
also initial in (N,.A): this is trivial for V as it is contained in J, and A and A’ coincide on .J;
regarding U, if jk € A and k € U, then either jk € A’ implying j € U, or jk € A\ A’ implying
j € J CU. Since U and V are initial in (N, A), we have f(U) < fa(J) and fr(V) < fa(J), a

contradiction. O

Lemma 3.3 There exists an optimal schedule for (N, A") in which J precedes N \ J.

Proof: As in Sidney (1975), consider an optimal permutation « on (N, A’) and write o =
(a|G1,a|Hy, |G, ... ,a|Hy,a|Gri1), where o K denotes the restriction of a to a subset K,
such that J = (J; H;, and where G or G,; may be empty. By the Adjacent String Interchange
Lemma (Lemma 2 in Sidney 1975), we have p(Hy) > p(G2) > ... > p(H,), for otherwise we
could exchange a subset with its predecessor in the list, obtaining a feasible permutation for
(N, A’) with lower total cost. Note that p(H,) > A, for otherwise f)(J\ H;) = fr(J)— (w(H,)—
Ap(H,;)) > fx(J) a contradiction with Lemma 3.2, since J \ H, is initial in (N, .4"). On the other
hand, since H; is initial in (N, A’), we have p(H;) < A. In addition, if Gy # (), we also have
p(G1) < X for otherwise fy(J UG1) = fio(J) + (w(G1) — Ap(G1)) > fr(J) again contradicting
Lemma 3.2, since J U G is initial in (N, A"). Therefore p(G1) = p(Hy) = p(Gs) = ... =
p(H,) = A, where the first equality holds provided G; is non-empty. This implies that we can
exchange each H; with all preceding G’s, obtaining an optimal permutation for (N, A’) as

stated in the lemma. O
Theorem 3.1 now follows immediately, since an optimal schedule as in Lemma 3.3 is feasible
for (N, A), and problem P(w,p, N, A') is a relaxation of P(w,p, N, A). O

Let p* = max{p(I) : I € T}. Note that Sidney’s result follows as a special case, using

A =p*: As f,-(J) <0 for all initial sets J, and is equal to 0 if and only if p(J) = p*, we have:



Corollary 3.4 If J C N is an initial set with p(J) = p* then there exists an optimal schedule
for (N, A) in which J precedes N \ J.

3.2 An Algorithm for Parametric Sidney Decomposition

We now discuss an algorithmic implication of Theorem 3.1. As observed by Picard (1976)
and Lawler (1976), Lawler (1978), finding an initial set J which maximizes f\(J) is equivalent
to finding a minimum s, ¢—cut in the network Ny = (N*, A*, c)) where N* = N U {s,¢} and
s,t ¢ N are a source and a sink; A* = AU {sj, jt: 5 € N} and ¢y : A* — Ry is defined by

ex(ij) = +oo for all ij € A,
ex(st) = max{—w; + A\p;,0} and ¢y (it) = max{w; — Ap;,0}

for all i € N. Indeed, by construction of the graph (N*, A*), every subset J C N* with s ¢ J,
t € J and finite cut capacity c\(dy.(J)) < +oo defines an initial set I = J \ {t} in N with
D) = ex(dy-({t})) —ex(0y«(J)). That is, the sink side of the minimum cut identified by the
flow defines an initial set in N maximizing f). Note that (because w > 0) N is optimal for
A =0 and (since p > 0) 0 is optimal for all A\ > max{w;/p; : j € N}.

As the parameter A > 0 increases, we obtain a parametric minimum cut problem where
arcs adjacent to the source have monotonically non-decreasing capacity, those ajacent to the
sink have monotonically non-increasing capacity and other arcs have constant capacity. This
is precisely the setting for the parametric maximum flow algorithm, hereafter called the GGT
algorithm, due to Gallo, Grigoriadis and Tarjan (1989). Indeed, the GGT algorithm produces,
in about the time needed to compute a single maximum flow on a network N, a nested family
of subsets ) = Hy C Hy C ... C H, = N and a sequence of breakpoints +oo =Xy > Ay > ... >
Ak > Ak+1 = 0 such that for all 2 =0, ..., k, H; maximizes f) for all values of A in the interval
[Ait1, Ai]. (Note that we may have A\, = Agy1 = 0 if w is tailing off, as defined at the end of

Section 2.)



Proposition 3.5 Let ) = Hy C Hy C ... C Hy = N be a nested sequence of initial sets
constructed by the GGT algorithm. For i =1,...,k define J; = H; \ H;_1. Then there ezists

an optimal schedule for P(w,p, N, A) in which J; precedes Jit1 for alli=1,...,k— 1.

This Proposition shows that we can use the GGT algorithm to identify a decomposition of the
job set N such that an optimal schedule is obtained from optimal schedules for the job subsets
in the decomposition. In the rest of this subsection, we prove this Proposition and, in the
next subsection, we show how it relates to Sidney’s original decomposition. In particular, we
shall need to consider special cases where there are several optimal initial sets. The reader not

interested in such details may now skip directly to Section 4.

For the proof of Proposition 3.5 and subsequent developments, we need to extend the no-
tations and definitions of Section 2 to subsets of an arbitrary job set K C N. For any subsets

J CK, let
() ={ijeA:ield jeK\J} and dg(J)={jiecA:ielJ jeK\J}

A subset I C K is initial in K if 0, (I) = (; Similarly, a subset 7" C K is terminal in K if
64 (T) = 0. Let Z(K) denote the collection of all initial sets in &, and 7 (K) that of all terminal
sets in K.

Proof of Proposition 3.5: The Proposition vacuously holds for k = 1, the case where no
decomposition can be found, i.e., the problem is stiff; so, assume k£ > 2. For¢ = 1,...,k, define
K;= N\ H;_,. Observe that each K; is a terminal set in N and each J; is an initial set in K;.
We prove by induction on 7 that there exists an optimal schedule for P(w,p, N, A) in which
J; precedes K;. Since J; = H; is an initial set in K1 = N which maximizes fy,, Theorem 3.1
implies that it is optimal to schedule all jobs in J; before all jobs in Ky = K \ J;. Therefore,
we may from now on restrict attention to optimal schedules for P(w,p, K2, A2) where Aj is
the restriction of A to Ky. So, by induction, assume we have proved the proposition for all
i < h, and now restrict attention to optimal schedules for P(w,p, Kp, Ap) where A, is the

restriction of A to Kj. We claim that Jj, is an initial set in K} which maximizes f) for A = A.



