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Abstract. We explore the idea of obtaining valid inequalities for a 0-1
model from a constraint programming formulation of the problem. In
particular, we formulate a graph coloring problem as a system of all-
different constraints. By analyzing the polyhedral structure of alldiff sys-
tems, we obtain facet-defining inequalities that can be mapped to valid
cuts in the classical 0-1 model of the problem. We focus on cuts corre-
sponding to cyclic structures and show that they are stronger than known
cuts. For example, when an existing separation algorithm identifies odd
hole cuts, we can supply stronger cuts with no additional calculation. In
addition, we generalize odd hole cuts to odd cycle cuts that are stronger
than any collection of odd hole cuts.

1 Introduction

The vertex coloring problem is one of the best known optimization problems
defined on a graph. It asks how many colors are necessary to color the vertices
so that adjacent vertices receive different colors. The minimum number of colors
is the chromatic number of the graph.

The problem can be given a 0-1 programming model or a constraint pro-
gramming (CP) model. The 0-1 model benefits from several known classes of
facet-defining inequalities that tighten its continuous relaxation. The CP model
consists of all-different constraints and is normally solved without the help of a
continuous relaxation.

Nonetheless, facet-defining inequalities can be derived for the CP model as
well as for the 0-1 model, if its finite domain variables are interpreted as having
numerical values. These inequalities can be mapped into the 0-1 model, using a
simple change of variable, to obtain valid cuts that we call finite domain cuts.
Because the CP model has a very different polyhedral structure than the 0-1
model, one might expect the finite domain cuts to be different from known
0-1 cuts. We find that at least one family of finite domain cuts, corresponding
to cyclic structures, are not only different from but stronger than known cuts
associated with cycles.

This is an instance of a general strategy: reformulate a given 0-1 model in
terms of finite domain variables, study the resulting polyhedron, and map any
cuts back into the 0-1 model. Binary variables frequently encode a choice that



might just as well be encoded by a single finite domain variable. For example, a
0-1 variable y;; might represent whether job j is assigned to worker 7, whether
task i begins at time j, or whether stop j follows stop ¢ on a bus route. These
choices can be represented by a finite domain variable x; that indicates which
job is assigned worker ¢, at what time task ¢ starts, or which stop follows stop 1.

The polyhedral structure of some finite domain CP models, including all-
different systems, has been studied. Yet the strength of the resulting cuts has not
been directly compared with that of cuts in a 0-1 model. Furthermore, CP models
commonly have nonlinear objective functions, so that there is no obvious way
to solve a linear relaxation of the problem. However, linear inequalities derived
for a CP model generally remain linear when mapped into a 0-1 model, which
is more likely to have a linear objective function. This also allows finite domain
cuts to be combined with 0-1 cuts that may have complementary strengths. To
our knowledge, such a strategy has not previously been examined.

For purposes of testing the idea, we focus on odd cycles in the graph, which
generalize odd holes. An odd cycle is a cycle of cliques with overlap between
adjacent cliques. We identify a new family of odd cycle cuts for each odd cycle
and show that they are facet-defining in the CP model. We then show that
when mapped into 0-1 space, they are stronger than odd hole cuts and clique
inequalities generated by the odd cycle.

The odd cycle cuts are parameterized by s, which is related to the size of the
overlap of adjacent cliques. We show the following:

— If an existing algorithm discovers separating odd hole cuts, we can replace
them with stronger odd cycle cuts with s = 1, without any additional cal-
culation. This allows immediate improvement of solution methods that use
odd hole cuts.

— A single odd cycle cut with s > 1 strictly dominates all odd hole and clique
inequalities that can be generated for the corresponding odd cycle (possibly
hundreds or thousands of cuts). Adding a second odd cycle cut provides an
even tighter bound.

— A (fast) polynomial-time separation algorithm finds separating odd cycle
cuts for a given odd cycle whenever such cuts exist. To obtain the full benefit
of odd cycle cuts for s > 1, existing solution methods can be augmented with
a heuristic that identifies odd cycles and applies this algorithm.

