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tFor integers k and n with k � n a ve
tor x 2 Rn is said to be weaklyk-majorized by a ve
tor q 2 Rk if the sum of the r largest 
omponentsof x does not ex
eed the sum of the r largest 
omponents of q, for r =1; : : : ; k. For a given q the set of ve
tors weakly k-majorized by q de�nesa polyhedron P (q; k). We determine the verti
es of both P (q; k) and itsinteger hull Q(q; k). Furthermore a 
omplete and nonredundant lineardes
ription of Q(q; k) is given.Keywords: Majorization; polyhedra.1 Introdu
tionIn many bran
hes of mathemati
s and statisti
s majorization plays a role inestablishing inequalities between e.g., eigenvalues, singular values et
. The basi
notion of majorization re
e
ts to what extent 
omponents of ve
tors are \spreadout". For p; q 2 Rn one says that p is weakly sub-majorized by q if Prj=1 p[j℄ �Prj=1 q[j℄ for r = 1; : : : ; n. Here p[j℄ denotes the j'th largest 
omponent of p. Ifalso Pnj=1 pj =Pnj=1 qj holds, p is majorized by q and we write p � q. Severalequivalent 
onditions for (weak sub-) majorization are known (see [7℄). Forinstan
e, using the Birkho�-von Neumann theorem (see e.g., [7℄ or [10℄), one
an show that p � q i� there is a doubly sto
hasti
 matrix M 2 Rn;n (i.e., Mhas nonnegative elements and all row and 
olumn sums are 1) with p =Mq. Asa 
onsequen
e, p � q if and only if p lies in the 
onvex hull of the set of ve
torsobtained by permuting the 
omponents of q. A similar 
hara
terization holds forweak submajorization. An extensive treatment of the theory of majorization aswell as its appli
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given in the book by Marshall and Olkin [7℄. For generalizations of majorizationwithin a measure theoreti
al framework as well as statisti
al interpretations, seethe extensive treatment in [11℄. In [1℄ approximate majorization is studied.A fun
tion � : Rn ! R that preserves the ordering given by majorizationis 
alled S
hur-
onvex, thus �(x) � �(q) whenever x � q. Therefore q maxi-mizes �(x) over the set x � q. A general and important te
hnique for �ndinginequalities in various �elds is to dis
over some underlying majorization 
om-bined with a suitable S
hur-
onvex fun
tion. A simple inequality obtained inthis way, whi
h is useful in this work, is the rearrangement inequality due toHardy, Littlewood and Polya, see [6℄, [7℄. Let a1; : : : ; an and b1; : : : ; bn be realnumbers. Then we have:nXi=1 a[i℄b[n�i+1℄ � nXi=1 aibi � nXi=1 a[i℄b[i℄: (1)In this paper we study weak k-majorization in whi
h we relax the partial sum
onstraints of weak sub-majorization for r > k. The main goal is to investigate
ertain polyhedra asso
iated with this notion. Several properties of these poly-hedra are established. We should point out that the main results of this workwere presented in [2℄, but using a di�erent approa
h. This paper is organized asfollows. In Se
tion 2 we introdu
e weak k-majorization and des
ribe some of itsbasi
 properties. The verti
es of di�erent majorization polyhedra are studied inSe
tion 3 while in the next se
tion we study the 
onvex hull of all the integralve
tors satisfying a weak k-majorization 
onstraint.Notation. R, Z andQ denote the set of real, integral and rational numbers,respe
tively. For 1 � a � b � n and v in Rn, we de�ne va:b := Pbj=a vj and�va:b := va:b=(b� a+ 1). Note that �va:b is simply the average of the 
omponentsva; : : : ; vb. For ea
h positive integer t we let Nt := f1; : : : ; tg, and for x 2 Rn,x[j℄ is the j'th largest 
omponent of x. When S � Nn we let jSj denote the
ardinality of S, and if x 2 Rn we de�ne x(S) := Pj2S xj . For 
on
eptsand results 
on
erning polyhedra and linear inequalities, see [8℄ or [10℄. When� is a permutation on Nn (i.e., a bije
tion) and a 2 Rn we 
all the ve
tor(a�(1); : : : ; a�(n)) a permutation of a. A set A � Rn is symmetri
 if it 
ontainsea
h permutation of its ve
tors. We let ei 2 Rn be the i'th unit (
oordinate)ve
tor in Rn, i.e., the i'th 
omponent of ei is 1 and all other 
omponents are 0.We also let [a; b℄ := fx 2 R j a � x � bg.2 Weak k-majorization and optimizationWe introdu
e and study basi
 properties of weak k-majorization. Asso
iatedoptimization problems and polyhedra are also introdu
ed.Let k and n be two given integers su
h that k � n, and let the majorantq 2 Rk be a given ve
tor satisfying q1 � : : : � qk. We say that x 2 Rn is weakly2



k-majorized by q and write x �k q if the following 
onditions hold:Prj=1 x[j℄ �Prj=1 q[j℄ for all r 2 Nk: (2)Note that x �k q i� some permutation of x is weakly k-majorized by some per-mutation of q. For k = n the notion �k 
oin
ides with weak sub-majorization.Furthermore, weak k-majorization 
orresponds to weak sub-majorization ap-plied to the k largest 
omponents of the ve
tors. The last observation meansthat equivalent 
onditions for weak k-majorization may be adopted from thatof weak sub-majorization and expressed in terms of the subve
tors 
onsistingof the k largest 
omponents. One of the results of the present work is to �ndanother 
hara
terization of k-majorization expressed in terms of the full ve
torx. It is of interest to study optimization problems in 
onne
tion with weakk-majorization. Let 
 2 Rn be a nonnegative obje
tive fun
tion ve
tor and
onsider the problem max f
Tx j x �k qg: (3)Here we may interpret 
j as the \expe
ted value" or pro�t asso
iated witha proje
t j � n. When the variable xj represents the investment in proje
tj, the problem (3) is to maximize the total pro�t of the investments underthe requirement that investments are \suitably spread out" (whi
h redu
es theoverall risk).Let P (q; k) := fx 2 Rn j x �k qg be the feasible set of (3). Note that x �k qif and only if x(S) � q(Nr) for ea
h subset S of Nn with jSj = r � k be
ausethe maximum value of x(S) taken over all su
h subsets is Prj=1 x[j℄. Thus theset P (q; k) is a polyhedron,P (q; k) = fx 2 Rn j x(S) � q(Nr) for all S �Nn with r = jSj � kg: (4)The polyhedron P (q; k), 
alled a majorization polyhedron, is unbounded, its
hara
teristi
 
