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h-and-CutFran�
ois MargotUniversity of Kentu
kyLexington, KY 40506-0027fmargot�ms.uky.eduJune, 2000(revised July, 2001)Abstra
tA Bran
h-and-Cut algorithm for �nding 
overing designs is presented. Its original-ity resides in the use of isomorphism pruning of the enumeration tree. A proof that no4� (10; 5; 1)-
overing design with less than 51 sets exists is obtained together with allnon isomorphi
 4� (10; 5; 1)-
overing designs with 51 sets.1 Introdu
tionLet V be a set of elements of 
ardinality v and let k and t be integers su
h that v � k � t � 0.Let K be the set of all k-subsets of V and T be the set of all t-subsets of V . For � � 1, at� (v; k; �)-
overing design is a 
olle
tion C of sets in K su
h that ea
h set in T is 
ontainedin at least � sets of C. A t� (v; k; �)-
overing design C is minimum if the 
ardinality of C isas small as possible. This 
ardinality, the 
overing number, is denoted by C�(v; k; t).Covering designs have a long history and have appli
ations in statisti
s, 
oding theory and
ombinatori
s, among others. Numerous theorems give the value of a minimal 
overingdesign under 
ertain assumptions on the parameters (see the surveys [13, 21℄). For smallvalues of v, 
omplete or impli
it enumeration algorithms were used to generate solutions[20℄. Heuristi
 
onstru
tion algorithms have also been developed to deal with larger valuesof the parameters (see [14, 15, 16℄ for example).Yet, for parti
ular values of the parameters, only lower and upper bounds are available.A

ording to the tables in [13, 14, 21℄, the following 
overing numbers for v � 11 are open:4�(10; 5; 1), 4�(11; 6; 1), 5�(11; 6; 1), 5�(11; 7; 1). A 
ase point is the 4�(10; 5; 1)-
overingdesign, for whi
h a lower bound of 50 and an upper bound of 51 are known [1, 13, 14, 21℄.In this paper, we present a (0, 1) integer linear programming Bran
h-and-Cut (B&C) ap-proa
h to the 
overing design problem for the 
ase � = 1. We assume familiarity with the1



B&C pro
edure, as an ex
ellent introdu
tion 
an be found in [17, 22, 23℄. We were able toshow that the minimum 4� (10; 5; 1)-
overing design has 
ardinality 51 with a surprisinglysmall enumeration tree (about 350 nodes) and 
omputing time (about 85 se
onds 
pu timeon a workstation). All 
overing designs problems with v � 10 are eÆ
iently solved by thisapproa
h (4� (10; 5; 1) being the most diÆ
ult by far), but the open problems with v = 11mentioned above remain unsolved.The original feature of this B&C approa
h is the use of isomorphism reje
tion for pruningthe enumeration tree and generating 
uts. While isomorphism reje
tion in ba
ktra
kingsear
hes has been used in many appli
ations [2, 5, 9, 10, 18, 19℄, it is not 
ommonly used ina Bran
h-and-Cut 
ontext.In Se
tion 2, we give a 
lassi
al formulation of the 
overing design problem in integer linearprogramming form. In Se
tion 3, we des
ribe the isomorphism reje
tion pro
edure. It isbased on a simple lexi
ographi
 observation similar to the property of 
anoni
al fa
torizationsstudied by Seah and Stinson [19℄ and by Ivanov [5℄ (see [11, 18℄ for generalizations). InSe
tion 5, we present the S
h�onheim bound and related linear inequalities as well as a 
lassof isomorphism inequalities and a separation algorithm. Other details of the algorithm su
has bran
hing and exploration strategies are dealt with in Se
tions 4 and 6. In Se
tion 7, the
omplete list of non isomorphi
 minimum 4� (10; 5; 1)-
overing designs is given.To illustrate the general des
ription of the algorithm, we give, at several points in the paper,numbers related to the 4�(10; 5; 1)-
overing design problem. If not spe
i�ed otherwise, thesenumbers 
orrespond to a run of the B&C using all tools (
uts, pools, isomorphism reje
tion)and using an upper bound of 51. Sin
e the obje
tive value is an integer, this means that allnodes with a bound stri
tly larger than 50 are pruned.2 Integer linear programming formulationThe 
overing design problem has a natural formulation as an integer linear program (ILP).Let A be a jT j � jKj matrix de�ned byAi;j = ( 1 if t-set i is 
ontained in k-set j ;0 otherwise.The problem may thus be formulated asmin 1T � x (2.1)s.t. Ax � �1;x 2 f0; : : : ; �gjKj;where 1 is a ve
tor of all 1's with appropriate dimension. In the remainder of the paper, wewill only 
onsider the 
ase � = 1, although slight modi�
ations in the presentation would
over the general 
ase. The ILP (2.1) is then a 
lassi
al (0, 1) 
overing problem. Standard2