We make no claim that graph coloring problems are most efficiently solved
using a purely polyhedral approach, although there have been efforts in this
direction [11,12]. Rather, we claim that if relaxation bounds play a role in the
solution method, finite-domain cuts can provide tighter bounds than standard
0-1 cuts.

As it happens, the graph coloring problem has a linear objective function in
both the CP and 0-1 models. Odd cycle cuts can therefore be added directly to
a relaxation of the CP model, if desired, and a bound obtained by solving this
relaxation. We find that the cuts yield the same tight bound as in the 0-1 model.
If other families of finite domain cuts are developed, this suggests the possiblity



of obtaining bounds from a relaxation of the CP model rather than from the
much larger 0-1 relaxation.

We begin below with a definition of the problem and a survey of relevant
literature. We then define odd cycles, identify an associated family of odd cycle
cuts (which we call x-cuts), and prove that z-cuts are facet-defining. We show
that any family of facet-defining inequalities for the graph coloring problem gives
rise to a second family of facet-defining cuts that bound the chromatic number.
We apply this result to the z-cuts just derived to obtain a new family of facet-
defining z-cuts, which are crucial for obtaining tight bounds. At this point we
map z-cuts and z-cuts into the 0-1 model and investigate computationally their
strength relative to odd hole and clique cuts. This is followed by a separation
algorithm and suggestions for future research.

2 The Problem

Given an undirected graph G with vertex set V and edge set E, the vertex
coloring problem is to assign a color x; to each vertex ¢ € V so that x; # x; for
each (i,7) € E. We seek a solution with the minimum number of colors; that is,
a solution that minimizes |{z; | i € V}|.

The vertex coloring problem can be formulated as a system of all-different
constraints. An all-different constraint alldiff(X) requires that the variables in
set X take pairwise distinct values. Let {Vi | k € K} be the vertex sets of
maximal cliques of G, so that (J,.x Vi = V. Let the colors be denoted by
distinct nonnegative numbers v; for j € J, so that each variable x; has the finite
domain {v; | j € J}. Then the problem of minimizing the number of colors is

min z

z>xi, 1 EV

alldiff(Xy), k=1,..., K
z,eD={v;|jeJ},ieV

(1)

where X, = {z; | i € Vi }. It is convenient to assume that |V| colors are available,
so that |J| = [V|. We also label the colors so that v; < -+ < v,,.

A standard 0-1 model for the problem uses binary variables y;; to denote
whether vertex i receives color j, and binary variables w; that indicate whether
color j is used. The model is

jed
Zyij—l, eV (a)
jed (2)
vy <wy, jeJ keK (b
1€V

yij{O,l}, iEV,jEJ



The finite domain variables x; are readily expressed in terms of 0-1 variables
Yij:
T= ) vy 3)
=
This allows any valid inequality for model (1) to me mapped to a valid inequality
for (2) by substituting the expression in (3) for each z;.

3 Previous Work

All facets for a single all-different constraint are given in [5, 14]. The facial struc-
ture of a system of two all-different constraints is studied in [1,2]. Facets for
general all-different systems are derived for comb structures in [7,8,10] and for
odd holes and webs in [9]. To our knowledge, the odd cycle cuts described in the
present paper have not been previously identified.

It is natural to ask when all facets of an all-different system are facets of
individual constraints in the system. It is shown in [10] that this occurs if and
only if the all-different system has an inclusion property, which means that
intersections of sets Vi in the alldiff constraints are ordered by inclusion. The
cycle structures studied here lack the inclusion property and therefore generate
new classes of facets.

Known facets for the 0-1 graph coloring model are discussed in [3,11-13].
These include cuts based on odd holes, odd antiholes, cliques, paths, and odd
wheels.

Finite domain cuts have been developed for a few global constraints other
than alldiff systems. These include the element constraint [5], the circuit con-
straint [4], the cardinality constraint [6], cardinality rules [15], the sum constraint
[16], and disjunctive and cumulative constraints [6].