one is Rn� and it is pointed, i.e., its minimal fa
es are verti
es.Furthermore, P (q; k) is symmetri
. Note also that a nonin
reasing ve
tor v inRn is in P (q; k) if and only if v1:j � q1:j for all 1 � j � k.Ea
h n-majorization polyhedron may be viewed as a polymatroid (see e.g.[4℄, [5℄) asso
iated with the set fun
tion f(S) = Prj=1 qj for ea
h S � Nnwhere r := jSj. (Trivially, this fun
tion is monotone and submodular.) Thus(see [3℄) (3) may be solved by the greedy algorithm and the optimal solution(when 
1 � : : : � 
n � 0) is x = q. This result also follows easily from (1).Some further properties in the 
ase k = n are dis
ussed in [2℄. For k < n,however, P (q; k) may not be a polymatroid and therefore the greedy solutionwhi
h is xj = qj for j � k and xj = qk for j > k may not be optimal for(3). For instan
e, with n = 3, k = 2, q = (2; 1) and 
 = (1; 1; 1) the greedyalgorithm produ
es the nonoptimal solution (2; 1; 1) while the optimal solutionis (3=2; 3=2; 3=2). Therefore it is 
lear that there are other verti
es of P (q; k)3



than the permutations of q. In the next se
tion all the remaining verti
es aredes
ribed.We also 
onsider the integer linear programming problem 
orresponding to(3), or equivalently, the problem of maximizing 
Tx over the integer hull ofP (q; k) whi
h is the following polyhedronQ(q; k) = 
onv(fx 2 Rn j x �k q; x is integralg): (5)These optimization problems are motivated by appli
ations where some sort ofdiversi�
ation is required. For instan
e, assume that (indivisible) jobs are to beallo
ated to n di�erent 
omputers in some network. Let xj be the number ofjobs to be performed on 
omputer j, and assume that 
j is the 
ost per job on
omputer j. A weak k-majorization 
onstraint on the ve
tor x = (x1; : : : ; xn)assures that jobs are suitably spread out among the 
omputers for e.g. se
u-rity reasons. The mentioned integer linear programming problem re
e
ts theproblem of minimum 
ost job allo
ation subje
t to the se
urity 
onstraint. Inmore realisti
 models the allo
ation would also be subje
t to other kinds of
onstraints.3 Verti
es of majorization polyhedraWe study the inner des
ription of the polyhedra P (q; k) and Q(q; k). In thesequel, we assume that k < n.Let � 2 [qk; �q1:k℄ and de�ne the numbers s(�) = maxf0 � s < k j �qs+1:k ��g and �(�) = qs(�)+1:k� (k�s(�)�1)�. We also de�ne the ve
tor x(�) 2 Rnby x(�) = (q1; : : : ; qs(�);�(�); �; : : : ; �): (6)We will show that ea
h extreme point of P (q; k) or Q(q; k) is a permutationof x(�) for parti
ular values of �. Some useful properties of x(�) are 
ontainedin the following lemma. They imply in parti
ular that x(�) is in P (q; k).Lemma 3.1 For ea
h � 2 [qk; �q1:k℄ we have that(i) x(�)1:k = q1:k,(ii) �(�) � �,(iii) qs(�)+1 � �(�) with equality if and only if s(�) = k � 1, and(iv) x(�) is nonin
reasing and x(�) �k q.Proof. Property (i) holds sin
e the de�nition of �(�) yields dire
tly thatx(�)s(�)+1:k = qs(�)+1:k. Sin
e �qs(�)+1:k � � implies qs(�)+1:k � (k � s(�))�,(ii) is true. Note that the de�nition of s(�) implies thatqt:k < (k � t+ 1)� for all s(�) + 2 � t � k: (7)4



If s(�) = k � 1 then �(�) = qk and both (iii) and (iv) hold. Otherwise,�(�) = qs(�)+1+qs(�)+2:k�(k�s(�)�1)� and together with (7) for t = s(�)+2this yields that �(�) < qs(�)+1, proving (iii). With (ii) and (iii), we havethat x(�) is nonin
reasing. Finally, Property (i) together with (7) imply thatx(�)1:t�1 < q1:t�1 for all s(�) + 2 � t � k and (iv) follows.The following lemma leads to a des
ription of the verti
es of majorizationpolyhedra.Lemma 3.2 Let 
 � 0 be a nonin
reasing ve
tor in Rn, let � 2 [qk; �q1:k℄ and
onsider the problem max f
Tx j x �k q; x[k℄ = �g: (8)Then x(�) is an optimal solution of (8). Furthermore, if �1 and �2 satisfy�qj:k � �1 � � � �2 � �qj+1:k for some 1 � j < k, then x(�) is a 
onvex
ombination of x(�1) and x(�2).Proof. Let x be a nonin
reasing optimal solution to (8), let t := maxf0 � i �k� 1 j xi > �g and let t0 := maxf0 � i � k� 1 j x(�)i > �g. One may supposew.l.o.g. that x is 
hosen among the optimal solutions so that t is minimum.We �rst show that t � t0. For suppose t0 < t and let d(t) := qt:k � (k � t)�.Note that d(t) � qt sin
e (k� t)� = x(�)t+1:k � qt+1:k the last inequality beingimplied by the feasibility of x(�) and Lemma 3.1 (i). Let x0 := (x1; : : : ; xt),
0 := (
1; : : : ; 
t) and q0 := (q1; : : : ; qt�1; d(t)). Note that q0 is nonin
reasing,that x0 is a feasible solution to max f(
0)T y j y � q0g and that q0 is an optimalsolution sin
e the greedy algorithm solves this problem to optimality (see Se
tion2). If d(t) � � then there exists 1 > � � 0 su
h that for y = �x0 + (1 � �)q0we have yt = �. Then y� = (y1; : : : ; yt; �; : : : ; �) 2 Rn is a feasible solution to(8). Moreover, as 
0T q0 � 
0Tx0, we have 
T y� � 
Tx and thus y� is an optimalsolution to (8). But this 
ontradi
ts the 
hoi
e of x, sin
e t0 < t and y� is anonin
reasing optimal solution to (8) with y�t0 = : : : = y�k = �. Suppose nowthat d(t) > �, i.e., qt:k > (k � t + 1)� implying s(�) � t � 1 and qt > �. Thede�nition of x(�) and Lemma 3.1 show that either (a) s(�) = t0 � 1 or (b)s(�) = t0 and �(�) = � or (
) s(�) = k � 1 and qt0+1 = : : : = qk = �. Notethat (a) would imply s(�) = t0 � 1 < t � 1 � s(�), a 
ontradi
tion; a similarargument shows that (b) would imply s(�) = t0 = t� 1 and thus �(�) = d(t),a 
ontradi
tion sin
e �(�) = � and d(t) > �. Finally, (
) is impossible sin
e wehave qt > � as noted above.Hen
e we have t � t0. Let �x := (x1; : : : ; xt0), �
 := (
1; : : : ; 
t0) and �q :=(q1; : : : ; qt0�1; x(�)t0 ). Observe that �x is a feasible solution to max f�
T y j y � �qgand that �q is an optimal solution. Sin
e �q is the ve
tor 
ontaining the �rst t0
omponents of x(�), we have 
Tx(�) � 
Tx, proving that x(�) is an optimalsolution to (8).The last statement of the lemma is trivially true if �1 = � or �2 = �.Otherwise, we have �qj:k > � > �qj+1:k and thus s(�) = s(�1) = j � 1. We5