Figure 2: Tllustration of Proposition 3.5; p(H;—1) = \j—1 and p(H;) = \; K; = N — H;_1 is not

shown.

By contradiction, assume that there exists an initial set I in K;, with fy(I) > f\(Jp). Since

Hj;_1 U is an initial set in N we have

IHp1) > fu(Hpa UT) = fa(I) + fA(Hp1)
> fa(Hp—1) + fA(Jn) = fa(Hp) = fA(Hp-1),
where the last equality follows from Hj, 1 and Hj, being both optimal for A = Ay. This produces
a contradiction. Thus Jj, is an initial set in K} which maximizes f) and Theorem 3.1 implies

that it is optimal to schedule all jobs in .J, before all jobs in Kj 1 = K}, \ Jp,, and therefore

before Jp1. O

3.3 Sidney Decompositions and the Semilattice of Sidney Partitions

We now consider in greater detail the structure of the various decompositions one may obtain
by using the parametric method described above or Sidney’s original decomposition method,
as well as through different choices within these methods. We shall start with a few definitions.

For job subset K C N, let
p*(K) = max{p(l) : I is an initial subset in the subgraph of G induced by K}.

Let (J1,...,J) denote an ordered partition of K, that is, a sequence of nonempty subsets of K

satisfying UF_,J; = K and J, N J; = O whenever h # i. We say that (Jy,...,Ji) is a Sidney

10



decomposition of K if, for all 4 = 1,...,k, subset J; is an initial set in K; = J; U...U J and

p(Ji) = p*(Ki).
Lemma 3.6 The GGT algorithm constructs a Sidney decomposition of the job set N.

Proof: Letting, for h = 1,...,k, subset J; be as defined in Proposition 3.5 and, as above,
K; = N\ H;_;, we only need to prove that p(J;) = p*(K;). Assume by contradiction that there
exists an initial set I in K; with p(I) > p(J;). Note that, as in the proof of Proposition 3.5, we
have, fx, (Ji) = fx, (Hi—1) — fa,(H;) =0, so \j = p(J;) < p(I). But then H;_; U I is an initial

set such that

i (Hici UI) = fa,(Hi—1) + o, (1) > fr, (Hi-1),

a contradiction. Thus we must have p(J;) = p*(K;). O

Sidney (1975) constructs a decomposition of the job set N by the following simple process:
first, let K1 = N; then for 7 = 1,..., and while K; # ), choose a nonempty initial subset J;
of K; with p(J;) = p*(K;) and let K;4; = K; \ J;. Clearly, this is a Sidney decomposition as
defined above, but it need not coincide with that obtained from the GGT algorithm. We now
investigate the collection of all Sidney decompositions of a job set IN; we will show in particular
that there is a finest such decomposition and that it can be obtained from the GGT algorithm
with modest additional work.

The p-profile of a Sidney decomposition J = (Ji,...,J;) is the sequence (A; > ... > A) of
the distinct values p(J;) for all members J; of J. The proof of the following lemma is immediate,

and is left to the interested reader:

Lemma 3.7 Let J = (Ji1,...,J;) denote a Sidney decomposition of K. If p(J;) > p(Ji) then

1 < k.

A consequence of this Lemma is that in a Sidney decomposition J, the subsets J; must be

in non increasing order of their p values. The reduction of a Sidney decomposition J with

11



p-profile (A\; > ... > A,) is the ordered partition R = (Ry,...,R,) where, for i = 1,...,q,
R; = U{J; : p(J;) = Ai}. The proof of the following lemma is immediate, and is also left to the

interested reader:

Lemma 3.8 The reduction of a Sidney decomposition is a Sidney decomposition.

Theorem 3.9 All Sidney decompositions of a given instance have the same p—profile and the

same reduction.

Proof: Let J = (Ji,...,J;) and J' = (J|,...,J]) be two Sidney decompositions of the same
job set N, with p-profiles (A} > ... > A;) and (A} > ... > A]), respectively, and reductions
R = (R1,...,Ry) and R' = (R],...,R]), respectively. We will show by induction on 7 that,
for all i, \j = A} and R; = R}, thus implying that ¢ = r and yielding the result. By definition,
we have Ay = p*(N) = \|. If Ry # R} then let U = Ry U R} and assume, wlog, that Ry C U.
Since U is a union of initial sets in N, it is itself an initial set in N. Therefore, U \ R; is an
initial set in N \ Ry, with p(U \ R1) = p*(N) by Lemma 2.1. As p*(N) > Ay = p*(N \ Ry),
we get a contradiction. So, we must have R; = R). The general case proceeds similarly: if
Ap = X, and Ry, = R}, for all h <4, then we observe that (R;11,...,Ry) and (R}, ,...,R]) are
Sidney decomposition of N \ U,<; B with profiles (Ait1 > ... > Ag) and (Ni; > ... > A)),
respectively; and the same argument applies to show that Ay = A 41 and Riypy = R; 11>

completing the proof. O

Accordingly, call the common p—profile of all Sidney decompositions of N the p—profile
of N, and call the common reduction of all Sidney decompositions of NV the reduced Sidney
decomposition of N. Thus all Sidney decompositions of N differ only in the way the subsets R;
in the reduced Sidney decomposition are partitioned and ordered. For our scheduling problem,
we will prefer to use a finer decomposition than the reduced Sidney decomposition, whenever
one exists; indeed, we prefer to decompose the problem into as many (small) pieces as possible.

We will show that this is indeed possible.

12



A Sidney decomposition J = (Ji,...,Ji) of a job set N defines a partition J = {J1,..., Ji}
of N consisting of the same subsets, by simply disregarding their order. Call such a partition a
Sidney partition of N. The subsets J; are called the blocks of the partition. We now characterize

all the Sidney decompositions that define a same Sidney partition 7.