4 Cycles

We will investigate valid inequalities that correspond to odd cycles. A cycle
in graph G can be defined to be a subgraph of G induced by the vertices in
Vi,...,V, € V (for ¢ > 3), where the subgraph induced by each V}, is a clique,
and the only overlapping V}’s are adjacent ones in the cycle Vi, ..., Vg, Vi. Thus,

Sy ifk+1=tor (k0)=(q1)
Vi N Ve = { 1] otherwise

where Sj, # (). A feasible vertex coloring on G must therefore satisfy
alldiff(Xy), k=1,...,¢ (4)

where again Xj, = {x; | ¢ € V}}. The cycle is odd if ¢ is odd. If |V}| = 2 for each
k, an odd cycle is an odd hole.

Figure 1 illustrates an odd cycle with ¢ = 5. Each solid oval corresponds to a
constraint alldiff(X}). Thus V; = {0,1,2,3,10,11}, and similarly for Vs, ..., V5.
All the vertices in a given Vj are connected by edges in G.



Fig. 1. A 5-cycle. The solid ovals correspond to constraints alldiff(Xy) for k = 1,...,5.
The sets S1,...,S2 provide the basis for one possible valid cut with s = 2.

5 Valid Inequalities

We first identify valid inequalities that correspond to a given cycle. In the next
section, we show that they are facet-defining.

Lemma 1. Let Vi,...,Vy induce a cycle, and let S € Sy, and |Sk| = s > 1 for
k=1,...,q. If g is odd and S = Sy U---U Sy, the following inequality is valid
for (1):

icS
where
-1 q—1
B(q,s) = BN Jz:;”j + (sq - T(L— 1)) vL
and

Sl

Proof. Because ¢ is odd, each color can be assigned to at most (g—1)/2 vertices in
the cycle. This means that the vertices must receive at least L distinct colors, and
the variables in (4) must take at least L different values. Because vy < - -+ < vy,
we have

-1 -1 -1 -1
inqu v1+q2 v2+~-+q2 ’UL—lJF<3qq2(L1)>vL_ﬂ(Q7s)
ieS



where the coefficient of V, is the number of vertices remaining to receive color
vy, after colors vy, ...,v 1 are assigned to (¢ — 1)/2 vertices each. O

We will refer to the valid inequality (5) as an z-cut because it contains the
variables x;. If the cycle is an odd hole, each |S;| = 1 and L = 3. So (5) becomes

-1
ZIiZq2 (v1 +v2) + v3 (6)
€S

If the domain {vy,...,v,} of each z; is Ds = {0,6,20,...,(n — 1)é} for some
0 > 0, inequality (5) becomes

> owi> (sq - q;lL> (L—1)8 (7)

i€S

for a general cycle and

S > q+3

p 2
€S

for an odd hole.

An example with ¢ = 5 appears in Fig. 1. By setting s = 2 we can obtain 9
valid inequalities by selecting 2-element subsets Sy and Sy of S5 and Sy, respec-
tively. Here L = 5, and if the colors are 0,...,9, the right-hand side of the cut
is B(5,2) = 20. The sets Si,..., S5 illustrated in the figure give rise to the valid
inequality

6 Facet-defining Inequalities

We now show that the valid inequalities identified in Lemma 1 are facet-defining.
Let the variables x; for ¢ € S be indexed xy, . . ., T4s—1. We will say that a partial
solution

((Eo,l'l,..wl'qS,l) = ({fo,"fl...,(qufl) (9)

is feasible for (1) if it can be extended to a feasible solution of (1). That is, there
is a complete solution (z1,...,x,) that is feasible in (1) and that satisfies (9).
Because |V colors are available, any partial solution (9) that satisfies (4) can
be extended to a feasible solution simply by assigning the remaining vertices
distinct unused colors. That is, assign vertices in V' \ {0,...,sq — 1} distinct
colors from the set J \ {Zo, ..., Tsq—1}-

Theorem 1. If the graph coloring problem (1) is defined on a graph in which
vertex sets Vi,...,Vy induce a cycle, where q is odd, then inequality (5) is facet

defining for (1).



