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Abstract. Logic-based Benders decomposition can combine mixed integer pro-
gramming and constraint programming to solve planning and scheduling prob-
lems much faster than either method alone. We find that a similar technique can
be beneficial for solving pure scheduling problems as the problem size scales up.
We solve single-facility non-preemptive scheduling problems with time windows
and long time horizons that are divided into segments separated by shutdown
times (such as weekends). The objective is to find feasible solutions, minimize
makespan, or minimize total tardiness.

1 Introduction

Logic-based Benders decomposition has been successfully used to solve planning and
scheduling problems that naturally decompose into an assignment and a scheduling
portion. The Benders master problem assigns jobs to facilities using mixed integer pro-
gramming (MILP), and the subproblems use constraint programming (CP) to schedule
jobs on each facility.

In this paper, we use a similar technique to solve pure scheduling problems with
long time horizons. Rather than assign jobs to facilities, the master problem assigns
jobs to segments of the time horizon. The subproblems schedule jobs within each time
segment.

In particular, we solve single-facility scheduling problems with time windows in
which the objective is to find a feasible solution, minimize makespan, or minimize total
tardiness. We assume that each job must be completed within one time segment. The
boundaries between segments might therefore be regarded as weekends or shutdown
times during which jobs cannot be processed. In future research we will address in-
stances in which jobs can overlap two or more segments.

Logic-based Benders decomposition was introduced in [2, 8]. Its application to as-
signment and scheduling via CP/MILP was proposed in [3] and implemented in [9].
This and subsequent work shows that the Benders approach can be orders of magnitude
faster than stand-alone MILP or CP methods on problems of this kind [1, 7, 4–6, 10,
11]. For the pure scheduling problems considered here, we find that the advantage of
Benders over both CP and MILP increases rapidly as the problem scales up.



2 The Problem

Each jobj has release time, deadline (or due date)dj, and processing timepj . The time
horizon consists of intervals[zi, zi+1] for i = 1, . . . , m. The problem is to assign each
job j a start timesj so that time windows are observed (rj ≤ sj ≤ dj − pj), jobs run
consecutively (sj + pj ≤ sk or sk + pk ≤ sj for all k 6= j), and each job is completed
within one segment (zi ≤ sj ≤ zi+1 − pj for somei). We minimize makespan by
minimizingmaxj{sj +pj}. To minimize tardiness, we drop the constraintsj ≤ dj−pj

and minimize
∑

j max{0, sj + pj − dj}.

3 Feasibility

When the goal is to find a feasible schedule, the master problem seeks a feasible as-
signment of jobs to segments, subject to the Benders cuts generated so far. Because we
solve the master problem with MILP, we introduce 0-1 variablesyij with yij = 1 when
job j is assigned to segmenti. The master problem becomes

∑

i

yij = 1, all j

Benders cuts, relaxation

yij ∈ {0, 1}, all i, j

(1)

The master problem also contains a relaxation of the subproblem, similar to those de-
scribed in [4–6], that helps reduce the number of iterations.

Given a solution̄yij of the master problem, letJi = {j | ȳij = 1} be the set of jobs
assigned to segmenti. The subproblem decomposes into a CP scheduling problem for
each segmenti:

rj ≤ sj ≤ dj − pj

zi ≤ sj ≤ zi+1 − pj

}
, all j ∈ Ji

disjunctive ({sj | j ∈ Ji})
(2)

where thedisjunctive global constraint ensures that the jobs assigned to segment
i do not overlap.

Each infeasible subproblem generates a Benders cut as described below, and the cuts
are added to the master problem. The master problem and corresponding subproblems
are repeatedly solved until every segment has a feasible schedule, or until the master
problem is infeasible, in which case the original problem is infeasible.

Strengthened nogood cuts.The simplest Benders cut is a nogood cut that excludes
assignments that cause infeasibility in the subproblem. If there is no feasible schedule
for segmenti, we generate the cut

∑

j∈Ji

yij ≤ |Ji| − 1, all i (3)

The cut can be strengthened by removing jobs one by one fromJi until a feasible
schedule exists for segmenti. This requires re-solving theith subproblem repeatedly,



but the effort generally pays off because the subproblems are much easier to solve than
the master problem. We now generate a cut (3) with the reducedJi.