ILP solvers will be able to solve this 
overing design problem only for small values of theparameter v. The diÆ
ulty 
omes from the fa
t that the LP bound obtained by relaxingthe integrality 
onstraints on x is weak and, more importantly, the fa
t that the matrix Ahas a large automorphism group. This implies that the underlying polyhedron has a largesymmetry group, making 
utting and bran
hing pro
edures ineÆ
ient.To simplify the presentation in the remainder of the paper, it is assumed that the k-sets in Kare lexi
ographi
ally ordered, starting with the largest su
h set. For example, if we 
onsiderthe 2� (5; 3; 1)-
overing design problem, the ten 3-sets are ordered as follows:1: ( 1 1 1 0 0 ) 6: ( 1 0 0 1 1 )2: ( 1 1 0 1 0 ) 7: ( 0 1 1 1 0 )3: ( 1 1 0 0 1 ) 8: ( 0 1 1 0 1 )4: ( 1 0 1 1 0 ) 9: ( 0 1 0 1 1 )5: ( 1 0 1 0 1 ) 10: ( 0 0 1 1 1 )By abuse of notation, k-sets are identi�ed by their index s in this ordering or by the 
orre-sponding variable xs in the ILP.4-(10, 5, 1)-
overing design: A is a 210�252 matrix. The LP bound obtained by relaxingthe integrality 
onstraint on x in (2.1) is 42. The smallest known 4�(10; 5; 1)-
overing designhas 51 sets [1℄.3 Isomorphism testThe proposed B&C will bran
h by �xing the value of one variable xj to 0 or 1. Sin
e A hasa large automorphism group, it is very likely that several nodes in the enumeration tree will
orrespond to isomorphi
 problems. Obviously, solving one of these isomorphi
 problemsand pruning the others would result in huge savings. One important goal is to do so withouthaving to keep in memory the list of all non isomorphi
 subproblems en
ountered sin
e thestart of the algorithm. One way to a
hieve this is to de�ne, for ea
h isomorphism 
lassof subproblems, one parti
ular subproblem (
alled representative of the 
lass) that will besolved. Given a subproblem, we then just need to be able to de
ide if it is a representativeor not and, in the latter 
ase, we 
an prune the 
orresponding node of the B&C. Some 
aremust be taken to ensure that the representative subproblems form a subtree of the B&C treein
luding the root. For example, Kreher and Stinson give a representative de�nition (basedon a 
erti�
ate, in their terminology; Se
tion 7.3.2 in [9℄) unsuitable for our appli
ation.The general approa
h of isomorphism free generation of 
ombinatorial stru
tures based onrepresentatives was studied by Read [18℄. A general theory for isomorphism free generation,developped by M
Kay, 
an be found in [11℄.Let M be an m� n (0, 1)-matrix and M be the set of all matri
es isomorphi
 to M , i.e. allmatri
es that 
an be obtained fromM by a permutation of its rows followed by a permutationof its 
olumns. The binary number obtained by 
on
atenation of the rows M1; : : : ;Mm of M3