distinguish three 
ases: (a) if �2 > �qj+1:k then s(�2) = j � 1; (b) if �2 = �qj+1:kthen either (b.1) qj+1 > �2, implying s(�2) = j and �(�2) = �2 or (b.2)qj+1 = �2, implying qj+1 = : : : = qk = �2 and s(�2) = k � 1. Note that inall three 
ases, we have x(�2)j+1 = : : : = x(�2)k = �2. It follows that thethree ve
tors x(�), x(�1) and x(�2) have the same �rst (j � 1) 
omponentsand ea
h of them is 
onstant on the 
omponents with index � j + 1. Thenx(�) = �x(�1) + (1� �)x(�2) for � = (�� �2)=(�1 � �2) sin
e it is immediatethat this is veri�ed for all 
omponents ex
ept (possibly) for 
omponent j. Theresult for 
omponent j then follows from Lemma 3.1 (i).Lemma 3.3 Let v be a nonin
reasing ve
tor in Ru and 1 � p � u. Then thereexists 1 � a � b � p su
h thatv1:u=p > v2:u=(p�1) > : : : > va:u=(p�a+1) = : : : = vb:u=(p�b+1) < : : : < vp:u:Moreover, we have b = p in these relations whenever p = u.Proof. Let dj := vj:u=(p� j +1) for all 1 � j � p. Then, for all 1 � j � p� 1,we have dj = (1=(p� j + 1))vj + ((p � j)=(p� j + 1))dj+1, i.e., dj is a 
onvex
ombination of vj and dj+1. Moreover, if vj > dj+1, then vj > dj > dj+1 andthe fa
t that v is nonin
reasing then implies that di > di+1 for all 1 � i � j. Asvj < dj implies dj < dj+1 and vj = dj+1 implies dj = dj+1, the result follows.For s = 0; : : : ; k�1 we let ws := x(�qs+1:k) = (q1; : : : ; qs; �qs+1:k; : : : ; �qs+1:k) 2Rn and 
all these ve
tors q-averages. For notational 
onvenien
e, we also de�newk := wk�1. We denote by W (q; k) the set fws j 0 � s � kg. Lemma 3.3with u := k and p := k shows that there exists 1 � s� � k su
h that �q1:k >: : : > �qs�:k = : : : = �qk:k implying that ws 6= wt for 0 � s < t � s� � 1.Moreover, as �qs�:k = : : : = �qk:k, we have qs� = : : : = qk and thus ws��1 = : : : =wk�1. It follows that W (q; k) 
ontains exa
tly s� distin
t elements, namelyw0; : : : ; ws��1.Lemma 3.4 Let 
 � 0 be a nonin
reasing ve
tor in Rn. Then there exists0 � a � b � s� � 1 su
h that
Tw0 < : : : < 
Twa�1 < 
Twa = : : : = 
Twb > 
Twb+1 > : : : > 
Tws��1 (9)and
1:n=k > : : : > 
a+1:n=(k � a) = : : : = 
b+1:n=(k � b) < : : : < 
s�:n=(k � s� + 1):Proof. Using Lemma 3.3 with u := n and p := k proves the existen
e of1 � a � b � s� � 1 su
h that the se
ond inequality of the above statementholds. For 0 � j � s� � 2, 
Twj � 
Twj+1 if and only if 
T rj � 0 whererj := wj � wj+1. From the de�nition of q-averages we see that rji = 0 for6