The cut may be stronger if jobs less likely to cause infeasibility are removed from
Ji first. Let theeffective time window[r̃ij, d̃ij] of job j on segmenti be its time window
adjusted to reflect the segment boundaries. Thus

r̃ij = max {min{rj, zi+1}, zi} , d̃ij = min{max{dj, zi}, zi+1}

Let theslackof job j on segmenti be d̃ij − r̃ij − pj. We can now remove the jobs in
order of decreasing slack.

4 Minimizing Makespan

Here the master problem minimizesµ subject to (1) andµ ≥ 0 . The subproblems
minimizeµ subject to (2) andµ ≥ sj + pj for all j ∈ Ji.

Strengthened nogood cuts.When one or more subproblems are infeasible, we use
strengthened nogood cuts (3). Otherwise, for each segmenti we use the nogood cut

µ ≥ µ∗
i


1 −

∑

j∈Ji

(1 − yij)




whereµ∗
i is the minimum makespan for subproblemi. These cuts are strengthened by

removing jobs fromJi until the minimum makespan on segmenti drops belowµ∗
i .

We also strengthen the cuts as follows. Letµi(J) be the minimum makespan that
results when in jobs inJ are assigned to segmenti, so that in particularµi(Ji) = µ∗

i .
LetZi be the set of jobs that can be removed, one at a time, without affecting makespan,
so thatZi = {j ∈ Ji | Mi(Ji \ {j}) = M∗

i }. Then for eachi we have the cut

µ ≥ µi(Ji \ Zi)


1 −

∑

j∈Ji\Zi

(1 − yij)




This cut is redundant and should be deleted whenµi(Ji \ Zi) = µ∗
i .

Analytic Benders Cuts.We can develop additional Benders as follows. LetJ ′
i =

{j ∈ Ji | rj ≤ zi} be the set of jobs inJi with release times before segmenti, and
let J ′′

i = Ji \ J ′
i. Let µ̂i be the minimum makespan of the problem that remains after

removing the jobs inS ⊂ J ′
i from segmenti. It can be shown as in [6] that

µ∗
i − µ̂i ≤ pS + max

j∈J ′
i

{d̃j} − min
j∈J ′

i

{d̃j} (4)

wherepS =
∑

j∈S pj. Thus if jobs inJ ′
i are removed from segmenti, we have from (4)

a lower bound on the resulting optimal makespanµ̂i. If jobs in J ′′
i are removed, there

is nothing we can say. So we have the following Benders cut for eachi:

µ ≥ µ∗
i −


∑

j∈J ′
i

pj(1 − yij) + max
j∈J ′

i

{dj} − min
j∈J ′

i

{dj}


−

∑

j∈J ′′
i

µ∗
i (1 − yij) (5)



when one or more jobs are removed from segmenti, µ ≥ 0 when all jobs are removed,
andµ ≥ µ∗

i otherwise. This can be linearized:

µ ≥ µ∗
i −

∑

j∈j′
i

pj(1 − yij) − wi −
∑

j∈J ′′
i

µ∗
i (1 − yij) − µ∗

i qi, qi ≤ 1 − yij, j ∈ Ji

wi ≤
(

max
j∈J ′

i

{dj} − min
j∈J ′

i

{dj}
)∑

j∈J ′
i

(1 − yij), wi ≤ max
j∈J ′

i

{dj} − min
j∈J ′

i

{dj}

5 Minimizing Tardiness

Here the master problem minimizesτ subject to (1), and each subproblem minimizes∑
j∈Ji

τj subject toτj ≥ sj + pj − dj andτj ≥ 0.
Benders cuts.We use strengthened nogood cuts and relaxations similar to those used

for minimizing makespan. We also develop the analytic Benders cuts

τ ≥
∑

i

τ̂i

τ̂i ≥





τ∗
i −

∑

j∈Ji

(
rmax
i +

∑

`∈Ji

p` − dj

)+

(1 − yij), if rmax
i +

∑

`∈Ji

p` ≤ zi+1

τ∗
i


1 −

∑

j∈Ji

(1 − yij)


 , otherwise

where the bound on̂τi is included for alli for which τ∗
i > 0. Hereτ∗

i is the minimum
tardiness in subproblemi, rmax

i = max{max{rj | j ∈ Ji}, zi}, andα+ = max{0, α}.