is the s
ore of the matrix M . A

ordingly, the s
ore of a row Mi of M is the binary numberasso
iated with Mi. Matrix M is a representative of M if M has the maximal s
ore amongall matri
es in M. For i = 1; : : : ; m, we denote by M [i℄ the row submatrix of M 
ontainingrows 1; : : : ; i of M .Note that two matri
es in M have the same s
ore if and only if they are identi
al. The
orre
tness of the algorithm given below relies on the following lemma (a proof 
an be foundin [10℄, if ne
essary):Lemma 3.1 Let M be an (m� n) (0; 1)-matrix. Then(i) if M is a representative then s
ore(Mi) � s
ore(Mi+1) for i = 1; : : : ; m� 1;(ii) M is a representative if and only if M [i℄ is a representative for i = 1; : : : ; m.Observe that, if the order of the rows of M is �xed, then the maximum s
ore a
hievable bya permutation of its 
olumns is obtained by ordering them in de
reasing order, reading the
olumns as binary numbers of length m from the top down. (The matrix obtained by thisordering of the 
olumns is denoted by �M .) It follows that, to 
ompute the representativeof M, one only needs to permute the rows of M in all possible orders, sort the 
olumns inde
reasing order and memorize the matrix thus obtained with largest s
ore.In the B&C appli
ation, we do not really need to 
ompute the representative of M, we justneed to de
ide ifM is a representative or not. This 
an be done by a simple ba
ktra
king onthe ordering of the rows of M , as illustrated in the following algorithm (see Figure 3). Themeaning of the variables is: k is the 
urrent number of sele
ted rows of the given matrix M ,I is the set of indi
es of rows of M 
urrently not sele
ted (with an additional dummy index,m+ 1, to simplify the presentation), �[i℄ is the index of the ith sele
ted row and last is theindex of the last row removed during a ba
ktra
king step. We extend the notation M [i℄ to
over the 
ase i = 0, i.e. M [0℄ is an empty matrix.The validity of this algorithm relies on Lemma 3.1(ii): When the 
ondition s
ore(( �B)k) >s
ore(Mk) is satis�ed, thenM [k℄ is not a representative sin
e ( �B)[k�1℄ = M [k�1℄ (otherwisethe algorithm would have stopped or used a ba
ktra
king step during the previous iteration),implying s
ore( �B) > s
ore(M [k℄). It follows that M is not a representative either. Whenthe 
ondition s
ore(( �B)k) < s
ore(Mk) is satis�ed, then s
ore( �B) < s
ore(( �M)[k℄) and B isnot a representative. By Lemma 3.1(ii), it is pointless to try to add more rows to B sin
eall larger matri
es will not be a representative either.Note also that the sorting of the 
olumns of B to 
ompute �B 
an get a hot start by storing apartition P1; : : : ; Ps of the 
olumns of M [k � 1℄ into 
lasses, two 
olumns being in the same
lass if they are identi
al and a 
olumn in Pi being lexi
ographi
ally larger than a 
olumn inPj if i < j. Observe that an ordering of the 
olumns is optimal forM [k�1℄ if and only if it isobtained from a permutation of the 
olumns in P1 followed by a permutation of the 
olumnsin P2, . . . , followed by a permutation of the 
olumns in Ps. Then, as ( �B)[k� 1℄ = M [k� 1℄,the partition of the 
olumns of B is obtained by a re�nement of the partition for M [k � 1℄:4



Input: An m� n (0, 1)-matrix M.I = f1; 2; : : : ; m;m+ 1g; k = 0; last = 0;Repeatj = min fi 2 I j i > lastg;If (j < m + 1) then /* forward step */�[k + 1℄ = j; I = I � j; last = 0; k = k + 1;else /* ba
kward step */If k � 1 then I = I [ �[k℄; last = �[k℄; k = k � 1;else Output ``M is a representative''; stop.Let B be the matrix with rows M�[1℄; : : :M�[k℄.If s
ore(( �B)k) > s
ore(Mk) thenOutput ``M is not a representative''; stop.If s
ore(( �B)k) < s
ore(Mk) then /* ba
kward step */I = I [ �[k℄; last = �[k℄; k = k � 1;Figure 1: Algorithm to de
ide if M is a representative or not.Take the 
olumns in 
lass order P1; : : : ; Ps, and order 
olumns in Pt by taking �rst 
olumnswith a 1 on row k of �B, then the ones with a 0 on ( �B)k, for t = 1; : : : ; s. (This is akin to astep of a radix sort algorithm [8℄).The 
omplexity of the above algorithm is, of 
ourse, exponential in m. Nevertheless, whenthe input matrix is relatively small, it is fast enough. (The Repeat loop 
an be implementedto run in O(n).) The existen
e of a polynomial time algorithm for testing if a given matrixM is a representative is an open question and it is not even 
lear if this problem belongs toNP. Note that a polynomial time algorithm returning the representative of the isomorphism
lass of a given matrix 
ould be used to de
ide in polynomial time if two given bipartitegraphs are isomorphi
, a problem whose 
omplexity status is a long lasting open question[3, 6℄.Remark 3.2 In our appli
ation, any permutation of the entries of the 
hara
teristi
 ve
torof a set in K yields a set in K and we may use the indi
es of the sets to identify them. LetM be a matrix whose rows are 
hara
teristi
 ve
tors of sets in K. Then, maximizing thes
ore of a matrix isomorphi
 to M amounts to �nding the matrix M 0 isomorphi
 to M su
hthat the ordered set of indi
es of its rows is lexi
ographi
ally minimum, sin
e s
ore(Mi) <s
ore(M 0i) if and only if the index of the set 
orresponding to Mi is stri
tly larger than theone 
orresponding to M 0i .4-(10, 5, 1)-
overing design: The time spent in the representative test algorithm duringthe B&C amounts to less than 0.5% of the total 
pu time.5