all i � j, rjj+1 = �qj+1:k � qj+1 = (qj+1:k � (k � j) � qj+1)=(k � j) and �nallyrji = �qj+1:k � �qj+2:k = ((k � j) � qj+1 � qj+1:k)=((k � j) � (k � j � 1)) for alli � j + 2.It follows that 0 � rjj+1 = �(k� j�1) �rji for all j+2 � i � n. As rjj+2 > 0,we have 
T (wj � wj+1) � 0 if and only if �(k � j � 1) � 
j+1 + 
j+2:n � 0, i.e.,if and only if 
j+1 � 
j+2:n=(k � j � 1). As shown in the proof of Lemma 3.3,this is equivalent to say that 
j+1:n=(k � j) � 
j+2:n=(k � j � 1) and thus the�rst inequality of the statement follows from the se
ond inequality.The �rst main result is given next.Theorem 3.5 The vertex set of P (q; k) is the set of ve
tors that 
an be obtainedas a permutation of one of the ve
tors w0; : : : ; ws��1.Proof. To prove that ea
h vertex has the desired form, let 
 be an obje
tivefun
tion su
h that the LP problem (3) has a unique optimal solution �x. Then 
 >0 and one 
an suppose w.l.o.g. that �x is nonin
reasing as P (q; k) is symmetri
.The rearrangement inequality (1) then shows that 
 is nonin
reasing. We �rstshow that some ws is optimal for this LP. Sin
e 
 > 0 we have �xk � qk. Observethat any optimal solution of (8) with � = �xk must also be optimal in (3). Thusit follows from Lemma 3.2 that x(�) is optimal in (3). Furthermore, from these
ond part of Lemma 3.2 we see that we may assume that � = �qj:k for some j,as desired.We �nally prove that ea
h ws for 0 � s � s� � 1 is indeed an extreme pointof P (q; k). Let 1 > � > 0 and 
onsider the 
ost fun
tion 
 given by 
i = n+ �ifor 1 � i � s and 
i = 1+ �i for s+1 � i � n. Lemma 3.4 shows that, for � > 0small enough, the unique optimum solution to max f
Twt j 0 � t � s� � 1g isthe q-average ws. By (1) and the fa
t that 
 is stri
ly de
reasing, 
Tws > 
Tw0,if w0 6= ws and w0 is obtained by permutation of a ve
tor in W (q; k). Thereforews is a vertex of P (q; k).It follows that the linear programming problem (3) may be solved easilyby sorting the 
omponents of the obje
tive fun
tion 
 in nonin
reasing orderand 
omparing the s� � 1 di�erent q-averages. In Fig.?? we illustrate the in-terse
tion between P (q; k) and the nonnegative orthant for k = 2, n = 3 andq = (2; 1). The di�erent permuted q-averages are shown. As another 
onse-quen
e of Theorem 3.5 we obtain an inner des
ription of P (q; k) as well as anequivalent 
ondition for weak k-majorization.Corollary 3.6 P (q; k) = 
onv(W (q; k)) +Rn�, i.e., x �k q if and only if x � zfor some z 2 Rn whi
h is a 
onvex 
ombination of permuted q-averages.We now turn to a dis
ussion of the polyhedron Q(q; k). Observe that Q(q; k)is un
hanged if we perform integer round-down on ea
h 
omponent of the ma-jorant q. Thus we may assume that q is integral. Let m� = b�q1:k
 and m� = qk.7



We say that m 2 fm�; : : : ;m�g is q-extreme if m is obtained by integer rounding(up or down) of some tail average �qs:k of q. When m is q-extreme we 
all x(m)a rounded q-average. By using similar arguments as in the proof of the �rst partof Theorem 3.5, we get the following result on the verti
es of Q(q; k).Proposition 3.7 Ea
h vertex of Q(q; k) may be obtained as a permutation ofsome rounded q-average.Note that the 
onverse of this result is proved in the next se
tion in Theo-rem 4.11, but in the meantime the above result is suÆ
ient for our purposes.The 
omplete 
hara
terization of the verti
es of Q(q; k) given in that theoremyields that solving LP problems over Q(q; k) (or, equivalently, integer LP's overP (q; k)) may be done by sorting the 
omponents of the obje
tive fun
tion innonin
reasing order and dire
t 
omparison of the rounded q-averages.Examples. Let k = 3, n = 5 and q = (7; 2; 1). Then the rounded q-averages are q1 = (7; 2; 1; 1; 1), q2 = (6; 2; 2; 2; 2) and q3 = (4; 3; 3; 3; 3), and theverti
es of Q(q; k) are all permutations of these points. As another example letk = 4, n = 6 and q = (19; 12; 5; 3). Then the tail averages of q are 3; 4; 20=3and 39=4 and the q-extreme integers are 3, 4, 6, 7 and 9. The q-averagesare q3 = (19; 12; 5; 3; 3; 3), q4 = (19; 12; 4; 4; 4; 4), q6 = (19; 8; 6; 6; 6; 6), q7 =(18; 7; 7; 7; 7; 7) and q9 = (12; 9; 9; 9; 9; 9).4 Linear des
ription of Q(q; k)In this se
tion we assume that q is integral and study the fa
ets of the polyhedronQ(q; k) de�ned in (5). The goal is to determine a 
omplete and nonredundantlinear des
ription of this polyhedron. Initially, we study simple fa
ets 
omingfrom the linear des
ription of the polyhedron P (q; k), before turning to theremaining fa
ets of Q(q; k).Observe that Q(q; k) is full dimensional sin
e the n + 1 points x(qk) andx(qk)�ej for all 1 � j � n are in Q(q; k) and are aÆnely independent. Moreoverthe n ve
tors�ej for all 1 � j � n are the extreme rays of Q(q; k), implying thatif an inequality aTx � � is fa
et de�ning for Q(q; k) then a � 0. Note also that,due to the symmetry of Q(q; k), ea
h permutation ~a of a yields a fa
et de�ninginequality ~aTx � �. Hen
e, a 
omplete des
ription of Q(q; k) may be obtainedby 
onsidering all permutations of all fa
et de�ning inequalities aTx � � su
hthat a � 0 and a is nonin
reasing.The next lemma 
on
erns the question of stri
t inequality in the rearrange-ment inequality. Let 1 � s1 < : : : < sp � n, s0 = 0 and sp+1 = n+1. A permu-tation � on the set Nn is 
alled an (s1; : : : ; sp)-permutation if �(fsj ; : : : ; sj+1 �1g) = fsj ; : : : ; sj+1 � 1g for 0 � j � p. In other words, � de�nes a permutationon ea
h of the \intervals" fsj ; : : : ; sj+1 � 1g.8