Proof. Define
F = {z feasible for (1) | (zo,...,xqs—1) satisfies (5) at equality}

It suffices to show that if pz > p,+1 holds for all € F,| then there is a scalar
A > 0 such that

A fori=0,...,gs—1
wi =% Blg,s)A fori=n+1 (10)
0 otherwise
We will construct a partial solution (Zo,...,Z4s—1) that is feasible for (1) as
follows. Domain values vy, ...,v;—1 will occur (¢ — 1)/2 times in the solution,
and domain value vy, will occur r times, where

-1
r:qs—qT(L—l)

This will ensure that (5) is satisfied at equality. We form the partial solution by
first cycling r times through the values vy, ...,vr, and then by cycling through
the values v1,...,vr_1. Thus

_ {U(imod L)+1 fori=0,...,rL—1 ()

T; = :
U((i—rL) mod (L—1))+1 for i = TL, e, TS — 1
To show that this partial solution is feasible for the odd cycle, we must show

alldiff{Z;, i € S, U Sgq1}, fork=1,...,¢—1 (a)
alldiff{z;, i € S U S,} (b)
To show (a), we note that the definition of L implies L — 1 > 2s. Therefore, any

sequence of 2s consecutive Z;’s are distinct, and (a) is satisfied. To show (b), we
note that the number of values Z,r,...,Tqs_1 is

(rs—1)—rL+1=(L—1) <q21L—qs>

from the definition of r. Because the number of values is a multiple of L — 1, the

values z; for i € Sy are (T(g_1)s, - Tgs—1) = (Vp—s,-..,vr_1), and they are all
distinct. The values Z; for i € Sy are (Zg,...,Zs—1) = (v1,...,0s) and are all
distinct. But L — 1 > 2s implies L — s > s, and (b) follows.

We now construct a partial solution (Zo, ..., Z4s—1) from the partial solution

in (11) by swapping any two values Ty, Ty for £,¢' € S}, U Syy1, for any k €
{1,...,q — 1}. That is,
Ty fi=1¢
Gi={ 7 ifi=0 (12)
T;  otherwise
Extend the partial solutions (11) and (12) to complete solutions z and Z, re-
spectively, by assigning values with

iizjiforigé{o,...,qs—l}



such that the values assigned to Z; for ¢ ¢ {0,...,¢gs — 1} are all distinct and
do not belong to {v,...,vr}. Because T and Z are feasible and satisfy (5) at
equality, they satisfy ux = p,.1. Subtracting, we have py = up for £, €
Sj U Sy41 for any pair £,¢' € S U Sk, 1 and any k € {1,...,q— 1}. This implies

e = jugr for any £,0' € S (13)

Define &’ by letting &’ = Z except that for an arbitrary ¢ & {0,...,¢qs — 1},
T, is assigned a value that does not appear in the tuple z. Since Z and z’ are
feasible and satisfy (5) at equality, we have pz = pz’. This and z, # z) imply

i =0, i€ V\{0,...,qs — 1} (14)
Finally, (13) implies that for some A > 0,
i =X 1=0,...,q5s—1 (15)
Because puT = 41, we have from (15) that p,+1 = B(g,s)A. This, (14), and
(15) imply (10). O

In the example of Fig. 1, suppose that the vertices in Vi,..., Vs induce a
cycle of G. That is, all vertices in each Vj are connected by edges, and there are
no other edges of G between vertices in V3 U--- U V5. Then (8) is facet-defining
for (1).

7 Bounds on the Objective Function

We can write a facet-defining inequality involving the objective function variable
z if the domain of each x; is Ds for 6 > 0. To do so we rely on the following:

Theorem 2. If ax > § is facet-defining for a graph coloring problem (1) in
which each x; has domain Ds for 6 > 0, then

aez > ax + f (16)
is also facet defining, where e = (1,...,1).