4 Bran
hing and isomorphism pruningThe proposed Bran
h-and-Cut works with the (0, 1) ILP (2.1) as starting formulation andwill bran
h by �xing variables to 0 or 1.Let a be a node of the B&C enumeration tree. Let F a1 = fi1; : : : ; ipg (resp. F a0 = fj1; : : : ; jqg)be the set of indi
es of variables �xed by bran
hing de
isions to 1 (resp. to 0) at a. Let Ma1and Ma0 be the (0, 1)-matri
es whose 
olumns 
orrespond to the elements of V and whoserows are the 
hara
teristi
 ve
tors of the sets indexed in F a1 (resp. F a0 ), with the indi
es
orresponding to the rows in in
reasing order. Let b be another node and let M b1 and M b0be the 
orresponding matri
es asso
iated with b. The subproblems asso
iated with nodes aand b of the B&C are isomorphi
 if and only if there exist a permutation � of the elementsof V , a permutation �1 of the rows of M b1 and a permutation �0 of the rows of M b0 su
hthat permuting the rows and 
olumns of M bi a

ording to �i and � yields the matrix Mai fori = 0; 1.Unfortunately, using this isomorphism test to identify subproblems that 
an be pruned duringthe B&C would require the storage of a maximal set of non isomorphi
 subproblems generatedso far in the enumeration. Moreover, the 
omputation needed to �nd if �, �1 and �0 existis not trivial and would be required for many pairs of subproblems. Using the de�nition ofa representative matrix given in the previous se
tion, we 
an use a slight relaxation of theisomorphism test that turns out to be pra
ti
al. The pri
e to pay for the simpli�
ation isthat we will no longer be free to bran
h on any variable of the ILP: At depth d of the B&Cenumeration tree (the root being at depth 1), the bran
hing variable will have to be xd (evenif the value of xd in the 
urrent solution of the LP relaxation is 0 or 1). The enumerationtree generated by a Bran
h-and-Bound using this bran
hing strategy and the LP relaxationof (2.1) as bound is 
alled the full enumeration tree.Consider the following pruning test: If Ma1 is not a representative, then prune node a.Assume that the bran
hing variable at depth d is always xd. If Ma1 is a representativethen none of the nodes b between the root node and a are pruned by this test: By the
hoi
e of bran
hing strategy, M b1 = Ma1 [r℄ for some r and thus, by Lemma 3.1 (ii), M b1 is arepresentative. It follows that the nodes left after applying the test form a subtree (
alled therestri
ted enumeration tree) of the full enumeration tree. Moreover, let a be a node of the fullenumeration tree for whi
h F a1 is an optimal solution to ILP (2.1). Then the representativeof Ma1 is a matrix M�, and, by Lemma 3.1 (i), the indi
es of the rows of M� are in
reasing.By Lemma 3.1 (ii), M�[r℄ is a representative for all r = 1; : : : ; jF a1 j and thus there is a nodeb in the restri
ted enumeration tree with M b1 = M�. Hen
e, the optimal value returned bythe B&C on the restri
ted enumeration tree will be the same as the optimal value of ILP(2.1).4-(10, 5, 1)-
overing design: This isomorphism test prunes 485 nodes while the B&Cexplores the equivalent of 830 additional nodes of the restri
ted enumeration tree. (Note:these numbers di�er from the numbers mentioned in the introdu
tion and in Se
tion 7,as they refer to nodes of the restri
ted enumeration tree. As explained in Se
tion 6, theenumeration tree of the �nal B&C is smaller.)6



5 S
h�onheim's bound and isomorphism inequalitiesLet v0 2 V and let S be an optimal t � (v; k; 1)-
overing design. Let M(S) be the matrixwhose 
olumns are elements of V and whose rows are the 
hara
teristi
 ve
tors of the setsin S. If t � 1, observe that the sets S � v0, for all S 2 S with v0 2 S, form a (t �1) � (v � 1; k � 1; 1)-
overing design of the elements in V � v0. Hen
e, the number ofsets in S 
ontaining v0 is at least C1(v � 1; k � 1; t � 1), the minimum 
ardinality of a(t � 1)� (v � 1; k � 1; 1)-
overing design. It follows that the number of 1's in ea
h 
olumnof M(S) is at least C1(v� 1; k� 1; t� 1). Sin
e M(S) has C1(v; k; t) rows and ea
h of theserows 
ontains exa
tly k 1's, we getv C1(v � 1; k � 1; t� 1) � k C1(v; k; t) (5.2)and thus �vk�C1(v � 1; k � 1; t� 1) � C1(v; k; t): (5.3)Iterating this relation and observing that C1(v; k; 0) = 1, we getL1(v; k; t) = �vk �v � 1k � 1 : : : �v � t + 1k � t+ 1� : : :�� � C1(v; k; t): (5.4)The number L1(v; k; t) is 
alled the S
h�onheim's lower bound [13, 21℄. Although this bounddoes not translate into a very useful linear inequality for the B&C, the observations madeto establish the relation (5.2) translate into interesting inequalities, provided that the valuesof C1(v� p; k� p; t� p) are known for some 1 � p � t� 1. Indeed, if, for U � V , we denoteby K(U) the set of all k-sets 
ontaining U then the inequalityXi2K(v0) xi � C1(v � 1; k � 1; t� 1) (5.5)is valid. More generally, if U is a subset of u elements in V with 1 � u � t � 1, then thefollowing inequality, 
alled a S
h�onheim's inequality,Xi2K(U) xi � C1(v � u; k � u; t� u) (5.6)is valid. The number of all these inequalities is v1 !+  v2 !+ : : :+  vt� 1 ! ;exponential in t, but small enough to be manageable in our appli
ation. We store theseinequalities in a pool and use a brute for
e separation algorithm.7