Lemma 4.1 Let a and x be nonin
reasing ve
tors in Rn and let x0 be a per-mutation of x. De�ne s1; : : : ; sp (uniquely) from the \levels" of a su
h thata1 = : : : = as1�1 > as1 = : : : = as2�1 > : : : > asp = : : : = an:Then aTx0 � aTx and equality holds if and only if x0 
an be obtained by an(s1; : : : ; sp)-permutation of x.Proof. Consider the relation for ve
tors with two 
omponents. We have (a1x1+a2x2)�(a1x2+a2x1) = (a1�a2)(x1�x2). From this we see that (i) a1x1+a2x2 �a1x2+a2x1 if x1 � x2, and (ii) the inequality in (i) is stri
t if and only if a1 > a2and x1 > x2. The desired result 
an be obtained from these observations bynoting that x0 is not a (s1; : : : ; sp)-permutation of x if and only if there existsindi
es i; j with ai > aj and xi > xj . (Remark: the rearrangement inequality(1) follows similarly).The next te
hni
al lemma will be helpful in the sequel for proving that avalid inequality is fa
et de�ning for Q(q; k).Lemma 4.2 Let a � 0 be a nonin
reasing ve
tor in Rn su
h that aTx � � is avalid inequality de�ning a nonempty fa
e F of Q(q; k). Let 1 � s � s0 � t � nbe su
h that ai = 0 for all t + 1 � i � n and as = : : : = as0 . Let bTx � � be avalid inequality de�ning a fa
et F 0 of Q(q; k) with F 
ontained in F 0. Then(i) bi = 0 for all t+ 1 � i � n, and(ii) if there exists a point y in F su
h that yi 6= yj for i; j 2 fs; : : : ; s0g thenbs = : : : = bs0 .Proof. (i) Sin
e F is nonempty, we 
an pi
k z in F . For all t+ 1 � j � n, thepoint z � ej is also in F and F 0, implying that 0 = bT (z � (z � ej)) = bj for allt+ 1 � j � n.(ii) Let y be in F su
h that yi 6= yj for i; j 2 fs; : : : ; s0g. Let k; k0 2 fs; : : : s0g,k 6= k0, let y1 be obtained by permuting 
omponents i with k and j with k0 iny, and let y2 be obtained by permuting the 
omponents k and k0 in y1. ByLemma 4.1, all (s; s0 +1)-permutations of y are also in F , proving that both y1and y2 are in F and therefore in F 0. Thus 0 = bT (y1 � y2) = (bk � bk0)(yi � yj)and as (yi � yj) 6= 0, we have bk = b0k.Proposition 4.3 For ea
h 1 � r � k, the inequalityrXi=1 xi � q1:r (10)de�nes a fa
et of Q(q; k) if and only if r = 1 or q1 > qr.9



Proof. Let F be the fa
e of Q(q; k) indu
ed by (10), written aTx � q1:r, andlet bTx � � be an inequality indu
ing a fa
et F 0 of Q(q; k) 
ontaining F . Notethat b � 0 and we 
an assume w.l.o.g. that the smallest positive entry in b isequal to 1. By Lemma 4.2 (i), we have bi = 0 for all r + 1 � i � n.Note that x(qk) is in F . Hen
e, if q1 > qr, Lemma 4.2 (ii) shows thatb1 = : : : = br and thus a = b. If r = 1 then we trivially have a = b. In both
ases, sin
e F is nonempty, we have q1:r = �, i.e., (10) de�nes a fa
et of Q(q; k).Conversely, suppose that r > 1 and q1 = : : : = qr. Then aTx � q1:r is thesum of the valid inequalities eTi x � q1 for all 1 � i � r and thus does not de�nea fa
et of Q(q; k).We 
all ea
h inequality in (10) a set size inequality. In 
ertain 
ases the setsize inequalities give a 
omplete linear des
ription of Q(q; k), or equivalently,Q(q; k) and P (q; k) 
oin
ide. In fa
t, from the 
hara
terization of the verti
es ofP (q; k) and Q(q; k) we see that this o

urs pre
isely whenever all the q-averagesws are integral, i.e., whenever k � sjqs+1:k for s = 0; : : : ; s� � 1. In general,however, further inequalities are required to give a 
omplete linear des
riptionof Q(q; k).Let s and t be integers satisfying 0 � s < k < t � n. De�ne Æs = qs+1:k �(k� s)b�qs+1:k
 whi
h is the remainder modulo k� s of qs+1:k. Let as;t be givenby: as;tj = 8<: (t� s� Æs)=(k � s� Æs) for j = 1; : : : ; s,1 for j = s+ 1; : : : ; t,0 for j = t+ 1; : : : ; n (11)and �s;t = ((t�k)=(k�s�Æs))q1:s+q1:k+(t�k)b�qs+1:k
. We 
all an inequalityof the form (as;t)Tx � �s;t a q-average inequality. Note here that if s > 0 thenas;ts > 1 as t > k and Æs < k � s. We 
all an inequality bTx � �s;t a permutedq-average inequality whenever b is a permutation of as;t. The following lemmagives a 
losed form for the optimum solution to the LP maxf(as;t)Tx j x 2P (q; k)g and shows that there are integral points in Q(q; k) satisfying (as;t)Tx =�s;t.Lemma 4.4 Let 0 � s < k < t � n and m = b�qs+1:k
. Then(i) (as;t)Tws = maxf(as;t)Tx j x 2 P (q; k)g,(ii) (as;t)Tx(m) = �s;t, and(iii) if m+ 1 � m� then (as;t)Tx(m+ 1) = �s;t.Proof. To simplify the notation, let a := as;t. Due to Theorem 3.5 and the fa
tthat ws��1 = : : : = wk�1, if s < s��1 then (i) is veri�ed if aTws < aTwu for all0 � u � s��1, u 6= s and if s � s��1 then (i) is veri�ed if aTws < aTwu for all0 � u < s��1. Noti
e that, if s � k�2, then as+1:n=(k� s) = (t� s)=(k� s) <(t�s�1)=(k�s�1) = as+2:n=(k�s�1) and Lemma 3.4 shows that aTws < aTwu10



