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Abstract. The typical constraint store transmits a limited amount of
information because it consists only of variable domains. We propose a
richer constraint store in the form of a limited-width multivalued de-
cision diagram (MDD). It reduces to a traditional domain store when
the maximum width is one but allows greater pruning of the search tree
for larger widths. MDD propagation algorithms can be developed to
exploit the structure of particular constraints, much as is done for do-
main filtering algorithms. We propose specialized propagation algorithms
for alldiff and inequality constraints. Preliminary experiments show that
MDD propagation solves multiple alldiff problems an order of magnitude
more rapidly than traditional domain propagation. It also significantly
reduces the search tree for inequality problems, but additional research
is needed to reduce the computation time.

1 Introduction

Propagation through a constraint store is a central idea in constraint program-
ming, because it addresses a fundamental issue in the field. Namely, how can a
solver that processes individual constraints recognize the global structure of a
problem? Global constraints provide part of the answer, because they allow the
solver to exploit the global structure of groups of constraints. But the primary
mechanism is to propagate the results of processing one constraint to the other
constraints. This is accomplished by maintaining a constraint store, which pools
the results of individual constraint processing. When the next constraint is pro-
cessed, the constraint store is in effect processed along with it. This partially
achieves the effect of processing all of the original constraints simultaneously.

In current practice the constraint store is normally a domain store. Con-
straints are processed by filtering algorithms that remove values from variable
domains. The reduced domains become the starting point from which the next
constraint is processed. An advantage of a domain store is that domains provide
a natural input to filtering algorithms, which in effect process constraints and
the domain store simultaneously. A domain store also guides branching in a nat-
ural way. When branching on a variable, one can simply split the domain in the
current domain store. As domains are reduced, less branching is required.

A serious drawback of a domain store, however, is that it transmits relatively
little information from one constraint to another, and as a result it has a limited



effect on branching. A constraint store can in general be regarded as a relaxation
of the original problem, because any set of variable assignments that satisfies the
original constraint set also satisfies the constraint store. A domain store is a very
weak relaxation, since it ignores all interactions between variables. Its feasible
set is simply the Cartesian product of the variable domains, which can be much
larger than the solution space.

This raises the question as to whether there is a natural way to design a
constraint store that is more effective than a domain store. Such a constraint
store should have several characteristics:

1. It should provide a significantly stronger relaxation than a domain store.
In particular, it should allow one to adjust the strength of the relaxation it
provides, perhaps ranging from a traditional domain store at one extreme to
the original problem at the other extreme.

2. It should guide branching in a natural and efficient way.
3. In optimization problems, it should readily provide a bound on the optimal

value (to enable a branch-and-bound search).
4. It should provide a natural input to the “filtering” algorithms that process

each constraint.

In this context, a “filtering” algorithm would not simply filter domains but would
tighten the constraint store in some more general way.

We propose a multivalued decision diagram (MDD) [1] as a general constraint
store for constraint programming, on the ground that it clearly satisfies at least
the first three criteria, and perhaps after some algorithmic development, the
fourth as well. MDDs are a generalization of binary decision diagrams (BDDs)
[2, 3], which have been used for some time for circuit design/verification [4, 5] and
very recently for optimization [6–8]. The MDD for a constraint set is essentially
a compact representation of a branching tree for the constraints, although it can
grow exponentially, depending on the structure of the problem and the branching
order. We therefore propose to use a relaxed MDD that has limited width and
therefore bounded size. The MDD is relaxed in the sense that it represents a
relaxation of the original constraint set.

An MDD-based constraint store satisfies the first three criteria as follows:

1. By setting the maximum width, one can obtain an MDD relaxation of arbi-
trary strength, ranging from a traditional domain store (when the maximum
width is fixed to 1) to an exact representation of the original problem (when
the width is unlimited).

2. One can easily infer a reduced variable domain on which to branch at any
node of a branching tree.

3. A relaxed MDD provides a natural bounding mechanism for any separable
objective function. The cost of a particular shortest path in the MDD is a
lower bound on the optimal value.

The primary research issue is whether fast and effective “filtering” algorithms
can be designed for limited-width MDDs. Rather than reduce domains, these



algorithms would modify the current MDD without increasing its maximum
width. The feasibility of this project can be demonstrated only gradually by
examining a number of constraints and devising MDD filters for each, much as
was done for conventional domain filtering. As a first step in this direction we
present an MDD filter for the all-different (alldiff) constraint and for inequality
constraints (i.e., constraints that bound the value of a separable function).

2 Related Work

The limitations of the domain store’s ability to make inferences across constraints
are well known, but few attempts have been made to generalize it. In [9] meta-
programming is proposed for overcoming the limitations. The idea is to allow
symbolic propagation by giving the programmer detailed access to information
about constraints at runtime and thereby allow for early detection of failures by
symbolic combination of constraints.