4-(10, 5, 1)-
overing design: As the following values are known [13, 21℄, C1(9; 4; 3) = 25[12℄, C1(8; 3; 2) = 11, C1(7; 2; 1) = 4, we use inequalities (5.6) for u = 1; 2; 3. The number ofinequalities is 10 for u = 1, 45 for u = 2 and 120 for u = 3. Adding these 175 inequalities tothe linear relaxation of (2.1) yields an LP with an optimal (non integer) solution of 50, a bigimprovement over the optimal solution of 42 of the original relaxation. The B&C adds 682of these 
uts during the run (sin
e inequalities are sometimes deleted from the 
urrent LP,as explained in Se
tion 6, adding several times the same inequality is possible). The timespent for their separation a

ounts for less than 1.2% of the total 
pu time.Let us now turn to a se
ond type of inequalities, 
alled isomorphism inequalities. Let a bea node of the enumeration tree, with F a1 as set of indi
es of variables 
urrently �xed to 1 bybran
hing de
isions and Ma1 be the asso
iated (0, 1)-matrix, using the same notation as inSe
tion 3. Let Ga be the set of variables that are not �xed to 0 at node a. Suppose that thereexist J = fj1; : : : ; jpg � Ga and an asso
iated matrix M(J) su
h that the representativeM�(J) of the equivalen
e 
lass of M(J) has a stri
tly larger s
ore than Ma1 [p℄. By Remark3.2, this means that the ordered set of the indi
es of the rows of M�(J) is lexi
ographi
allysmaller than the p smallest indi
es in F a1 . Let b be the node in the full enumeration tree withF b1 = J [ F a1 and F b0 = F a0 . Then b (or one of its an
estors) is pruned by the isomorphismtest of Se
tion 3, and thus no leaf 
 of the des
endants of a in the restri
ted enumerationtree has J � F 
1 . It follows that the inequalityXj2J xj � jJ j � 1 (5.7)is valid in this subtree. Moreover, if the whole restri
ted enumeration tree is explored by adepth-�rst sear
h, always sele
ting �rst the son d where the bran
hing variable is set to 1,then the sets F d1 are enumerated in lexi
ographi
 order, starting with the smallest one. Itfollows that if an inequality (5.7) is generated at a, it is valid for the rest of the enumeration,i.e. it 
an be 
onsidered global.Let �x be the 
urrent optimal solution of the LP asso
iated with a and let G � fi 2f1; : : : ; jKjg j �xi > 0g (the motivation for using G instead of Ga will be
ome 
lear later;at this point, simply note that G � Ga). The separation algorithm for the isomorphisminequalities is similar to the ba
ktra
king used to de
ide if a matrix is a representative ornot (see Figure 5). Here, we try to �nd a subset J of q indi
es in G, with q � jF a1 j,�x(J) > jJ j � 1 and su
h that the asso
iated matrix M(J) has a representative with a betters
ore than Ma1 [q℄. We use the same notation as in the previous algorithm, with additionalvariables sum x[k℄ whi
h give the sum of the entries �x�[i℄ for i = 1; : : : ; k. The indi
es in Gare ordered in in
reasing order and G[j℄ returns the jth index in G.It is now time to dis
uss the way to pi
k the set G � Ga. Any 
hoi
e is valid, but G shouldbe large enough so that inequalities are generated and small enough so that the ba
ktra
kingremains reasonably fast. Note that in
luding in G an index i with �xi = 0 is pointless andthat �nding a subset J with �x(J) > jJ j�1 is more probable when J is a subset of the indi
esi with �xi relatively large. Thus, a sensible 
hoi
e is to set G to all indi
es i su
h that �xi > Æfor some Æ > 0.Three additional remarks on this algorithm: First, the use of a ve
tor sum x[k℄ instead of8