for all minfs; s��1g < u � s��1. If s � 1 then as = (t� s� Æs)=(k� s� Æs) �(t�s)=(k�s) and thus as:n=(k�s+1) � as+1:n=(k�s) as shown in Lemma 3.3.Thus Lemma 3.4 yields that aTws < aTwu for all 0 � u < minfs; s� � 1g and(i) holds. Note that (ii) follows fromaTx(m) = a1x(m)1:s + x(m)s+1:k + x(m)k+1:t =(a1 � 1)x(m)1:s + x(m)1:k + (t� k)m =((t� k)=(k � s� Æs))q1:s + q1:k + (t� k)bqs+1:k
 = �s;tand, if m+ 1 � m� then x(m+ 1) is de�ned andaTx(m+ 1) = a1x(m + 1)1:s + x(m+ 1)s+1:k + x(m+ 1)k+1:t =(a1 � 1)(q1:k � x(m+ 1)s+1:k) + q1:k + (t� k)(m+ 1) =(a1 � 1)q1:s + q1:k + (t� k)m+ (a1 � 1)(qs+1:k � x(m+ 1)s+1:k) +(t� k) = �s;t + (a1 � 1)(qs+1:k � (k � s)(m+ 1)) + t� k =�s;t + (a1 � 1)(Æs � (k � s)) + t� k = �s;tas desired.We shall prove that all permuted q-average inequalities are valid for Q(q; k).As a preparation for this we give relations between optimal solutions of LPproblems over P (q; k) and similar ones over Q(q; k), and start with a resultobtained from the last part of Lemma 3.2.Lemma 4.5 For ea
h integral qk � m � �q1:k, x(m) is a 
onvex 
ombination ofws(m) and ws(m)+1.Proof. If s(m) = k�1 then, by de�nition of x(m), we have �(m) = x(m)k = qkimplying x(m) = wk�1. Otherwise, by de�nition of s(m), we have �qs(m)+1:k �m > �qs(m)+2:k and the result follows from the last part of Lemma 3.2 withj = s(m) + 1, �1 = �qj:k and �2 = �qj+1:k.By the 
hara
terization of the extreme points of P (q; k) given in Theorem 3.5and of Q(q; k) given in Proposition 3.7, for any 
 � 0 there exists w 2 W (q; k)and an integer � su
h that w and x(�) maximize 
Tx over P (q; k) and Q(q; k)respe
tively. The following proposition des
ribes more pre
isely the relationbetween these optimal solutions when their values di�er.Proposition 4.6 Let 
 � 0 be a nonin
reasing ve
tor in Rn su
h that
Tws = maxf
Tx j x 2 P (q; k)g > maxf
Tx j x 2 Q(q; k)g = 
Tx(t): (12)Then t is either b�qs+1:k
 or b�qs+1:k
+ 1.Proof. We 
laim that for ea
h m 2 fm�; : : : ;m�g the obje
tive value 
Tx(m)is a 
onvex 
ombination of 
Tws(m) and 
Tws(m)+1. To verify this, note that11



�qs(m)+2:k < m � �qs(m)+1:k. Therefore, using Lemma 4.5, we see that x(m) isa 
onvex 
ombination of the two adja
ent q-averages ws(m) and ws(m)+1. The
laim follows due to the linearity of the obje
tive fun
tion.From Lemma 3.4 there are integers a and b with 0 � a � b � s� � 1 su
hthat the ordering in (9) holds. From (12) it follows that a � s � b. Observe thats(t) 62 fa; : : : ; b � 1g for otherwise the 
laim would show that 
Tx(t) = 
Tws
ontradi
ting the stri
t inequality in (12). Furthermore, 
ombining the stri
tinequalities in (9) with the 
laim, we see that 
Tx(m) is maximized over mwhenever m is either the 
oor or 
eil of the (fra
tional) number �qs+1:k and theproof is 
omplete.The fa
t that ea
h permuted q-average inequality is valid for Q(q; k) is im-plied by the symmetry of Q(q; k) and the following lemma:Lemma 4.7 Let 0 � s < k < t � n and m := b�qs+1:k
. If (as;t)Tx � �s;t isnot valid for P (q; k), then(i) (as;t)Tx � �s;t is valid for Q(q; k);(ii) for all m0 2 fm�; : : : ;m�g we have (as;t)Tx(m0) = �s;t if and only ifm0 = m or m0 = m+ 1;(iii) An extreme point v of Q(q; k) satis�es (as;t)T v = �s;t only if v 
an beobtained by an (s+ 1; t+ 1)-permutation of x(m) or x(m+ 1).Proof. To simplify the notation, let a := as;t. Lemma 4.4 shows that ws is theoptimum solution to max faTx j x 2 P (q; k)g. As m = bwsk
, Proposition 4.6proves that max faTx(t) j t 2 fm�; : : : ;m�gg is attained only for t = m ort = m + 1 or both, yielding (i) and (ii). By Lemma 4.1, if v is an extremepoint of Q(q; k) su
h that aT v = �s;t then the point v0 obtained by sorting the
omponents of v in nonin
reasing order satis�es a � v0 � a � v. Moreover equalityholds if and only if v may be obtained by a (s+ 1; t+ 1)-permutation of v0. Asv0 is either x(m) or x(m + 1), (iii) follows.Consider the spe
ial 
ase of the q-average inequalities obtained by settings = 0; this leads to the inequalitytXj=1 xj � q1:k + (t� k)b�q1:k
 (13)We 
all ea
h su
h inequality an extended set size inequality sin
e it \extends"the set size inequalities to sets of 
ardinality larger than k.Example. Consider again our example where k = 3, n = 5 and q =(7; 2; 1). We get the extended set size inequalities x(N4) � 13 and x(N5) �16. Observe that both these inequalities 
ut o� the fra
tional q-average w0 =12