Theorem 3.10 Let J = {Ji,...,Jx} be a Sidney partition. An ordered sequence (Ji,...,Ji)

of its blocks is a Sidney decomposition if and only if, for all distinct 1,5 € {1,...,k},
(i). if p(J5) > p(J;) then i < j; and
(ii). if uvv € A with v € J; and v € Jj then i < j.

Proof: The conditions are clearly necessary: (i) by Lemma 3.7, and (ii) because its violation
would imply that J; is not an initial set in (J;_; J. Therefore, assume that J = (Ji,..., Ji)
is an ordered sequence satisfying conditions (i) and (ii), and consider any index i € {1,...,k}.
We prove by induction on ¢ that J; is a initial set in K; = Up_; Jp, with p(J;) = p*(K;). This
follows immediately from (i) and (ii) when ¢ = 1. So assume that this holds for all h < ¢ where
1 > 2. This implies that the blocks Ji,...,J;—_1 can be identified by Sidney’s algorithm as the
first 1 — 1 blocks in a Sidney decomposition J' = (Ji,...,Ji—1,J},...,J}). Condition (ii) implies
that J; is an initial set in K;. Let (A1,...,A,;) denote the p-profile of N. Since J is defined
by a Sidney decomposition, by Theorem 3.9, p(J;) = A; for some index j. Therefore, letting
R denote the Sidney reduction of N, we have J; C R;. This implies p*(K;) > p(J;) = Aj. By
condition (i), we have R, N K; = () for all h < j. By Theorem 3.9 applied to J', this implies
that p*(K;) = p(J{) < Xj. Therefore p*(K;) = A\j = p(J;). O

For our scheduling problem, we will be indifferent between using any of several Sidney
decompositions that define a same partition; although the resulting optimal sequences will
differ, they will remain (globally) optimal, and the computational effort will be identical, as we
will need to solve identical subproblems. We will show that the Sidney partitions of a job set NV

form a (finite) meet semilattice, and thus that there exists a “finest” Sidney partition.

13



Recall that the set Part(/N) of all partitions of a set N is a lattice (Gratzer 1978). The
associated partial order “<” is defined as follows: a partition Q = {Q1,...,Qq} of N is finer
than partition @' = {Q},...,Q.}, denoted Q@ < O, if for alli = 1,...,q there exists an index j
such that @Q; C Q;-. Note that this implies ¢ > r. A collection M C Part(N) is a meet
sub—semilattice of Part(N) if it is closed for the (partition lattice) meet operation, that is, if
Q, Q" € M then their meet Q A Q' is also in M, where Q A Q' € M is the coarsest partition

Q" € Part(N) such that Q" < Q and Q" < Q.

Theorem 3.11 The set of all Sidney partitions of a set N is a meet sub—semilattice of the

partition lattice Part(N).

Proof: Given any two Sidney decompositions J = (Ji,...,J;) and J' = (J1,...,J]) of N, we
need to prove that the meet (largest lower bound) J A J’ of their associated Sidney partitions
is also a Sidney partition of N. Recall (e.g., Lemma IV.4.1 in Gritzer 1978) that J A J' is
the partition consisting of all the nonempty intersections H;; = J; N J]'-. Order these nonempty
intersections H;; in lexicographic order of the indices ¢ and j (that is, if H;; is before H,, then
either 1 < w or i = u and j < v). It follows that the sequence of all nonempty intersections H;;
thus ordered satisfies condition (ii) of Theorem 3.10. By Theorem 3.9, we have H;; # () only if
p(Ji) = p(J;). Therefore this ordered sequence of nonempty H;;’s also satisfies condition (i) of

Theorem 3.10, implying that J A J’ is a Sidney partition. O

Corollary 3.12 There exists a finest Sidney decomposition of a set N, unique up to permuta-

tions of some of its blocks.

The following example shows that the set of all Sidney partitions is not closed for the join
operation:

Example: let N = {a,b,c,d,e} and A = {ab, cd}; let all p; = w; = 1, so all nonempty sub-
sets J C N have p(J) = p*(N) = 1; then J = ({a, e}, {b,c},{d}) and J' = ({a}, {b},{c}, {d,e})
are Sidney decompositions, and yet the join 7V J’ = {{a,d, e}, {b, c}} of their associated Sidney

partitions is not a Sidney partition, as neither of its blocks is an initial set in N. O

14



Note however that there is a coarsest, i.e., least fine, Sidney partition, R defined by the
reduced Sidney decomposition R of N. In contrast with the finest Sidney partition, the coarsest

Sidney partition R is unique.

3.4 Constructing a Finest Sidney Decomposition

We now show how to construct a finest Sidney decomposition, using the GGT algorithm de-
scribed in Section 3.2.

First recall (see, e.g., Hu 1970) that, given a network N = (N*, A*, ¢)) with source s and
sink ¢ in N*, the collection of sink sets 7' of all minimum capacity s,t—cuts forms a sublattice
of 2V". This sublattice is isomorphic to the sublattice of ideals I C N with maximum weight
al) = w(l) — Ap(I), by simply letting I = T\ {t}, as seen in Section 3.2. Recall also that the
largest and smallest such sink sets 7\, and Tx, respectively, can be obtained by simple labeling.
For T\, start from the source s and apply the Ford-Fulkerson labeling procedure: then 7\ is
the set of all unlabeled nodes at the end of the procedure (i.e., all nodes not reachable from
the source s in the augmenting network associated with the current maximum flow). For Tj,
take all nodes from which one can reach the sink ¢ in the augmenting network (see Hu (1970)
for details). Note that each procedure requires O(m + n) operations, where n = |[N| = |[N*| — 2
and m = |A| (so the number of arcs in N) is m + 2n).

Since, by Theorem 3.9, R; = T\, \ {t} defines the largest ideal with maximum weight fy(I), it
follows that we immediately obtain the reduced Sidney decomposition by using Ford-Fulkerson’s
original labeling procedure at each step of the GGT algorithm.