Proof. To show that (16) is valid, note that for any « € D}, z — ; € D;s for all
i, where z = max;{z;}. Because ax > 3 is valid for all x € D} and z — x; € Ds,
ax > [ holds when z — x; is substituted for each z;. This implies (16) because
z in (1) satisfies z > x; for each 1.

To show (16) is facet-defining, let

F = {(z,x) feasible for (1) | aez = ax + B}

It suffices to show that if p,2z = ux + o is satisfied by all (z,x) € F, then there
is a A > 0 with

Ly = Aae

1= Aa (17)

po = A8



Let F' = {x feasible for (1) | ax = B}. F’ is nonempty because ax >  is facet
defining. F' is therefore nonempty, because for any x € F’, we have (z,z) € F
where z = max;{z;} and T = ze — z. But for any point (z,z) € F, we also have
(249,24 0de) € F. So pyz = px+po and p,(2+06) = p(x+de) + po. Subtracting,
we get p, = pe. We now claim that any (ez — ) € F’ satisfies pu(ez — ) = po.
This is because (ez — x) € F' implies (z,x) € F, which implies pez = pz + po,
which implies p(ex — ) = po. But because ax > 8 is facet defining, there is a
A > 0 for which g = Aa and py = AS8. Because p, = pe, this same \ satisfies
(17). O

Inequality (5) and Theorem 2 imply

Corollary 1. If the graph coloring problem (1) is defined on a graph in which
vertex sets Vi,...,V, induce a cycle, where q is odd and each x; has domain Ds
with 6 > 0, then

1
> =N , 18
z_qséw +(g, 5) (18)

is facet defining for (1), where

) = (1- 2t s

qs

We will refer to cuts of the form (18) as z-cuts. In the case of an odd hole (s = 1),
the z-cut is

1 3
9 ieS q
In the example of Fig. 1, the z-cut is
2> (o4 +wo) +2 (19)

8 Mapping to 0-1 Cuts

The 0-1 model for a coloring problem on a cycle has the following continuous

relaxation:
Zyijzl, i=1,...,q (a)

jeJ

Zyijﬁwj, jed k=1....4q (0) (20)
i€V

0< Yij, Wj < 17 all Za.j (C)

Because constraints (b) appear for each maximal clique, the relaxation implies
all clique inequalities Eier yij < 1. Nonetheless, we will see that two finite-
domain cuts strengthen the relaxation more than the collection of all odd hole
cuts.



To simplify discussion, let each z; have domain D; = {0,1,...,n—1}. Then
valid cuts for (1) become valid 0-1 cuts for (2) after the substitution

n—1
T = Z JYij
i=1

The x-cut (10) therefore maps into the cut

> iqu > <sq - TL) (L—1) (21)

ieS j=1

To map the z-cut (18) into 0-1 space, we must note that the objective function
in the finite domain model (1) is the largest color number z, while the objective
function in the 0-1 model (2) is the number } . w; of colors. Because the colors
are numbered 0, ...,n — 1, the minimum z is one less than the minimum number
of colors. We therefore replace z with > ;w; — 1 and obtain the 0-1 cut

n—1 1 n—1 q+3
j=0

ieS j=1
We will compare cuts (21)—-(22) with classical odd hole cuts, which have the form
q—1 .
ZyijSij’ ji=0,...,n—1 (23)
icH

where H is the vertex set for an odd hole.
We first note that when s = 1, the z-cut (21) is redudant of odd hole cuts.

Lemma 2. If s = 1, the z-cut (21) is implied by the 0-1 model (20) with odd
hole cuts (23).