(10=3; : : : ; 10=3). Other q-average inequalities are 2x1 + x2 + x3 + x4 � 18(obtained for s = 1, t = 4) and 3x1 + x2 + x3 + x4 + x5 � 26 (for s = 1, t = 5).We are now in position to show that ea
h fa
et of Q(q; k) that is not a fa
et ofP (q; k) is obtained from a permuted q-average inequality. Note that by s
aling,one 
an assume that the smallest positive entry of a fa
et de�ning inequality is1. This is impli
it in the following proposition.Proposition 4.8 Let 
 be a nonin
reasing ve
tor in Rn and 
0 be a real numbersu
h that the inequality 
Tx � 
0 de�nes a fa
et of Q(q; k) and is not valid forP (q; k). Then there exist 0 � s < k < t � n su
h that 
 = as;t and 
0 = �s;t.Moreover for h = b�qs+1:k
, (i) if s > 0 then h + 1 � m� and (ii) if s > 1then either q1 > qs or h+ 1 < �q1:k.Proof. Let F be the fa
et of Q(q; k) de�ned by 
Tx � 
0 and Q be the set ofnonin
reasing extreme points of F . As Q(q; k) is full dimensional, the fa
e F 0of Q(q; k) de�ned by a valid inequality (
0)Tx � 
00 equals F if and only if thereexists � > 0 su
h that 
 = �
0 and 
0 = �
00. Moreover, if f1 � i � n j 
i =0g = f1 � i � n j 
0i = 0g then the extreme rays of F and F 0 are identi
al andthus F = F 0 if and only if both fa
es have the same set of extreme points.The rearrangement inequality (1) implies that if v is an extreme point of Fthen the ve
tor obtained by sorting the 
omponents of v in nonin
reasing orderis inQ and ea
h extreme points of F is obtained by a permutation of some ve
torin Q. The assumptions imply that 
 satis�es the hypothesis of Proposition 4.6and therefore Q 
ontains at most two elements.Let t be the largest index su
h that 
t > 0 and let t0 be the smallest indexsu
h that 
t0 = 
t.Case 1: t0 = 1. If t � k then inequality 
Tx � 
0 is of the form Pti=1 xi �
0, implying 
0 = q1:t and this inequality is valid for P (q; k), a 
ontradi
tion.Otherwise, t > k and thus 
 = as;t with s = 0. Lemma 4.7 shows that x(m�)satis�es (a0;t)Tx = �0;t and thus 
0 = �0;t.Case 2: t0 > 1. Let s be the largest index su
h that 
1 = 
s. Then 1 �s < t0 � n. Suppose that jQj = 1. Then Lemma 4.1 implies that v1:s has thesame value for all extreme points v of F . Thus for small � > 0, if we de�ne d bydi = 
i + � for all i � s, di = 
i for all s+ 1 � i � n, and d0 = 
0 + � � v1:s, theinequality (d)T x � d0 is valid forQ(q; k) and F is 
ontained in the fa
e of Q(q; k)de�ned by this inequality, a 
ontradi
tion. Hen
e jQj = 2 and Proposition 4.6shows that there exists an integralm su
h that Q = fx(m); x(m+1)g. It followsthat �qs+1:k < m� and (i) holds.Case 2.1: s < t0� 1. If x(m)1:s = x(m+1)1:s then the same reasoning as inthe 
ase jQj = 1 yields a 
ontradi
tion. If x(m)t0:t = x(m+1)t0:t then a similarreasoning (adding � to the 
omponents ft0; : : : ; tg of 
 instead of the 
omponentsf1; : : : ; sg) yields a 
ontradi
tion. Let 
1 = x(m)1:s; Æ1 = x(m)t0:t; 
2 =x(m + 1)1:s; Æ2 = x(m + 1)t0:t; and �; �0 su
h that �=�0 = (Æ2 � Æ1)=(
1 � 
2).13



For � > 0, de�ne
0i = 
i + � for 1 � i � s; 
0i = 
i + �0 for t0 � i � t; 
0i = 
i otherwise (14)and 
00 = 
0 + � � 
1 + �0 � Æ1. Then inequality (
0)Tx � 
00 is valid for Q(q; k) forsmall enough � > 0, as(
0)Tx(m) = 
Tx(m) + � � 
1 + �0 � Æ1 = 
00and (
0)T (x(m)� x(m + 1)) = 
T (x(m)� x(m+ 1)) + � � (
1 � 
2) +�0 � (Æ1 � Æ2) = 0 + �0 � (Æ2 � Æ1) + �0 � (Æ1 � Æ2) = 0:Moreover, Lemma 4.1 shows that the fa
e of Q(q; k) de�ned by this inequality
ontains the fa
et F , a 
ontradi
tion as (
0; 
00) is not a positive multiple of (
; 
0)due to the fa
t that s < t0 � 1, implying 
t0�1 = 
0t0�1 > 0.Case 2.2: s = t0 � 1. Note that we have t0 � k sin
e otherwise s � k andLemma 3.4 shows that w0 is the unique optimum solution to max f
Tx j x 2P (q; k)g. Then, by Proposition 4.6 and sin
e b�q1:k
+ 1 > m�, Q 
ontains onlythe ve
tor x(m�), a 
ontradi
tion.We also have t > k sin
e otherwise, by Lemma 3.4, wk�1 is optimal for maxf
Tx j x 2 P (q; k)g and, as wk�1 is integral, it is also optimal for f
Tx j x 2Q(q; k)g. It follows that 
0 = 
Twk�1, implying that inequality 
Tx � 
0 isvalid for P (q; k), a 
ontradi
tion. Hen
e 1 � s = t0 � 1 < t0 � k < t � n.We now show that s(m + 1) � s � 1 and s(m) � s, implying that m =b�qs+1:k
. Indeed, if s(m+1) > s� 1 then s(m) > s� 1 and thus x(m+1)1:s =x(m)1:s = q1:s. The same reasoning as in the 
ase where jQj = 1 yields a
ontradi
tion. For the other inequality, observe that if s(m) < s = t0 � 1 thens(m+1) < t0�1 and thus x(m)t0 = : : : = x(m)t and x(m+1)t0 = : : : = x(m+1)t.Lemma 4.1 implies that this relation holds for all extreme points v of F andthus if we de�ne d0 byd0i = 
i for i 6= t0; t; d0t0 = 
t0 + � and d0t = 
t � �; (15)all extreme points v of F satisfy d0T v = 
0 for all � > 0. Moreover, d0Tx � 
0 isvalid for Q(q; k) for � > 0 small enough, implying that the fa
e of Q(q; k) de�nedby this inequality 
ontains F , a 
ontradi
tion as d is not a positive multiple of
. Note that the same reasoning proves that (ii) holds. Indeed, if (ii) doesnot hold then q1 = : : : = qs, m + 1 = �q1:k and s(m + 1) = 0, implying thatx(m)1 = : : : = x(m)s and x(m+ 1)1 = : : : = x(m+ 1)s.By Lemma 4.1, a ve
tor v is an extreme point of F only if it may be obtainedby some (s+1; t+1)-permutation of either x(m) or x(m+1). Sin
em = b�qs+1:k
,Lemma 4.7 shows that all these points are on the fa
e of Q(q; k) de�ned byas;tTx � �s;t, implying 
 = as;t and 
0 = �s;t.14