Input: An m�n (0, 1)-matrix Ma1 , an ordered set of p indi
es G � Ga, ap � n (0, 1)-matrix M whose ith row is the set 
orresponding to G[i℄, the
urrent optimal LP solution �x.I = f1; 2; : : : ; p; p+ 1g; sum x[0℄ = 0; k = 0; last = 0; define �xG[p+1℄ = 1.Repeatj = min fi 2 I j i > last; sum x[k℄ + �xG[i℄ > kg;If (j < p+ 1) then /* forward step */�[k + 1℄ = j; sum x[k + 1℄ = sum x[k℄ + �xG[j℄;I = I � j; last = 0; k = k + 1;else /* ba
kward step */If k � 1 then I = I [ �[k℄; last = �[k℄; k = k � 1;else stop.Let B be the matrix with rows M�[1℄; : : :M�[k℄.If s
ore(( �B)k) > s
ore((Ma1 )k) then /* Output and ba
kward step */Output �[1℄; : : : ; �[k℄; I = I [ �[k℄; last = �[k℄; k = k � 1;If s
ore(( �B)k) < s
ore((Ma1 )k) or k = m then /* ba
kward step */I = I [ �[k℄; last = �[k℄; k = k � 1;Figure 2: Separation algorithm for isomorphism inequalities 
utting �x.a single variable, say sum x, avoids the update of sum x when performing a ba
ktra
kingstep. This prevents rounding errors propagating during the 
ourse of the algorithm, asentries in �x are rational numbers. Se
ond, it may happen that the same set of indi
esappears several times in the output of the algorithm, sin
e di�erent ordering of the indi
esmay yield a matrix with s
ore better than the given matrix. A simple example, in the 
aseof 2 � (5; 3; 1)-
overing designs, would be F a1 = f1; 6g, G = f1; 6; 7; 8g with �x1 = �x6 = 1,�x7; �x8 � 0:5 (see Se
tion 2 for the sets 
orresponding to these indi
es). The algorithmwill output the ordered sets (1; 7), (1; 8), (7; 1), (7; 8), (8; 1) and (8; 7). Non minimal sets
an also be in the output: For a 2 � (6; 3; 1)-
overing design problem, let F a1 = f1; 8; 15g,G = f1; 8; 15; 16g and �x1 = �x8 = �x15 = 1 and �x16 > 0. The 
orresponding sets are:1: ( 1 1 1 0 0 0 ) 15: ( 0 1 0 1 0 1 )8: ( 1 0 0 1 1 0 ) 16: ( 0 1 0 0 1 1 )The ordered sets (8, 15, 16) (the matrix �B has rows (1, 8, 14)) and (15, 16) (the matrix �Bhas rows (1, 2)) will both be in the output. Sin
e the isomorphism 
ut generated by f15; 16gimplies the one generated by f8; 15; 16g, removing dupli
ates and non minimal sets in theoutput is advisable. Third, to generate only inequalities \
learly" 
utting �x, we reinfor
e the9



test (sum x[k℄ + �xi > k) to (sum x[k℄ + �xi > k +�), for some 1 > � > 0.4-(10, 5, 1)-
overing design: Using the isomorphism inequalities redu
es the number ofnodes of the B&C by roughly 60%, from 989 to 345. The B&C generates 197 isomorphisminequalities. The time spent for their separation amounts to 8% of the total 
pu time. We useÆ = 0:25, � = 0:25 and stop the algorithm as soon as 30 distin
t 
uts have been generated.6 Bran
h-and-CutOur implementation of the B&C pro
edure 
onsists essentially of four stages: Solving theLP relaxation, separating S
h�onheim's and isomorphism inequalities, removing non basi
inequalities, and bran
hing. The �rst three (also 
alled an iteration) are performed until the
alls to the separation algorithms are unable to �nd an inequality violated by the 
urrentLP solution. We use the software ABACUS (version 2.2) developed by Thienel [7, 22℄ asgeneri
 implementation of all B&C steps (isomorphism reje
tion ex
epted).Inequalities are stored in pools: one pool for the initial formulation (2.1), one for S
h�onheim'sinequalities and one for the isomorphism inequalities. To speed up the solution of the LP, itis 
ustomary to remove non essential inequalities from it. At a node a, an inequality in a poolis either a
tive or not a
tive, depending on its presen
e in the LP 
urrently solved. In our
ase, the inequalities in the initial formulation (2.1) are always kept a
tive, but S
h�onheim'sand isomorphism inequalities may be
ome ina
tive. When an inequality is ina
tive, it is stillstored in its pool and we have the option, on
e the solution �x of the 
urrent LP is obtained,to 
he
k if the ina
tive inequalities in a pool would 
ut �x. If an ina
tive inequality 
utting�x is found, it is in
luded in the 
urrent LP by setting it a
tive again. This is 
alled a poolseparation algorithm.Other implementation details are given below:a) Solving the LP relaxation. We use the 
ommer
ial pa
kage CPLEX (version 6.6)[4℄.b) Separation. We generate inequalities by 
alling three separation algorithms: poolseparation for S
h�onheim's inequalities, pool separation for isomorphism inequalities,and the separation algorithm des
ribed in Se
tion 5. A separation algorithm is stoppedas soon as it has generated 30 inequalities. At ea
h node, we 
all the three separa-tion algorithms during the �rst iteration, but only the third one for the subsequentiterations.
) Removing inequalities. A
tive S
h�onheim's and isomorphism inequalities in the
urrent LP relaxation that were not in the optimal basis for 10 
onse
utive iterationsbe
ome ina
tive.d) Bran
hing. As explained in Se
tion 3, the order of the bran
hing variables is �xed,sele
ting the variables in in
reasing order of their index. Hen
e, if we 
onsider bran
hing10