For our scheduling purposes, however, we want to construct a finest Sidney decomposition.
Recall that the GGT algorithm identifies a sequence of breakpoints +00 = Ag > Ay > ... >
Ak > Ag+1 = 0, where, as follows from Sections 3.2 and 3.3, (A1,..., A;) is the p—profile of N.
Letting, as above, R = (Ry,..., Rx) denote the reduced Sidney decomposition of N, each set
Ii = Up<i Ry is, for i = 0,...,n, the largest ideal I in N with maximum weight fy (). Consider

a step of the GGT algorithm where we have determined a maximum flow for A = \;. We now
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seek to determine a finest Sidney decomposition, which amounts to finding a maximal nested
family of minimum s, t-cuts in A/y. All minimum s,¢-cuts in N, can be obtained as follows
(details can be found in Picard and Queyranne (1980):

Let AG(N,, f) be the augmentation graph associated with the optimal flow f on N and let
Aq, ..., Ay beits strongly connected components. Let AG’ be the directed graph obtained from
AG by contracting to a single vertex a; the component A; for j =1,...,u. Observe that AG’
is a directed acyclic graph, thus inducing a natural partial order on its nodes. Any minimum
s, t-cut in Ny is the set of arcs entering the union of components corresponding to an initial set
in AG’. A maximal nested family of such cuts can be obtained by ordering the nodes of AG’
according to any order compatible with the partial order represented by AG', say {b1,...,b,}
and considering the cuts generated by the sets by U...Ubj for j =1,...,u — L.

As all the above operations can be carried out in time O(m + n), we have shown:

Theorem 3.13 Let MF(v,a) denote the time required to solve a mazimum flow problem in a
network with v nodes and a arcs, using an algorithm compatible with the Gallo-Grigoriadis-
Tarjan parametric mazimum flow approach (Gallo, Grigoriadis and Tarjan 1989). Then a
finest Sidney decomposition of a scheduling problem with n jobs and m precedence constraints
can be constructed in MF(n,m +2n) + O(n(m +n)) time. The coarsest Sidney decomposition

can be constructed in MF(n,m + 2n) + O((m + n)) time.

4 Properties of the LP Relaxation: tight sets and decompositions

In this section, we study an LP relaxation of the problem. We explore some interesting proper-
ties of the LP optimal solutions. We derive a necessary and sufficient condition for the Sidney
decomposition of the problem. Finally, we show that any feasible solution of a stiff instance
has objective value at most twice the optimal value. (This has been proved independently by
Chekuri and Motwani 1999.)

For convenience, we introduce some notation. For any vectors u, v € RY and J C N, let

16



u(J) = > ey Uy, u?(J) = >ied u?, and uxv(J) = 32 ; ujvj. The following set function plays a
fundamental role in the study of scheduling polyhedra (see, e.g., Queyranne 1993 or Queyranne

and Schulz 1996): for J C N, let

g(7) = 5 [p()? + ()]

N —

The following identity (Queyranne 1993) will be useful: for any J,H C N,
(2) g(JUH)+g(JNH)=g(J)+g(H)+p(J\ H)p(H\J).

For any J C N, inequality p x C(J) > g(J) is known to be valid for (1), and it is called a
parallel inequality (Queyranne and Wang 1991a)

Without loss of generality we may assume that the precedence graph G is transitively re-
duced, that is, A is the minimum collection of arcs representing the partial order. (This is also
called the Hasse diagram of the partial order).

Let A denote the |A| x |N| arc-job incidence matrix of G, where rows of A are indexed by

arcs ij € A, columns by jobs h € N, and
-1 ifh=iandije A
Aijn = 1 ifh=jandije A

0 otherwise

Let A" denote the column of A indexed by job h. Also define the column vector b € R4 as
b;j = p; for all ij € A. Let 0 denote a vector of all 0’s, and 1 a column vector of all 1’s.
Replacing the disjunctive constraints and C' > p in (1) with all parallel inequalities, we

obtain the following LP relaxation.

(3) wC* = min wC
s.t. pxC(J) >g(J), YJCN

AC > b.
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Using a variable p; for each J C N and a variable y;; for each arc ij € A, the LP dual

formulation of (3) is

4) D(u*y*) = max) (g(J)us:J SN )+yb
s.t. Z(phuJ:Jah,JgN)—i—yAh:wh, Vh e N

=0, y=>0,

where (u*,y*) denote an optimal dual solution.

Now, for any optimal solution C' to (3), define
T(C)={J: JC N, pxC(J) =g(J)}.
That is, 7(C) is a family of tight sets. By convention, ) € 7(C).
Lemma 4.1 Let J € 7(C) be any nontrivial tight set. Then

(5) ()VYied, C;<p(J) and it holds with equality iff J \ {i} € 7(C);

@)Vi ¢ J, C;>p(J)+p; and it holds with equality iff J U {j} € 7(C).
Proof: Note that by (2), g(J) —g(J \ {¢}) = pip(J). Thus, (i) follows from

9(J) = piCi +px C(J\{i}) 2 piCi + g(J \ {i}).
Similarly, since g(J U {j}) — g(J) = pj(p(J) + p;), (ii) follows from

9(JU{j}) <piCj+p* C(J) = p;iCj +g(J).

Note that we have used the fact that all parallel inequalities are valid. O

Lemma 4.2 Let J € 7(C) be any tight subset. If one of the following conditions holds:
(i). there exists no tight set J with J C J and |J| = |J| — 1,

(ii). there exists no tight set J with J C J and |J| = |J| + 1,
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then C; — C; > pj, for alli € J and j € N \ J.

Proof: Suppose that for for some ¢ € J and 5 € N\ J, C; — C; < pj. Then by (i) and (ii) of
(5) we have Cj — p(J) < C; — C; < pj < Cj —p(J). This implies

(a) C; =p(J) and (b) C; = p(J) + pj.
(1) If |[J| > 1 and C; — C; < pj for some ¢ € J and j € N \ J then, by (a) above and (i) of (5),
J\{i} € 7(C), a contradiction to the minimality of J.
(2) Observe that (b) above and (i) of (5) imply that J U {j} € 7(C) with |.J| = |J| + 1, again
a contradiction. O

Note that it is not necessary that A contain the pair ij or ji.

The following proposition establishes some important properties of tight sets.
Proposition 4.3 For any optimal solution C to (3),
(i). 7(C) contains a nonempty set;
(7). for any pair J, H € 7(C), either J C H or H C J holds;
(11i). each J € 7(C) is initial;
(iv). N € 7(C) if w is not tailing off.