Decision diagrams have been used previously for Constraint Satisfaction as a
compact way of representing ad-hoc global constraints [10] as well as for no-good
learning both in CSP and SAT solving [11]. This is however quite different from
the goal of this paper, which is to utilize an MDD as a relaxation of the solution
space.

3 MDDs and Solution Spaces

We are given a constraint set C defined over variables X = {x1, . . . , xn} with
finite domains D1, . . . , Dn giving rise to the declared domain of solutions D =
D1 × · · · × Dn. Each constraint C ∈ C is defined over a subset of variables
scope(C) ⊆ X. An MDD for C can be viewed as a compact representation of a
branching tree for the constraint set.

For example, an MDD for the two constraints

x1 + x3 = 4 ∨ (x1, x2, x3) = (1, 1, 2),
3 ≤ x1 + x2 ≤ 5

(1)

with x1, x2, x3 ∈ {1, 2, 3} appears in Fig. 1(a). The edges leaving node u1 repre-
sent possible values of x1, those leaving u2 and u3 represent values of x2, and so
forth. Only paths to 1 are shown.

Formally, an MDD M is a tuple (V, r, E, var, D), where V is a set of vertices
containing the special terminal vertex 1 and a root r ∈ V , E ⊆ V ×V is a set of
edges such that (V,E) forms a directed acyclic graph with r as the source and 1
as the sink for all maximal paths in the graph. Further, var : V → {1, . . . , n+1}
is a labeling of all nodes with a variable index such that var(1) = n + 1 and
D is a labeling Du,v on all edges (u, v) called the edge domain of the edge. We
require that ∅ 6= Du,v ⊆ Dvar(u) for all edges in E and for convenience we take
Du,v = ∅ if (u, v) 6∈ E.
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Fig. 1. (a) MDD for problem (1). (b) Same MDD relaxed to width 2. (c) Result of
propagating alldiff in (b).

We work only with ordered MDDs. A total ordering < of the variables is
assumed and all edges (u, v) respect the ordering, i.e. var(u) < var(v). For con-
venience we assume that the variables in X are ordered according to their indices.
Ordered MDDs can be considered as being arranged in n layers of vertices, each
layer being labeled with the same variable index. If i = var(u) and j = var(v),
we say that (u, v) is a long edge if its skips variables (i+1 < j). We use Nu,v for
the set of indices {i + 1, i + 2, . . . , j − 1} skipped by the long edge, with Nu,v = ∅
if (u, v) is not a long edge.

Each path from the root to 1 in an MDD represents a set of feasible solutions
in the form of a Cartesian product of edge labels. Thus the path (u1, u2, u4, 1)
in Fig. 1(a) represents the two solutions (x1, x2, x3) in the Cartesian product
{1}×{2, 3}×{3}. Note that the path (u1, u5, 1) does not define the value of x2,
which can therefore take any value in its domain. This path represents the three
solutions in {2}×{1, 2, 3}×{2}. Formally, a path p = (u0, . . . , um), u0 = r, um =
1 defines the set of solutions Sol(p) =

∏m−1
i=0 (Dui,ui+1 ×

∏
k∈Nui,ui+1

Dk). Every
path can in this way be seen as a traditional domain store. The solutions repre-
sented by an MDD are a union of the solutions represented by each path. One of
the key features of an MDD is that due to sharing of subpaths in the graph, it
can represent exponentially more paths than it has vertices. This means that we
can potentially represent exponentially many domain stores as an approximation
of the solution set.

An MDD M induces a Cartesian product domain relaxation D×(M) whose
k’th component is defined by

D×
k (M) =

{
Dk if there exists (u, v) with k ∈ Nu,v,⋃{Du,v | var(u) = k} otherwise.

This relaxation shows that an MDD is a refined representation of the associated
domain store. For a given set of solutions S ⊆ D = D1×· · ·×Dn, it is convenient
to let Sxi=α be the subset of solutions in which xi is fixed to α, so that Sxi=α =
{(α1, . . . , αn) | αi = α}. If MDD M represents solution set S, we let Mxi=α

be the MDD that represents Sxi=α obtained by replacing the labels with {α}
on every edge leaving a vertex u with var(u) = i. Also for a given D we let



msearch(Dpr,Mpr, D, M)
1: D ← propagate(Dpr, D)
2: M ← mprune(M, D) /* prune M wrt. D */
3: repeat

4: M ← mpropagate(Mpr, M)
5: M ← mrefine(M)
6: until no change in M
7: D ← D×(M) /* find the domain store relaxation of M */
8: if ∃k. Dk = ∅ then return false