6 Problem Generation and Computational Results

Random instances are generated as follows. For each jobj, rj, dj − rj , andpj are
uniformly distributed on the intervals[0, αR], [γ1αR, γ2αR], and[0, β(dj − rj)], re-
spectively. We setR = 40 m for tardiness problems, and otherwiseR = 100 m, where
m is the number of segments. For the feasibility problem we adjustedβ to provide a
mix of feasible and infeasible instances. For the remaining problems, we adjustedβ to
the largest value for which most of the instances are feasible.

We formulated and solved the instances with IBM’s OPL Studio 6.1, which invokes
the ILOG CP Optimizer for CP models and CPLEX for MILP models. The MILP mod-
els are discrete-time formulations we have found to be most effective for this type of
problem. We used OPL’s script language to implement the Benders method.

Table 1 shows the advantage of logic-based Benders as the problem scales up. Ben-
ders failed to solve only four instances, due to inability to solve the CP subproblems.



Table 1. Computation times in seconds (computation terminated after 600 seconds). The number
of segments is 10% the number of jobs. Tight time windows have(γ1, γ2, α) = (1/2, 1, 1/2)
and wide time windows have(γ1, γ2, α) = (1/4, 1, 1/2). For feasibility instances,β = 0.028
for tight windows and0.035 for wide windows. For makespan instances,β = 0.025 for 130 or
fewer jobs and0.032 otherwise. For tardiness instances,β = 0.05.

Tight time windows Wide time windows
Feasibility Makespan Tardiness Feasibility Makespan Tardiness

Jobs CP MILP Bndrs CP MILP Bndrs CP MILP Bndrs CP MILP Bndrs CP MILP Bndrs CP MILP Bndrs
50 0.91 8.0 1.5 0.09 9.0 4.0 0.05 1.3 1.1 0.03 7.7 2.5 0.13 13 3.5 0.13 1.3 1.1
60 1.1 12 2.8 0.09 18 5.5 0.14 1.8 1.5 0.05 12 1.6 0.94 29 5.7 0.11 2.3 1.4
70 0.56 17 3.3 0.11 51 6.7 1.3 3.9 2.1 0.13 17 2.3 0.11 39 6.2 0.16 3.0 1.9
80 600 21 2.8 600 188 7.6 0.86 6.0 4.5 600 24 5.0 600 131 7.3 1.9 6.4 5.0
90 600 29 7.5 600 466 10 21 11 4.6 600 32 9.7 600 600 8.5 5.9 9.5 11
100 600 36 12 600 600 16 600 11 2.0 600 44 9.7 600 600 19 600 24 22
110 600 44 20 600 600 17 600 600 600 600 49 17 600 600 24 600 600 600
120 600 62 18 600 600 21 600 15 3.3 600 80 15 600 600 23 600 12 3.1
130 600 68 20 600 600 29 600 17 3.9 600 81 43 600 600 31 600 18 3.9
140 600 88 21 600 600 30 600 600 600 600 175 27 600 * 35 600 600 14
150 600 128 27 600 600 79 600 386 8.5 600 600 43
160 600 408 82 600 600 34 600 174 5.2 600 600 53
170 600 192 5.9 600 600 37 600 172 5.9 600 600 600
180 600 600 6.6 600 * 8.0 600 251 6.5 600 600 56
190 600 600 7.2 600 * 8.5 600 600 7.3 600 * 78
200 600 600 8.0 600 * 85 600 600 8.2 600 * 434

∗MILP solver ran out of memory.
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