Proof: (i): If (i) does not hold, then by complementary slackness, u* = 0. So w = y*A, and
w(N) = wl = y*Al = 0, implying w = 0, a contradiction.

(4): If (4i) is false, then there exists a pair J, H € 7(C) with p(J \ H)p(H \ J) > 0. Using two
parallel inequalities induced by J U H and J N H to obtain the first inequality below and the

identity (2) for the second line, we obtain a contradiction since

g(JUH)+g(JNH) < pxC(JUH)+p+xC(JNH)=pxC(J)+pxC(H)

= g(J)+g(H)=g(JUH)+g(JNH)—p(J\ H)p(H\J).
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(743): If some J € 7(C) is not initial, then there exists some j ¢ J but ji € A for some i € J.
Then C; < C; — p;, and C; < p(J) by (i) of (5). This implies that C; < p(J), a contradiction
to inequality (ii) of (5).

(7v) Suppose that N ¢ 7(C). Then by (i) and (ii), there exists a unique maximal tight set J*
with J* # N. Let H = N\ J*, and note that H is terminal since J* is initial by (iii). Define C
by Cj, = Cy if h € J* and C), = Cj, — € if h € H. By maximality of J* and (i) of Lemma 4.2,
we have C; — C; > pj for all 45 € §7(J*). Furthermore, the maximality of J* ensures that no
tight set contains a node in H. Therefore, for sufficiently small € > 0, Cis primal feasible. But

wC < wC = wC — ew(H), implying w; = 0 for all j € H and w is tailing off. O

Theorem 4.4 Assume that G = (N,.A) does not contain a directed Hamiltonian path. The
problem P(w,p, N, A) is Sidney decomposable if and only if there exists an optimal LP solution

C such that px C(J) = g(J) holds for some nontrivial subset J C N.

Proof: Necessity: Let I € Z be a nontrivial initial set such that p(I) = w(I)/p(I) = p*. Let
H = N\ I. Since P(w,p, N, A) is Sidney decomposable and using Lemma 2.1, we have

w(I) _ w(N) _ w(l) +w(H) w(l) _ w(H)
p(I) = p(N)  p(I)+p(H) p(I) ~ p(H)

Now, consider any optimal LP solution C. If there exists some nontrivial subset J C N with

(6)

p* C(J) = g(J), we are done. Otherwise, for € > 0, define Cf = C; — ep(H) for all ¢ € I and

Cs = Cj +ep(I) for all j € H. Observe that for any e > 0, the following inequality

(7) p*xC(N)=p*C(I) —ep(H)p(I) +p = C(H) + ep(I)p(H) > g(N)

and all precedence constraints are still satisfied by C¢ (since [ is initial). Furthermore, by (6)
wC < wC* =wC — ew(I)p(H) + ew(H)p(I) < wC.

So C* is also an optimal solution if no parallel inequality px C*(J) > ¢(J) induced by nontrivial
subset J C N is violated as e increases. Clearly, we can increase € until p x C(J¢) > g(J°)

becomes binding for some nontrivial subset J¢. The resulting C* is the required solution.
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Sufficiency: Let C be the optimal solution with 7(C') containing some nontrivial subset. We
need to find some nontrivial initial subset J* with p(J*) > p(N).

First, observe that if N ¢ 7(C), then by (iv) of Proposition 4.3, w is tailing off, which
implies that there exists some nontrivial terminal subset H with w(H) =0. So J* = N\ H is
the required initial set, and we are done. Thus, for the rest of the proof assume that |7(C)| > 3
(since 7(C) contains the empty set, a nontrivial tight set and V).

By (#) and (7)) of Proposition 4.3, we know that 7(C) contains k nested nonempty tight
sets J; C -+ C Jg, where 2 < k < n and that all these sets are initial. We distinguish the
following two cases.

CASE 1: 2< k < n.
(I). We first claim that, for some ¢ with 1 < ¢ <n, C; — C; > p; for all ij € 61 (J,).

If |Ji| > 2, then (i) of Lemma 4.2 implies that the claim holds; Otherwise, since k& < n,
there exist tight sets J, and Jy41 with |Jg41]| > |Jg| + 2. Then the claim follows from (i) of
Lemma 4.2. This proves the claim.

(IT). Let I = J; and "= N \ J,;. Define Cf = C; + ep(T) for all i € I and Cj = C; — ep(I)
for all 5 € T'. For sufficiently small € > 0, C* violates no precedence constraints by the above

claim, and moreover, using 4.3 (i7), it is straightforward to verify that
px CYQ) > g(Q), for all Q # N, and that px C(N) = g(N).

So C¢ is a feasible solution, and

e _ w(l) _ w(T)
0 <wC® —wC = ew(l)p(T) — ew(T)p(l) = 20D > (D)

It follows that p(I) > p(N) as required.

CASE 2: k£ = n. Without loss of generality assume that C; < Cy < --- < C),. It follows from
repeated application of Lemma 4.1 that C' forms a schedule, that is, C1 = p1, Cjy1 = C; + pj
for j =1,...,n — 1. First observe that C; — C; > p; for any ij € A with j > ¢ + 2 (Otherwise,
by Lemma 4.1, J; U{j} & 7(C) is also tight, a contradiction.) If there exists some proper tight

subset J, such that (¢,¢+ 1) ¢ A, then using the above observation and the construction of C*
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as in (II) of CASE 1, we show that I = J, is the required subset and we are done. Otherwise,

we must have (¢,g+1) € Aforg=1,...,n— 1. So A forms a chain, again a contradiction. O

When P(w,p, N, A) is stiff (i.e., not Sidney decomposable), some interesting consequences
follow from the above theorem. First, one obtains a new (trivially computable) lower bound
for the optimal objective value z*. Second, any feasible schedule with no idle times has its

objective value within a factor of 2 of the optimal objective value.

Theorem 4.5 If P(w,p, N, A) is stiff, then the optimal LP value wC* > w(N)p(N)/2. More-

over, there exists a family of instances such that this inequality is asymptotically tight.