9: else if ∃k.|Dk| > 1 then

10: pick some k with |Dk| > 1
11: forall α ∈ Dk: if msearch(Dpr,Mpr, Dxk=α, Mxk=α) then return true

12: return false

13: else return true /* ∀k. |Dk| = 1, i.e., D is a single solution */

Fig. 2. The MDD-based search algorithm. The algorithms uses a set of domain propa-
gators Dpr and a set of MDD-propagators Mpr. It works on a domain store relaxation
D and an MDD constraint store M . In line 1 propagate is the standard domain prop-
agation on D and in line 2 M is pruned with respect to the result of the domain
propagation. Lines 3-6 mix MDD propagation and refinement until no further change
is possible. This is followed by a new computation of the domain store relaxation, which
is then used in guiding the branching in lines 10-11. An important operation is that of
restricting the MDD store when a branch is made in line 11: Mxk=α. There are several
options when implementing this operation as discussed in the main text.

mprune(M, D) be the MDD that results from replacing each edge domain Du,v

with Du,v ∩Dvar(u).
We use an MDD of limited width as a constraint store (i.e., as a relaxation

of the given constraint set). The width of an MDD is the maximum number
of nodes on any level of the MDD. For example, Fig. 1(b) is a relaxed MDD
for (1) that has width 2. It represents 14 solutions, compared with 8 solutions
for the original MDD in Fig. 1(a). The relaxation is considerably tighter than
the conventional domain store, which admits all 27 solutions in the Cartesian
product {1, 2, 3} × {1, 2, 3} × {1, 2, 3}.

4 MDD-Based Constraint Solving

The MDD-based constraint solver is based on propagation and search just as
traditional solvers. During search, branches are selected based on the domains
represented in the MDD store. Propagation involves the use of a new set of MDD
propagators and a refinement step. The overall algorithm is shown in Fig. 2.

The algorithm is a generalization of the normal constraint solving algorithm
[12]. If lines 3–7 are omitted we get the domain store algorithm. The steps in line
1–2 are included for efficiency. If more powerful and efficient MDD propagators
are developed, they might not be necessary. Further, the branching used in lines
10–11 could be replaced by more general branching strategies [12]. The operation



Mxk=α can be implemented in several ways. The effect is that the constraint store
is reduced to reflect the choice of xk = α. If the branching follows the MDD
variable ordering, this is very simple as the new MDD store can be represented
by moving the root to the node reached by following the edge corresponding
to xk = α. If another order is used, the operation will have to be implemented
through a marking scheme keeping track of the “live” parts of the MDD store,
or by explicitly reducing the MDD store. The major logical inferences are made
by the MDD (and domain) propagators.

Propagators work by pruning edge domains, and if a domain Du,v is pruned
down to the empty set, the edge (u, v) is removed. This can lead to further
reduction of the MDD, if after the removal of the edge some other edges do no
longer have a path to 1 or can be reached by a path from r. MDD propagators
are described in section 5.

The purpose of refinement is to refine the relaxation represented by the MDD
so that further propagation can take place. Refinement is achieved through node
splitting which refines the MDD by adding nodes while ensuring the maximal
width is not exceeded (see section 6).

MDD-Based Constraint Optimization The MDD-based solver can be read-
ily used for optimization. A separable objective function

∑
i fi(xi) can be min-

imized over an MDD through efficient shortest path computations. Suppose for
example we wish to minimize the function

20x2
1 − 10x2

2 + 15x2
3 (2)

subject to (1). The MDD is shown in Fig. 3(a). The corresponding edge weights
appear in Fig. 3(b). Thus the weight of the edge (u2, u4) is minx2∈{2,3}{−10x2

2} =
−90, and the weight of the edge (u1, u5) is

min
x1∈{2}

{20x2
1}+ min

x2∈{1,2,3}
{−10x2

2} = −10 .

Formally, given a separable objective function
∑

i fi(xi) each edge (u, v) with
i = var(u) is associated with the weight wf (u, v):

min
xi∈Du,v

{fi(xi)}+
∑

k∈Nu,v

min
xk∈Dk

fk(xk) . (3)

A branch-and-bound mechanism computes a lower bound on the optimal
value as the cost of the shortest path in the current MDD relaxation wrt. weights
wf (u, v). The more relaxed the MDD representation, the weaker the bound. For
example, the shortest path for the MDD in Fig. 3(b) is (u1, u5, 1) and has cost
50. The lower bound wrt. the relaxed MDD of Fig. 1(b) (edge weights indicated
in Fig. 3(c)) is 5. Finally, the lower bound based only on the domain store is
−55.

If the bound is greater than the cost of the current incumbent solution b,
the search is cut of. This is achieved by adding a new inequality constraint∑

i fi(xi) ≤ b to the set of constraints and propagating it in future using a
standard inequality propagator (discussed in section 5).
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Fig. 3. (a) MDD for problem (1) copied from Fig. 1. (b) The same with edge weights
for objective function (2). (c) Weights when the MDD is relaxed to width two.