Theorem 4.9 A 
omplete linear des
ription of Q(q; k) is given by the permutedset size inequalities and the permuted q-average inequalities.Proof. Proposition 4.8 implies that a fa
et F of Q(q; k) is either a fa
et ofP (q; k) or there exist s; t su
h that F is de�ned by an inequality that is apermutation of (as;t)Tx � �s;t. Therefore ea
h fa
et of Q(q; k) is either indu
edby a set size inequality or a permuted q-average inequality and the theoremfollows.Permuted q-average inequalities that are fa
et de�ning for Q(q; k) are de-s
ribed in the next proposition.Proposition 4.10 Let 0 � s < k < t � n and m = b�qs+1:k
. The inequality(as;t)Tx � �s;t de�nes a fa
et of Q(q; k) if and only if(i) �qs+1:k is fra
tional,(ii) if s > 0 then m+ 1 � m�, and(iii) if s > 1 then either q1 > qs or m+ 1 < �q1:k.Proof. First, note that (i) is equivalent to saying that (as;t)Tx � �s;t is notvalid for P (q; k). Indeed, Lemma 4.4 shows that ws is the optimum solutionto max f(as;t)Tx j x 2 P (q; k)g and that x(m) satis�es (as;t)Tx(m) = �s;t.If �qs+1:k is integral then ws = x(m) implying that the inequality is valid forP (q; k). If �qs+1:k is fra
tional then sin
e ws1:s = q1:s = x(m)1:s, wss+1:k =qs+1:k = x(m)s+1:k and wsk+1:t > x(m)k+1:t, we have (as;t)T (ws � x(m)) =wsk+1:t � x(m)k+1:t > 0 and the inequality is not valid for P (q; k).Suppose that (as;t)Tx � �s;t de�nes a fa
et F of Q(q; k). Then sin
e F isnot a fa
et of P (q; k), this inequality is not valid for P (q; k) and thus (i) holds.The result then follows from Proposition 4.8.Suppose now that (i), (ii) and (iii) hold and let F be the fa
e of Q(q; k)de�ned by the inequality. Let F 0 be a fa
et of Q(q; k) 
ontaining F and de�nedby bTx � �. By Lemma 4.4, x(m) is in F and Lemma 4.2 shows that bj = 0 forall t+ 1 � j � n.We 
laim that b1 = : : : = bs and bs+1 = : : : = bt. To prove the 
laim,Lemma 4.2 shows that it suÆ
es to �nd a point y in F su
h that yi 6= yj fori; j 2 fs+1; : : : ; tg and a point z in F su
h that zi 6= zj for i; j 2 f1; : : : ; sg. Notethat (i) implies s(m+1) < s � s(m). If s(m) = s then, due to (i), x(m)s(m)+1 =�(m) > m = x(m)k. If s(m) � s+ 1 then x(m)t = m < qs(m) = x(m)s(m). Inboth 
ases, setting y = x(m) yields that bs+1 = : : : = bt and the se
ond partof the 
laim follows. The �rst part of the 
laim is immediate if s � 1. Assumethat s > 1. If q1 > qs then z = x(m) proves that b1 = : : : = bs. Otherwise,note that (ii) implies that x(m+1) exists and Lemma 4.4 shows that this pointis in F . If s(m + 1) > 0 then, by Lemma 3.1, x(m + 1)s(m)+1 = �(m + 1) <15



qs(m+1)+1 � qs(m+1) = x(m + 1)s(m+1). If s(m + 1) = 0 then (iii) implies thatx(m+1)1 = �(m+1) > m+1 = x(m+1)2. In both 
ases z = x(m+1) yieldsb1 = : : : = bs, 
ompleting the proof of the 
laim.Sin
e b � 0, one 
an assume that the smallest positive entry of b equals 1.Hen
e, if s = 0 we have as;t = b. If s > 0, then, sin
e (i) implies qs+1 > m, wehave x(m)s = qs � qs+1 > m = x(m)k and the rearrangement inequality showsthat bs � bk. It follows that b is nonin
reasing and Proposition 4.8 proves thatas;t = b. In both 
ases, sin
e F is nonempty, we have �s;t = � proving theproposition.For a dis
ussion of simple algorithms for solving LP problems over P (q; k)and Q(q; k), see ([2℄).The verti
es of Q(q; k) 
an now be des
ribed.Theorem 4.11 The vertex set of Q(q; k) 
onsists of the ve
tors that 
an beobtained as permutation of the rounded q-average.Proof. Ea
h vertex 
an be obtained as permutation of a rounded q-average asshown in Lemma 3.7. It remains to prove that x(m) is indeed a vertex when mis q-extreme.Let x(m) be a rounded q-average. If x(m) is a vertex of P (q; k), then weare done as Q(q; k) � P (q; k). Otherwise, by Proposition 4.10 there exists0 � s < k < t � n su
h that (as;t)Tx(m) = �s;t and this inequality is notvalid for P (q; k). By Lemma 4.7, there exists at most one m0 6= m su
h that(as;t)Tx(m0) = �s;t.If m < m0 (or if m0 does not exist), then x(m) is lexi
ographi
ally largerthan x(m0) and thus for � > 0 small enough, x(m) is the only optimal solutionto max fPni=1(as;ti + �i)xi j x 2 Q(q; k)g.Otherwise, x(m) is lexi
ographi
ally smaller than x(m0) and thus a permu-tation of x(m) is the only optimal solution to max fPni=1(as;ti + �n+1�i)xi j x 2Q(q; k)g.5 Con
lusionsWe have studied the 
on
ept of weak k-majorization and asso
iated polyhedra.Complete inner and outer des
riptions were found for the k-majorization poly-hedron P (q; k) 
onsisting of all ve
tors weakly k-majorized by a given ve
toras well as for the integer hull Q(q; k) of P (q; k). An interesting dire
tion forfurther work is to study other polyhedra and optimization problems involvingk-majorization. For instan
e, in some plant (fa
ility) lo
ation problems or jobassignment problems it may be of interest to 
onsider additional k-majorization
onstraints. Both stru
tural and algorithmi
 results would be of interest, andsome work in this dire
tion is ongoing.16
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