Proof: Since P(w,p, N, A) is stiff, by Theorem 4.4, 7(C') = { N} for any optimal LP solution C
(since w # 0.) By duality, w = pjyp + y* A, and the optimal LP value is wC* = p},g(N) + y*b.
Since w(N)p(N) = wip(N) = (u3p(N) +0)p(N) = uyp(N)?,

. . . p(N)?2  w(N)p(N
wC™ = pyg(N) +y bZ:uNp(2) _ w¥nl ),

as required. The required family of instances can be constructed as follows. Let N = {1,...,n}

and A={jn:j=1,...,n—1}. Let w; =0for j =1,...,n—1 and w, = n, and let p; =1,

for y =1,...,n. The optimal LP solution C* is given by C;‘ = "25272 fory=1,...,n—1and
C:; — n2+23;ln—2 with wC* = n2+2?;ln—2 and W(N)QP(N) — % 0

Corollary 4.6 If P(w,p, N, A) is stiff, then any feasible schedule with no idle times has its

objective value within a factor of 2 of the optimal value.

Using the same LP formulation, Schulz (1996) and Hall et al. (1997) obtained 2-approxi-
mation algorithms by constructing a feasible solution with value at most twice the value of the
linear relaxation. Corollary 4.6 has the same flavor, but shows that, for a stiff instance, even

the worst feasible solution is within a factor of 2 of the optimal value.
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5 Solving the LP for a Stiff Instance

In this section, we show how to solve the LP (3) for a stiff instance P(w,p, N,.A) by network
flow techniques. By Theorem 4.4, the LP (3) for a stiff instance reduces to the inequalities
generated by the precedence constraints and to the equality p x C(N) = ¢g(N). In the reminder
of this section, we find convenient to work with variables associated with starting times instead
of completion times. For J C N, we define ¢'(J) = 3 [p(J)? — p*(J)] and for j € N, we use

S; = Cj — p; to denote the start time for job j. Hence
ijj = ijj —p?, and Cj —C; > Dj = Sj -8 > pi.
Rewriting the LP (3) with these variables (see Queyranne and Schulz 1996), we obtain:

(8) min z=wS

s.t. pS=4¢g(N)

S;—Si > pi for allij € A
S>0.
Let p = w(N)/p(N) and w = w — pp. Consider the Lagrangian relaxation of this problem

obtained by dualizing the equality constraint with multiplier p, i.e.:
(9) min 2Z’=wS—p(pS—g(N)=wS+pg(N)

s.t. S;— Si > p; for allij € A

S >0.

We say that an arc 45 € A is tight for a solution S if S; — S; = p;. The next Lemma implies

that z = 2.
Lemma 5.1 There ezists a solution S* optimal for both LP (8) and LP (9).

Proof: Since the problem P(w,p, N, A) is stiff, for each initial set I € Z we have w(I) =

w(l) — —571p(I) < 0 and thus for each terminal set T € 7 we have w(T) > 0. Since the
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extreme rays of LP (9) are generated by the characteristic vectors of the terminal sets, the
optimal value of LP (9) is bounded. As LP (9) is contained in the positive orthant, there exists
an optimal extreme point S. Let K be a connected component of the subgraph of G induced
by the tight arcs for S. Note that K contains a node ¢ with S; = 0, for otherwise, adding (resp.
subtracting) a small e > 0 to S; for all j in K would yield a feasible point S* (resp. S7). But
then S = (S*+.57)/2, a contradiction. Hence, for each node j € N there exists a path of tight
arcs joining j to a node i(j) with S;;) = 0 (ignoring the orientation of the arcs).

Let t = arg max {S; | i € N} and ty,...,t,t be a simple path of tight arcs joining ty to
t with S;, = 0. Then we have S; < py, + ...+ py, and, by choice of t, Sy < S, for all ¢ € N.
Consider now the schedule obtained by starting with the jobs ¢y, ..., %k, t in that order and then
putting the remaining jobs in arbitrary order. (This schedule is probably not feasible for LP
(9), but this is of no importance). Denote by y the starting times of that schedule. Note that
S <y and that p y = ¢'(N). It follows that p S < ¢’(N) and thus, for ¢ = (¢'(N) —p S)/p(N),
we have ¢ > 0. Hence S* = (S + ¢ 1) is feasible for LP (9) and satisfies p S* = ¢'(N), i.e S*
is feasible for LP (8). Moreover, since w(N) = 0, we have w S* = @ S, implying that S* is an

optimum solution to LP (9) feasible for LP (8), i.e. an optimum solution to LP (8). O

The LP (9) is, in fact, a problem on node potentials with non-negativity constraints. Hence,
if we forget about the non-negativity constraints, it is the dual of a max-cost flow problem
with supply-demand vector w and with arc capacities all infinity. By solving this max-cost
flow problem and constructing a dual feasible solution by complementary slackness, we can
find an optimal solution of LP (8), as outlined in the proof of the previous lemma. The
complexity of the whole procedure is dominated by the time to compute a max-cost flow, e.g.
O((|A|logn)(]A] +nlogn)) (Ahuja et al. 1993).

Depending on the algorithm chosen for solving the max-cost flow problem, the dual variables
may be readily available. Otherwise, starting from an optimal solution f* of the flow problem,
we consider the connected components Ki,..., K, induced by the arcs ¢j with i*j > 0. For

each 1 < v < u, one can set potential S; > 0 for the nodes ¢ € K, such that all arcs of K, are
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tight for S and each component contains a node with potential 0. This solution S may violate
some precedence constraints associated with arc ij € A with ¢ and j in different connected
components. But since the potential associated to the nodes of one connected component are
defined up to an additive constant, it remains to determine additive constants Aq,..., A, > 0
such that adding A, to the potential of the nodes in K, for all 1 < v < wu yield a feasible
optimal solution to LP (9) .

These A’s can be found by solving a longest path problem the digraph G’ obtained from
G by contracting each connected component to a single node, and replacing arc 4j joining ¢ in
component K, with j in component K, by an arc joining K, to K, with weight S; + p; — Sj.
Add one node s joined to all nodes in G' by an arc of length 0. Since LP (9) is feasible, G’
does not contain a directed cycle with positive weight and we can use Bellman-Ford algorithm
to compute the longest path from s to the other nodes in G' in O(nm) operations. It is
straightforward to check that using the value of the longest path from s to the node K, for A,
yield a feasible solution to LP (9) that satisfies the complementary slackness condition with f*,

implying the optimality of this solution.

