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Abstract. Logic-based Benders decomposition can combine mixed integer pro-
gramming and constraint programming to solve planning and scheduling prob-
lems much faster than either method alone. We find that a similar technique can
be beneficial for solving pure scheduling problems as the problem size scales up.
We solve single-facility non-preemptive scheduling problems with time windows
and long time horizons that are divided into segments separated by shutdown
times (such as weekends). The objective is to find feasible solutions, minimize
makespan, or minimize total tardiness.

1 Introduction

Logic-based Benders decomposition has been successfully used to solve planning and
scheduling problems that naturally decompose into an assignment and a scheduling
portion. The Benders master problem assigns jobs to facilities using mixed integer pro-
gramming (MILP), and the subproblems use constraint programming (CP) to schedule
jobs on each facility.

In this paper, we use a similar technique to solve pure scheduling problems with
long time horizons. Rather than assign jobs to facilities, the master problem assigns
jobs to segments of the time horizon. The subproblems schedule jobs within each time
segment.

In particular, we solve single-facility scheduling problems with time windows in
which the objective is to find a feasible solution, minimize makespan, or minimize total
tardiness. We assume that each job must be completed within one time segment. The
boundaries between segments might therefore be regarded as weekends or shutdown
times during which jobs cannot be processed. In future research we will address in-
stances in which jobs can overlap two or more segments.

Logic-based Benders decomposition was introduced in [2, 8]. Its application to as-
signment and scheduling via CP/MILP was proposed in [3] and implemented in [9].
This and subsequent work shows that the Benders approach can be orders of magnitude
faster than stand-alone MILP or CP methods on problems of this kind [1, 7, 4-6, 10,
11]. For the pure scheduling problems considered here, we find that the advantage of
Benders over both CP and MILP increases rapidly as the problem scales up.



2 TheProblem

Each jobj has release time, deadline (or due ddig}nd processing timg;. The time
horizon consists of intervalg;, ;1] fori = 1,..., m. The problem is to assign each
job j a start times; so that time windows are observed (< s; < d; — p;), jobs run
consecutively §; + p; < s or s, + pi < s; for all k # 5), and each job is completed
within one segment < s; < z;41 — p; for somes). We minimize makespan by
minimizingmax; {s; +p; }. To minimize tardiness, we drop the constraint< d; —p;
and minimize) _; max{0, s; + p; — d;}.

3 Feasibility

When the goal is to find a feasible schedule, the master problem seeks a feasible as-
signment of jobs to segments, subject to the Benders cuts generated so far. Because we
solve the master problem with MILP, we introduce 0-1 variallgsvith y;; = 1 when

job j is assigned to segmentThe master problem becomes

Zyij = 1, a”_]

y 1)

Benders cuts, relaxation
Yij € {O, 1}, all 4, j

The master problem also contains a relaxation of the subproblem, similar to those de-
scribed in [4-6], that helps reduce the number of iterations.

Given a solutiory;; of the master problem, let, = {j | 7;; = 1} be the set of jobs
assigned to segmeit The subproblem decomposes into a CP scheduling problem for
each segmernit

vy S8 S dj=p },alljeJi
zi <85 < ziy1 — Py

di sjunctive ({s; | j € J;})

(2)

where thadi sj unct i ve global constraint ensures that the jobs assigned to segment
1 do not overlap.

Each infeasible subproblem generates a Benders cut as described below, and the cuts
are added to the master problem. The master problem and corresponding subproblems
are repeatedly solved until every segment has a feasible schedule, or until the master
problem is infeasible, in which case the original problem is infeasible.

Strengthened nogood cufBhe simplest Benders cut is a nogood cut that excludes
assignments that cause infeasibility in the subproblem. If there is no feasible schedule
for segment, we generate the cut

> i < il —1, alli (3)
Jj€Ji

The cut can be strengthened by removing jobs one by one ffpmtil a feasible
schedule exists for segmentThis requires re-solving thé&h subproblem repeatedly,



but the effort generally pays off because the subproblems are much easier to solve than
the master problem. We now generate a cut (3) with the rediiced

The cut may be stronger if jobs less likely to cause infeasibility are removed from
J; first. Let theeffective time windoy; ;, dl-j] of job j on segment be its time window
adjusted to reflect the segment boundaries. Thus

735 = max {min{r;, z;41}, z:}, dij = min{max{d;, z;}, zi11}

Let theslackof job j on segment bed;; — 7;; — p;. We can now remove the jobs in
order of decreasing slack.

4 Minimizing Makespan

Here the master problem minimizessubject to (1) and: > 0 . The subproblems
minimize u subject to (2) angk > s; + p; forall j € J;.

Strengthened nogood cutd/hen one or more subproblems are infeasible, we use
strengthened nogood cuts (3). Otherwise, for each seghvemuse the nogood cut

= g 1—2(1—yij)

Jj€Ji

wherey} is the minimum makespan for subprobléniThese cuts are strengthened by
removing jobs fromJ; until the minimum makespan on segmérops below. .

We also strengthen the cuts as follows. lgtJ) be the minimum makespan that
results when in jobs iy are assigned to segmeftso that in particulap; (J;) = u;.
Let Z; be the set of jobs that can be removed, one at a time, without affecting makespan,
sothatZ; = {j € J; | M;(J; \ {j}) = M}}. Then for eachi we have the cut

p> (BN Z) [ 1= Y (1 —vy)

jeJi\Z;

This cut is redundant and should be deleted whe; \ Z;) = u.