from node a, we have F a1 [F a0 = f1; 2; : : : ; i(a)g for some integer i(a). Instead of workingwith the restri
ted enumeration tree, we perform the isomorphism reje
tion test beforebran
hing on variable xi(a)+1 and 
reating the two subproblems. This saves the timeof generating sons that will be pruned immediately. In other words, we �nd the indexj = min fi 2 K � (F a1 [ F a0 ) j F a1 [ i is a representativeg;using the algorithm of Se
tion 3 for ea
h 
andidate index i. (If no su
h index j exists,then we prune a without bran
hing). Let J = fi(a) + 1; : : : ; j � 1g: We 
reate the twosubproblems b and 
 by settingF b1 = F a1 [ j; F b0 = F a0 [ J and F 
1 = F a1 ; F 
0 = F a0 [ J [ j:As explained in Se
tion 5, isomorphism inequalities may be 
onsidered valid for the wholetree from their generation point if the nodes of the restri
ted enumeration tree are explored indepth �rst order (DFS), always sele
ting �rst the subproblem where the bran
hing variableis set to 1. Hen
e, we follow this exploration strategy. For many ILP, other strategies (bestnode �rst, for example) are far better than DFS. However, the di�eren
e between strategiesis minimal when the B&C is started with the optimal value of the ILP as 
uto� point (i.e.the B&C is used only to prove optimality of a known solution instead of generating it andproving its optimality). Sin
e the upper bounds known for the \small" open 
overing designproblems are believed to be optimal, the 
onstraint on the exploration strategy is likelyirrelevant. For the same reason, the 
han
e that a heuristi
 
onstru
tion pro
edure wouldgenerate a better solution than the ones already known is remote. Hen
e we did not 
onsiderto implement su
h a heuristi
, although this is usually an important 
omponent of an eÆ
ientB&C.7 ResultsRunning the des
ribed B&C algorithm for the 4�(10; 5; 1)-
overing design problem, pruningnodes as soon as their asso
iated LP relaxation has value stri
tly larger than 50, we obtaina proof that no solution better than the best known solution of 51 exists. There are only345 nodes in the enumeration tree and the 
pu time (in se
onds) is distributed as follows(the ma
hine used is an HP-J5000 running HP-UX10.20 with two 440MHz PA-8500 RISCCPUs):Total 
pu time: 83.08LP 
pu time: 72.55Pool separation for S
h�onheim's inequalities: 0.93Pool separation for isomorphism inequalities: 0.67Separation for isomorphism inequalities: 6.77Representative test algorithm: 0.3211



Sin
e the result is negative, there might be doubts about the a

ura
y of the pruning dueto possible rounding errors. To alleviate these doubts, we also run the B&C, pruning nodeswhose LP relaxation has value stri
tly larger than 51 (instead of 50). Moreover, it bran
hesuntil all variables that are not �xed have value 0, or until the node is pruned by isomorphismreje
tion, i.e. the enumeration tree 
ontains all non isomorphi
 solutions with value 51 (orbetter; but, of 
ourse, no solution with value 50 is found). This run took about 100 hours of
pu time and has an enumeration tree of about 1.2 million nodes. It must be 
lear that thedesign of the B&C presented in this paper is not aimed at enumerating all non isomorphi
optimal solutions to a 
overing design problem. It is therefore likely that improvements ofthese numbers are a
hievable.We obtain the following 40 non isomorphi
 4 � (10; 5; 1)-
overing designs with 
ardinality51 (we list the indi
es of the k-sets in the design, assuming a lexi
ographi
 ordering of thesets):1 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 72, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 198, 202, 205, 209, 212,213, 216, 232, 249, 250, 251, 252 g2 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 72, 75, 76, 81, 83, 85, 89, 94, 98, 99, 102,106, 110, 144, 148, 149, 152, 156, 160, 165, 166, 171, 173, 175, 179, 198, 202, 205, 209, 212,213, 216, 232, 249, 250, 251, 252 g3 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 112, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 197, 198, 202, 205,209, 212, 213, 216, 249, 250, 251, 252 g4 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 112, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 198, 202, 205, 209,212, 213, 216, 218, 234, 250, 251, 252 g5 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 112, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 198, 202, 205, 209,212, 213, 216, 219, 233, 250, 251, 252 g6 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 115, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 197, 198, 202, 205,209, 212, 213, 216, 248, 249, 251, 252 g7 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 116, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 197, 198, 202, 205,209, 212, 213, 216, 247, 249, 251, 252 g8 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 197, 198, 202, 205, 209,212, 213, 216, 247, 248, 249, 250, 251 g9 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 197, 198, 202, 205, 209,212, 213, 226, 230, 246, 247, 248, 249 g10 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 197, 198, 202, 205, 209,12