Proof. When s = 1, the cut (21) becomes

n—1
DD vz —q;?’ (24)
ie8 j=0
It suffices to show that (24) is dominated by a nonnegative linear combination
of (20) and (23), where H = S in (23). Assign multiplier 2 to each constraint
in (20a); multipliers 2 and 1, respectively, to constraints (23) with j = 0,1; and
multipliers g—1 and (g—1)/2, respectively, to the constraints wg < 1 and wy < 1.
The resulting linear combination is

n—1
ZyilJr?ZZyijZQQ*%*(Q*l):#

i€S Jj=2ieS

This dominates (24) because the left-hand side coefficients are less than or equal
to the corresponding coefficients in (24). O



However, the two finite domain cuts (21) and (22), when combined, strictly
dominate the n odd hole cuts (23) even when s = 1. For example, when ¢ = 5,
the 10 odd hole cuts provide a lower bound of 2.5 on the chromatic number,
while the two finite domain cuts provide a bound of 2.6. The improvement is
modest, but 10 cuts are replaced by only two cuts. Comparisons for larger ¢
appear in the next section.

Furthermore, when s > 1, the single z-cut (22) strictly dominates the col-
lection of all odd hole cuts, which have no effect in this case. There are s? odd
hole cuts (23) for each color j, one for every H that selects one element from
each S, k=1,...,q. For example, when ¢ = 5 and s = 2, there are ns? = 320
odd hole cuts. The lower bound on the chromatic number is 4.0 with or without
them. However, the one finite domain cut (22) yields a bound of 4.5. Addition
of the z-cut (21) strengthens the bound further, raising it to 5.0. This bound is
actually sharp in the present instance, because the chromatic number is 5. Thus
two finite domain cuts significantly improve the bound, while 320 odd hole cuts
have no effect on the bound. Further comparisons appear below.

9 Computational Results

To measure to effect of various cuts on the the quality of bounds, we generated a
series of graph coloring instances. Each instance consists of a g-cycle formulated
as a 0-1 programming model and is parameterized by s and g. The overlap
sets Sy have size s, and vertex set Vi, = S U Sy for k =1,...,¢ — 1 (with
Vi, =S, U Sl).

For each instance, we solved the linear programming relaxation that mini-
mizes ), w; subject to (20) and various classes of cuts:

— No cuts, aside from the clique inequalities (20b), which are always present.
0Odd hole cuts (23) only. As explained in Section 8, there are ns? such cuts.
The z-cut (21) only, with Sy, = Sj.

— The z-cut (22) only, with Sy = Sj.

— the z-cut and the z-cut.

We generated the instances indicated in Table 1, which shows the resulting
bounds, the optimal value (chromatic number), and the number of odd hole cuts.

For s = 1, the table confirms that z-cuts are redundant of odd hole cuts.
However, the combination of one z-cut and one z-cut yields a tighter bound
than n odd hole cuts. It is therefore advantageous to replace any set of standard
cuts generated for an odd hole with these two cuts.

For s > 1, neither odd hole cuts nor z-cuts alone have any effect on the
bound when clique inequalities are present. However, a single z-cut significantly
improves the bound. Combining the z-cut with the z-cut raises the bound still
further, substantially reducing the integrality gap, sometimes to zero. Two finite
domain cuts therefore provide a much tighter relaxation than a large set of
standard clique inequalities and odd hole cuts.



Table 1. Lower bounds on the chromatic number in a 0-1 clique formulation of problem
instances consisting of one g-cycle with overlap of s.

q s | Without Odd hole z-cut z-cut z-cut  Optimal | No. of odd
cuts cuts only only only & z-cut  value hole cuts