6 Computational results

We implemented the algorithms described in Sections 3, 4 and 5 and tested its performance on
random instances. We first give a high level description of the algorithm before detailing its

steps and explicating some of the terms it uses in the remainder of the section.
1. Initialize the ordered list L of subproblems as containing only the initial problem;
2. For each subproblem P in the list L, repeat

2.1. if P is series decomposable, replace P in L by the ordered subproblems of its series

decomposition; break;

2.2. If P is Sidney decomposable, replace P in L by the ordered subproblems of a finest

Sidney decomposition of P; break;
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/* Now P is non series decomposable and stiff */
2.3. Remove P from L;
2.4. Compute the value of the LP (3) for P; Try to improve the value of this lower bound;

2.5. Compute a heuristic solution for P;

3. Paste the heuristic solutions and LP values of the non decomposable subproblems to

obtain an upper bound and lower bound on the optimal value for the initial problem.

Decompositions: Steps 2.1 and 2.2. We use two types of decompositions: series decom-
positions and Sidney decompositions. Series decompositions occur when there exists an initial
set I such that each node in N \ I may be reached from each node in I by a directed path in
G. In other words, the jobs in I have to be completed before any job in N \ I can start. Thus,
jobs in I appear before jobs in NV \ I in any feasible schedule. Series decompositions can be
found in O(n + m) for a graph with n nodes and m arcs. The algorithm to find the Sidney
decompositions outlined in Section 3 uses a parametric network flow algorithm. Unfortunately,
we could not find an implementation of the the parametric network flow algorithm of Gallo,
Grigoriadis and Tarjan and thus we find the Sidney decompositions by O(n) calls to a max-flow
code (we use the code Mazflow written by Goldfarb and Grigoriadis 1988).

Solving the LP: Step 2.4. To find the optimal solution of the LP (3) for a stiff instance,
we follow the discussion of Section 5 to formulate the problem in the form of LP (9). We
solve its dual, a max-cost flow problem, with the network simplex solver of the linear optimizer
CPLEX4.0. We found that, for our problems, it is at least as efficient as the max-cost flow
codes at our disposal. From the optimal flow and as discussed in Section 5, we construct an
optimal solution of LP (9) from which an optimal solution of the LP (8) and then of the LP
(3) are easily obtained. The optimum value of the LP (3) is denoted by LP.

Lower Bound Improvement: Improving the lower bound given by the LP (9) is pos-
sible, as observed by Hoogeveen and Van de Velde (1996). They give a strengthening for the

Lagrangian relaxation of the precedence constraints of the LP (9). We did not implement an
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ascent method to find the best Lagrange multipliers as suggested by Hoogeveen and Van de
Velde, but merely used the max-cost flow solution. The value of this improved lower bound is
denoted by LPL.

Heuristics: Step 2.5. A simple heuristic to find a relatively good solution of the scheduling
problem is to order the jobs as indicated by the optimal solution C' of the LP (3), starting with
the job with the smallest entry in C. This ordering is feasible since if ij € A then C; — C; > p;
is a constraint of the LP and thus C; < ;. The solution obtained in this way is denoted by
OU B for Original Upper Bound.

Note that it is possible to replace C' by a point C’ obtained by subtracting a;p; to C; for
all i € N, where «; is any number in [0,1). Ordering the jobs according to C' will also give
a feasible solution. This idea, introduced by Phillips et al. (1998) for converting preemptive
schedules to non preemptive ones for problems with release dates, is part of several approxima-
tion algorithms for scheduling problem (Goemans et al. 2002). We generated 10 such feasible
schedule Oy, ..., Oy for each subproblem by randomizing the «;’s.

Most of the time, substantial local improvements of a feasible solution are possible by
permuting two consecutive jobs, or more generally, by permuting two adjacent groups of at
most d jobs, for a fixed d. Applying this improvement heuristic to several feasible schedules
usually yields a very good feasible solution. However, when the number of jobs increases above
a few hundred, this procedure may become quite time consuming, depending on the value of d
(we used d = 10). In the results reported below, the time spent for this heuristic may be as high
as 50% of the total time for problems with 1,000 jobs or more. Obviously, it is possible to devise
a much faster heuristic (using a smaller value for d, or looking for improvements only for a fixed
amount of time) that would return almost the same results. But since we use the best known
feasible solution to approximate the gap, and we want this gap to be as small as possible, we
don’t mind spending a large fraction of the time in the heuristic procedure. We denote by UB

the best solution found by this improvement procedure on the 10 feasible schedules Oy, ..., O1p.
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Pasting the solutions: Step 3. In Step 2 of the algorithm, we construct an ordered list of
subproblems (J,. .., Ji) forming a partition of N and for each of these subproblems (also called
piece) J,, we find an heuristic solution UB, and compute the lower bound LPF, corresponding
to the LP (3). Pasting the solutions of the subproblems together, we get an upper bound UB

and a lower bound LP on the value of the optimal solution of the original problem using:

k i—1 k i—1
UB=> [UB;+w(J))_ p(J)] and LP =" [LP+w(J) Y p(Ji)].
i=1 j=1 i=1 j=1
We also compute the simple lower bound W P derived from Theorem 4.4, i.e.:
k i—1
WP =3 [w(Ji)p(Ji)/2+w(Ji) D p(Ji)].
i=1 j=1

Instances: Problems are generated as proposed by Potts (1985). The precedence graph is
a random acyclic directed graph on n nodes with density =, i.e. a directed graph obtained by
selecting independently and uniformly arc ij, with ¢ < 7, with probability =. For a given value

of n, 20 problems are generated, 2 for each value of
7 € {0.001, 0.02,0.04,0.06,0.08,0.1,0.15,0.2,0.3,0.5}.