212, 213, 226, 241, 247, 248, 249, 252 g11 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 197, 198, 202, 205, 209,212, 213, 226, 245, 247, 248, 249, 251 g12 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 56, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 197, 198, 202, 205, 209,212, 213, 226, 245, 247, 248, 249, 252 g13 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 72, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103,105, 109, 111, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 198, 202, 205,209, 212, 213, 232, 249, 250, 251, 252 g14 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 112, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 197, 198, 202,205, 209, 212, 213, 249, 250, 251, 252 g15 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 112, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 198, 202, 205,209, 212, 213, 218, 234, 250, 251, 252 g16 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 112, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 198, 202, 205,209, 212, 213, 219, 233, 250, 251, 252 g17 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 115, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 197, 198, 202,205, 209, 212, 213, 248, 249, 251, 252 g18 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 117, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 197, 198, 202,205, 209, 212, 213, 247, 248, 251, 252 g19 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 197, 198, 202, 205,209, 212, 213, 247, 248, 249, 250, 251 g20 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 198, 202, 205, 209,212, 213, 217, 218, 234, 250, 251, 252 g21 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 198, 202, 205, 209,212, 213, 217, 232, 249, 250, 251, 252 g22 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 198, 202, 205, 209,212, 213, 217, 233, 248, 250, 251, 252 g23 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 91, 95, 96, 101, 103,105, 109, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 181, 198, 202, 205, 209,212, 213, 217, 233, 249, 250, 251, 252 g24 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 112, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 197, 198, 202,13



205, 209, 212, 213, 249, 250, 251, 252 g25 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 112, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 198, 202, 205,209, 212, 213, 218, 234, 250, 251, 252 g26 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 112, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 198, 202, 205,209, 212, 213, 219, 233, 250, 251, 252 g27 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 115, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 197, 198, 202,205, 209, 212, 213, 248, 249, 251, 252 g28 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 116, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 197, 198, 202,205, 209, 212, 213, 247, 249, 251, 252 g29 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 197, 198, 202, 205,209, 212, 213, 247, 248, 249, 250, 251 g30 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 198, 202, 205, 209,212, 213, 217, 218, 234, 250, 251, 252 g31 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 198, 202, 205, 209,212, 213, 217, 232, 249, 250, 251, 252 g32 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 198, 202, 205, 209,212, 213, 217, 233, 248, 250, 251, 252 g33 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 111, 145, 146, 151, 153, 155, 159, 161, 164, 168, 169, 172, 176, 180, 198, 202, 205, 209,212, 213, 217, 233, 249, 250, 251, 252 g34 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 121, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 191, 197, 198, 202, 205,209, 212, 213, 230, 246, 247, 248, 249 g35 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 121, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 195, 197, 198, 202, 205,209, 212, 213, 226, 246, 247, 248, 249 g36 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 49, 52, 53, 74, 78, 79, 82, 86, 90, 95, 96, 101, 103, 105,109, 121, 145, 146, 151, 153, 155, 159, 164, 168, 169, 172, 176, 180, 195, 197, 198, 202, 205,209, 212, 213, 230, 246, 247, 248, 249 g37 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 52, 53, 54, 74, 76, 81, 84, 85, 86, 90, 95, 98, 99, 102,103, 111, 112, 145, 148, 149, 152, 153, 161, 164, 166, 171, 174, 175, 176, 180, 197, 198, 202,205, 212, 213, 214, 249, 250, 251, 252 g38 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 52, 53, 54, 74, 76, 81, 84, 85, 86, 90, 95, 98, 99, 102,103, 111, 113, 145, 148, 149, 152, 153, 161, 164, 166, 171, 174, 175, 176, 180, 197, 198, 202,14



205, 212, 213, 214, 248, 250, 251, 252 g39 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 52, 53, 54, 74, 76, 81, 84, 85, 86, 90, 95, 98, 99, 102,103, 111, 114, 145, 148, 149, 152, 153, 161, 164, 166, 171, 174, 175, 176, 180, 197, 198, 202,205, 212, 213, 214, 247, 250, 251, 252 g40 : f 1, 2, 3, 4, 5, 6, 37, 38, 42, 45, 52, 53, 54, 74, 76, 81, 84, 85, 86, 90, 95, 98, 99, 102,103, 111, 145, 148, 149, 152, 153, 161, 164, 166, 171, 174, 175, 176, 180, 197, 198, 202, 205,212, 213, 214, 247, 248, 249, 250, 251 gA
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