5 1 2.00 2.50 2.00 2.30 2.60 3 5

2 4.00 4.00 4.00  4.50 5.00 5 320

3 6.00 6.00 6.00  6.77 7.53 8 3645

4 8.00 8.00 8.00  9.00 10.00 10 20,480

5 10.00 10.00 10.00 11.26 12.52 13 78,125
71 2.00 2.33 2.00 221 2.43 3 7

2 4.00 4.00 4.00 4.36 4.71 5 1792

3 6.00 6.00 6.00  6.50 7.00 7 45,927

4 8.00 8.00 8.00 8.68 9.36 10 458,752
9 1 2.00 2.25 2.00 217 2.33 3 9

2 4.00 4.00 4.00 4.28 4.56 5 9216

3 6.00 6.00 6.00 6.39 6.78 7 531,441

An interesting question is whether the finite domain cuts are equally effective
in the z-space, where they take their original form (5) and (18). We formulated
a linear relaxation of the CP model that minimizes z 4+ 1 subject to z > z; for
all 4, plus cuts. The results appear in Table 2. The z-cut and z-cut, in isolation,
yield weaker bounds than in the 0-1 model. However, when combined, the two
cuts yield exactly the same bound as in the 0-1 model.

One might obtain a fairer comparison if clique inequalities are added to
the CP model, because they appear in the 0-1 model. In the CP model, clique
inequalities corresond to the individual alldiff constraints. We know from [5, 14]
that for domain Dj, the following is facet-defining for alldiff(Xy):

Y @i = IVal(IVel = 1)

1€V

In the test instances, |V;| = 2s. We therefore added the following cuts:

in2$(2371), k=1,...,q
i€V

Using Theorem 2, we also added the cuts:

1 2s —1
zZ—in—l— i , k=1,...,q
95 jev, q

The results appear in the last four columns of Table 2. The z-cut performs as
before, but now the z-cut provides the same bound as in the 0-1 model. When
combined, the z-cut and y-cut again deliver the same bound as in the 0-1 model.

It is remarkable that two odd cycle cuts yield the same bound in the very
small finite domain relaxation (even without clique inequalities) as in the much



Table 2. Lower bounds on the chromatic number in the CP model of problem instances

consisting of one g-cycle with overlap of s and color set {0,1,...,n — 1}.

q s No z-cut z-cut z-cut Clique Plus Plus Plus -
cuts only only & z-cut cuts a-cut z-cut & z-cut

5 1 1.00 1.80 1.80 2.60 1.50 1.80 2.30 2.60

2 1.00 3.00 3.00 5.00 2.50 3.00 4.50 5.00

3 | 1.00 4.27  4.27 7.53 3.50 4.27  6.77 7.53

4 | 1.00 5.50  5.50 10.00 450 550 9.00 10.00

5 1.00 6.76 6.76 12.52 5.50 6.76 11.26 12.52

7T 1 1.00 1.71 1.71 2.43 1.50 1.71 221 2.43

2 1.00 2.86 2.86 4.71 2.50 2.86 4.36 4.71

3 | 1.00 4.00 4.00 7.00 3.50 4.00 6.50 7.00

4 1.00 5.18 5.18 9.36 4.50 5.18 8.68 9.36

9 1 1.00 1.67 1.67 2.33 1.50 1.67 2.17 2.33

2 1.00 2.78 2.78 4.56 2.50 2.78 4.28 4.56

3 | 1.00 3.89 3.89 6.78 3.50 3.89 6.39 6.78

larger 0-1 relaxation. The finite domain relaxation contains n variables z; and
n + 2 constraints, while the 0-1 relaxation contains n? + n variables Yij, w; and
n? + n + 2 constraints (dropping odd hole cuts). If finite domain counterparts
can be identified for other families of 0-1 cuts, it may be advantageous to obtain
bounds from a finite domain model rather than a 0-1 model.

10 Separation Algorithm

Separating cuts can be identified in either the z-space or the y-space. When a
continuous relaxation of the 0-1 model is solved, the resulting values of the y;;s
can be used to identify a separating cut directly in 0-1 space. Alternatively, these
values can be mapped to values of the x;s using the transformation (3), and a
separation algorithm applied in z-space.

In practice, a solver may apply existing algorithms to identfy separating odd
hole cuts. The odd holes that give rise to these cuts can trigger the generation
of an z-cut and a z-cut. These superior cuts can then replace the odd hole cuts.

If odd cycle cuts for s > 1 are desired, a separation algorithm can be applied
to the x;-values by heuristically seeking a cycle that gives rise to separating cuts.
We show here that a simple polynomial-time algorithm identifies a separating
z-cut and a separating z-cut for a given cycle if such cuts exist.