Analytic Benders Cutd/Ve can develop additional Benders as follows. Lgt=
{j € Ji | r; < z} be the set of jobs iV; with release times before segmentnd
let J!" = J; \ J!. Let/i; be the minimum makespan of the problem that remains after
removing the jobs ir6 C .J/ from segment. It can be shown as in [6] that

*— i < ps + d;} — min{d, 4
i = fii < ps IJ%Q}?{ it ?élf}{ it (4)

whereps = Zjespj. Thusif jobs inJ] are removed from segmentwe have from (4)
a lower bound on the resulting optimal makesganlf jobs in J!" are removed, there
is nothing we can say. So we have the following Benders cut for &ach

p> i = D =y + max{d;} — min{d;} | - S wid-y;) )
JEJ! i i jeJr



when one or more jobs are removed from segnignt> 0 when all jobs are removed,
andyp > pf otherwise. This can be linearized:

p=pi =Y pi(l—yy) —wi— Y wi(L=yiy) —wiqi, @ <1—yy, j€Ji

Jj€j! jeJy’
w; < | max{d;} — min{d; 1— ;s w; < max{d;} — min{d;
< (max(as — mint} ) S0 =), i < max(dy) - mingd,)

jeJ!

5 Minimizing Tardiness

Here the master problem minimizessubject to (1), and each subproblem minimizes
>_jes T subjecttor; > s; 4+ p; —d; andr; > 0.

Benders cutdlle use strengthened nogood cuts and relaxations similar to those used
for minimizing makespan. We also develop the analytic Benders cuts

[
+
=) <ri-“a"+ > v dj> (1= yi), P+ 3" pr <z

JjEeJ; leld; leld;

1= —wy) |, otherwise
Jj€Ji

where the bound o#; is included for alli for which 7;* > 0. Herer;* is the minimum
tardiness in subproblem r*#* = max{max{r; | j € J;}, z;}, anda™ = max{0, a}.

6 Problem Generation and Computational Results

Random instances are generated as follows. For eacli,joh d; — r;, andp; are
uniformly distributed on the interval®, aR], [yiaR, y2«R], and[0, 5(d; — )], re-
spectively. We selz = 40 m for tardiness problems, and otherwiBe= 100 m, where
m is the number of segments. For the feasibility problem we adjustes provide a
mix of feasible and infeasible instances. For the remaining problems, we adjiisted
the largest value for which most of the instances are feasible.

We formulated and solved the instances with IBM’s OPL Studio 6.1, which invokes
the ILOG CP Optimizer for CP models and CPLEX for MILP models. The MILP mod-
els are discrete-time formulations we have found to be most effective for this type of
problem. We used OPL's script language to implement the Benders method.

Table 1 shows the advantage of logic-based Benders as the problem scales up. Ben-
ders failed to solve only four instances, due to inability to solve the CP subproblems.



Tabl

el. Computation times in seconds (computation terminated after 600 seconds). The number

of segments is 10% the number of jobs. Tight time windows h@vey:,«) = (1/2,1,1/2)

and

wide time windows havéy;, vz, @) = (1/4,1,1/2). For feasibility instances? = 0.028

for tight windows and).035 for wide windows. For makespan instancgs= 0.025 for 130 or
fewer jobs and).032 otherwise. For tardiness instancgs+= 0.05.

Tight time windows Wide time windows
Feasibility Makespan Tardiness Feasibility Makespan Tardiness
Jobg| CP MILP Bndrg CP MILP Bndrg CP MILP Bndrg| CP MILP Bndrg CP MILP Bndrg CP MILP Bndrg
50 [[0.91 80 15[|0.09 9.0 4.0/0.05 1.3 1.1{/0.03 7.7 25(0.13 13 35(0.13 1.3 1.1
60|(1.1 12 28|0.09 18 55|0.14 18 115|005 12 16(094 29 57011 23 14
70 |l0.56 17 3.3|0.11 51 67|13 39 21(013 17 23(0.11 39 6.2(016 3.0 1.9
80 |[600 21 2.8|600 188 7.6|0.86 6.0 4.5||600 24 50(600 131 7.3({19 64 50
90 |[600 29 7.5|600 466 10|21 11 4.6(/600 32 9.7(600 600 85|59 95 11
100{{600 36 12 |600 600 16600 11 2.0|{600 44 9.7(600 600 19 (600 24 22
110|{600 44 20 |600 600 17 |600 600 600|{600 49 17 [600 600 24 600 600 600
120|{600 62 18 |600 600 21|600 15 3.3||600 80 15 |600 600 23600 12 3.1
130({600 68 20 |600 600 29600 17 3.9||600 81 43 |600 600 31|600 18 3.9
140|{600 88 21 |600 600 30|600 600 600|600 175 27600 * 35 [600 600 14
150(({600 128 27 |600 600 79 600 386 85|600 600 43
160|600 408 82600 600 34 600 174 52600 600 53
170|600 192 5.9|600 600 37 600 172 5.9|{600 600 600
180(({600 600 6.6|600 * 8.0 600 251 6.5/600 600 56
190|600 600 7.2|600 * 8.5 600 600 7.3|600 * 78
200||600 600 8.0(600 * 85 600 600 8.2{600 * 434

*MILP solver ran out of memory.
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