The processing times are drawn from the discrete uniform distribution on [1,100] and the
weights are drawn from the discrete uniform distribution on [1, 10]. The graphs are then replaced
by their transitive reduction. The number of arcs in the resulting digraphs varies, of course,
with 7. For example, for problems with 1000 jobs, we get roughly 430 arcs for = = 0.001, 4000
arcs for m = 0.02, 3000 arcs for 7 = 0.08, and 2000 arcs for = = 0.3,

We report results for problems generated in this way for 100, 500, 1000, 1500 and 2000 jobs.
We partition the 20 problems generated for a value of n into four groups: problems 1-2 (7 =
0.001), problems 3-10 (7 € {0.02,0.04,0.06,0.08}), problems 11-18 (7 € {0.1,0.15,0.2,0.3})
and problems 19-20 (m = 0.5). The problems generated with 7 = 0.001 (problems 1 and 2) or
m = 0.5 (problems 19 and 20) are usually easy instances, since the former are close to a digraph
with no arcs and the latter resemble a complete acyclic digraph. The other problems are harder

but of relatively homogeneous difficulty inside a group.
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Results: To assess the efficiency of the local improvement heuristic and of the Lagrangian
relaxation procedure, we report the percentage of the gap that is closed by the corresponding
procedure, gapim for the improvement heuristic and gapl for the Lagrangian procedure. Ideally,
if the optimal value of a problem is OS, the best we can hope is that the local improvement
heuristic close the gap between OUB and OS. Unfortunately, for most of the problems we
consider, the value of the optimal solution is not known. Hence we use LPL instead of OS to
obtain a pessimistic estimator of the performance of the heuristic. Similarly, the Lagrangian
procedure may be able to close the gap between LP and OS, and we use U B instead of OS to

get an underestimation of the performance of the procedure. More precisely, we report

OUB —UB LPL - LP
im =100 —— 22 d =100 22— 22
gapem OUB — LPL an gap UB— LP

In addition, we also report the gap between the best heuristic solution UB and the best

lower bound LPL and the ratio r_wp between the lower bounds W P and LP:

UB — LPL WP
= ]_ _— _ — ]_ —
gap 00 TPL and r_wp 00 P

For a group of instances, we report the average value of gap, gapim, gapl, r_wp, the size of
the largest piece in the decomposition mpc and the cpu time in seconds cpu with names prefixed
with 7a_”. We also report the maximum of gap, mpc and cpu with names prefixed with "m_".
The machine used was a Sun Sparcstation 5 with a 400Mz processor running SunOS5 and using
the compiler gcc2.6.3.

Several conclusions may be drawn from Table 1. First, the gap between the best known
feasible solution UB and the lower bound LPL is quite small: the maximum value of gap is
3.48 %, attained for a single problem with 1000 jobs. The average gap is between 1% and 1.5%.
Interestingly, the gap seems to decrease as the number of jobs increases above 1000. The local
improvement procedure for a feasible solution closes in average 20-40 % of the gap between
OU B and LPL, whereas the Lagrangian relaxation closes in average 3-10 % of the gap between

UB and LP. Here, it seems that the latter procedure is more efficient for small values of n,
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closing up to 31 % of the gap between the LP solution and the best known feasible solution for
problems with 100 jobs. We also note that the simple bound derived from Theorem 4.4 is a very
good bound, in particular for problems with 1500 jobs or more, considering the simplicity of its
computation. The decompositions are able to reduce in average the size of the largest piece to,
roughly, 60% of the initial size. The cpu times are here as an indication that the decomposition
procedure does not take a huge amount of time. Interestingly enough, the time needed to apply
our randomized heuristic on a problem with > 500 jobs (i.e. no decomposition is performed
and 10 calls to the heuristic are made) takes far more time than the time needed to decompose
the problem, apply the randomized heuristic on the pieces of the decomposition and paste the
solutions. The value of the solutions obtained are also slightly better when decompositions are
in use.

Note that the LP formulation we use on a stiff piece is one of the simplest formulations,
i.e. it reduces to the precedence constraints and the parallel inequality on the jobs in the piece.
This formulation is generally very weak for random instances, but our results show that it is

quite strong for the non-series decomposable stiff instances we get by decompositions.
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n inst. | a_gap | m_gap | a_gapim | a_gapl | ar-wp | a_mpc | m_mpc | acpu | m_cpu
1-2 ] 0.00 0.00 0.00 0.00 | 100.00 3.00 3 0.28 0.28

3-10 | 0.74 2.27 72.86 31.38 | 98.02 29.00 99 0.26 0.33

100 | 11-18 | 2.16 3.51 47.97 13.82 | 94.82 55.12 79 0. 17 | 0.20
19-20 | 0.36 0.63 33.53 35.86 | 98.48 22.50 28 0.17 0.20

1-2] 0.00 0.00 50.00 50.00 | 100.00 3.50 4 1.60 1.63

3-10 | 1.48 2.35 90.77 9.57 97.87 | 248.50 408 1.53 1.83

500 | 11-18 | 1.20 2.46 32.97 8.64 97.76 | 323.00 460 1. 13 | 1.48
19-20 | 0.09 0.15 41.23 24.48 | 99.64 53.00 76 1.00 1.03

1-2 | 0.00 0.00 74.01 43.24 | 99.99 6.50 7 3.67 3.70

3-10 | 1.31 2.44 41.12 3.78 98.28 | 618.62 881 4.87 6.83

1000 | 11-18 | 1.42 3.48 20.48 9.51 97.80 | 579.12 950 3.32 | 4.80
19-20 | 0.03 0.04 46.26 28.83 | 99.86 38.50 55 2.40 2.42

1-2] 0.00 0.00 83.05 64.73 | 99.98 13.00 15 6.36 6.37

3-10 | 1.00 1.33 40.20 3.36 98.72 | 991.88 1422 9.66 | 15.95

1500 | 11-18 | 0.77 1.49 20.50 5.15 98.74 | 802.25 1091 5.18 | 6.35
19-20 | 0.02 0.03 44.27 24.34 | 99.88 48.00 o7 4.02 4.07

1-2] 0.00 0.00 78.41 45.86 | 99.98 13.50 16 10.40 | 10.68

3-10 | 0.93 1.30 36.73 2.76 98.84 | 1027.12 | 1381 14.05 | 26.93

2000 | 11-18 | 1.13 1.92 13.23 3.03 98.27 | 1280.00 | 1933 9.79 | 13.37
19-20 | 0.01 0.02 49.21 28.40 | 99.93 54.50 63 6.76 6.85

Table 1: Aggregated results
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