The algorithm is as follows. We again suppose the colors are 0,1,...,n — 1.
Let (4) be an odd g-cycle for which we wish to find a separating cut. Let g, w
be a solution of the continuous relaxation of the 0-1 model, and let

n—1 q

n—1
a?i:ZjQij,ieUVk zzzwj_l
Jj=1 k=1 j=0



For each k = 1,...,q, define the bijection 7 : {1,...,|Sk|} — Sk such that

Tro0) < Ty whenever £ < (. Then for s = 1,... ,ming[Sk|, generate a
separating x-cut
q S
szwk(@ > B(Q7 ) (25)
k=1¢=1

whenever

w

T, o) < B(g,s)

MQ

?v.
Il

1j=¢

and generate a separating z-cut

')

z 2> Ly, (| S| —L+1) + FY(Q? S) (26)

1
qs

Il M@

~
Il
—

whenever

®

z < ’ﬂk(\skuﬂ) + (¢ 5)

Il M*ﬁ

N

1
qs
The running time of the algorithm is O(¢5log 3), where § = maxy, | S| and §log s

is the sort time for s values.

Lemma 3. The above algorithm finds a separating x-cut for a given odd q-cycle
if such a cut exists.

Proof. Suppose there is a separating x-cut with Sy C Sy and s* = |Sy| for
k=1,...,q. Then
> < B(g,s") (27)

i€S

where S = U Sj.. Because 7, orders the elements of Sj by size,

Zxﬂk4)<le, = 7...,q

€Sy
Summing this over k =1,...,q, we get
q s
Z jﬂk)<le<6q7
=1/¢=1 i€S

where the strict inequality is due to (27). This means that the algorithm gener-
ates the separating cut for s = s*. [J

Lemma 4. The above algorithm finds a separating z-cut for a given odd q-cycle
if such a cut exists.



Proof. Suppose there is a separating z-cut with S; C Sy and s* = |S| for
k=1,...,q. Then

zZ < Za‘cl +(q,s") (28)
ieS

where S = Us Sy.. Because 7, orders the elements of Sj, by size,

g
ankusk\—un > Z T, k=1,...,q
=1

€Sy
Summing this over k =1,...,q, we get

S

q

k=1 ¢=1 i€

[95]]

This and (28) imply

I e
z < 72 Ly (|Sg|—L+1) +’7(Qa 5*)
as k=1 ¢=1

The algorithm therefore generates the separating cut for s = s*. [J

11 Conclusions and Future Research

We showed that polyhedral analysis of all-different systems can give rise to a
class of finite domain cuts (odd cycle cuts) that strictly dominate known 0-1
cuts for cyclic structures in graph coloring problems. Two odd cycle cuts yield
a tighter bound than a large number of standard cuts. In particular, separating
odd hole cuts identified by existing solvers can be replaced by stronger odd
cycle cuts with no additional calculation. The alternate polyhedral perspective
afforded by the finite domain formulation therefore seems beneficial, at least in
the case of graph coloring.

The next step is to seek additional families of finite domain cuts for graph
coloring, perhaps corresponding to odd anti-holes, paths, odd wheels, and more
general structures. Once a variety of finite domain cuts have been identified,
separation heuristics can be developed as needed and tested in the context of a
solution method that uses polyhedral bounds.

We also discovered that odd cycle cuts provide the same tight bound in a
relaxation of the finite domain model as in a relaxation of the 0-1 model. If
other families of finite domain cuts follow this pattern, there could be advantage
in obtaining bounds from a finite domain relaxation that is much smaller than
the 0-1 model. Given that some benchmark instances result in 0-1 models that
are too large even to load into a linear solver [12], this could provide a viable
alternative for solving large graph coloring and related problems.

Finally, the general strategy of obtaining valid inequalities and tight bounds
from finite domain formulations can be investigated for other problem classes.
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