5 Propagation

To characterize the strength of MDD propagators we define the notion of MDD
consistency for a constraint C and an MDD M as the following condition: for
every edge (u, v) ∈ E and every value α ∈ Du,v, if α is removed from Du,v then
there is at least one solution in M satisfying C that is lost. When the MDD
is a single path, MDD consistency is equivalent to generalized arc consistency
(GAC).

A key observation is that even if a constraint C has a polynomial-time al-
gorithm that enforces GAC, it can be NP-hard to enforce MDD consistency for
C on a polynomial sized MDD. This is because the Hamiltonian path problem,
which is NP-hard, can be reduced to enforcing MDD consistency on an MDD
of polynomial size. Consider the n-walk constraint on a graph G. Variable xi is
the ith vertex of G visited in the walk, and the only restriction is that xi+1 be
vertex adjacent to xi. Then x1, . . . , xn is a Hamiltonian path in G if and only if
x1, . . . , xn is an n-walk on G and alldiff(x1, . . . , xn) is satisfied.

The MDD for the n-walk constraint has polynomial size because there are
at most n nodes at each level in the MDD: From the root node there is an edge
with domain {i} to a node corresponding to each vertex i of G. From any node
on level k < n corresponding to vertex i there is an edge with domain {j} to a
node corresponding to each vertex j that is adjacent to i in G. Thus there may
be no poly-time algorithm for MDD consistency even when there is a poly-time
algorithm for domain consistency (unless P=NP).

Re-using domain propagators An intermediate step towards implementing
customized MDD-based propagators is to reuse existing domain propagators.
Though the above result on MDD consistency means that we should not expect
a general polynomial time algorithm that can enforce MDD consistency, we can
still reuse domain propagators to achieve tighter consistency than GAC.

Let Dpr be the set of domain propagators we wish to reuse. In order to apply
such propagators to the MDD store, we must supply them with a domain in such
a way that any domain reductions made by the propagators can be utilized for



edge domain reductions. To this end consider an edge (u, v) and let Mu,v be the
MDD obtained by removing all paths in M not containing the edge. Note that
the domain relaxation D×(Mu,v) might be significantly stronger than D×(M).
We can now compute the simultaneous fixpoint Ddom of the propagators in Dpr
over D×(Mu,v). For each assignment xk = α consistent with D×(Mu,v) but not
with Ddom we place a no-good xk 6= α on the edge (u, v). We can use such a
no-good to prune as follows. If (u, v) corresponds to the variable xk we prune α
from Du,v and remove the no-good. Otherwise, if (u, v) corresponds to a variable
xj ,where j < k, we move the no-good to all incoming edges of u if the same no-
good occurs on all other edges leaving u. In the case j > k, the no-good is moved
to all edges leaving v if all incoming edges to v have the no-good. Intuitively,
no-goods move towards the layer in the MDD which corresponds to the variable
they restrict, and are only allowed to move past a node if all paths through that
node agree on the no-good. This ensures that no valid solutions will be removed.

As an example, consider propagating an alldiff over Fig. 1(b). Examining
(u2, u4) yields a no-good x2 6= 3 which can be immediately used for pruning
Du2,u4 . Examining (u1, u2), yields the nogood x2 6= 1, which can be moved to
(u2, u5) and (u2, u4), resulting in the former edge being removed. The result is
shown in Fig. 1(c).

This type of filtering will reach a fixpoint after a polynomial number of
passes through the MDD, and will hence only apply each domain propagator
polynomially many times. However, since many domain store propagators can be
quite costly to invoke even once it is important to develop specialized propagators
that not only take direct advantage of the MDD store but also obtain stronger
consistency.

Inequality Propagator Consider a constraint which is an inequality over a
separable function: ∑

i

fi(xi) ≤ b .

We can propagate such a constraint on an MDD by considering shortest paths
in the MDD wrt. edge weights wf (u, v) (equation (3) in section 4). For each
node u we calculate Lup(u) and Ldown(u) as the shortest path from the root
to u and from u to 1 respectively. Lup and Ldown can be computed for all
nodes simultaneously by performing a single bottom-up and top-down pass of
the MDD. A value α can now be deleted from an edge domain Du,v iff every
path through the edge (u, v) has weight greater than b under the assumption
that xvar(u) = α, that is if

Lup(u) + wf (u, v) + Ldown(v) > b .

Further details (for propagation in BDDs) can be found in [8]. We observe that
this inequality propagator achieves MDD consistency as a value α in an edge
domain Du,v is always removed unless there exists a solution to the inequality
in the MDD going through the edge (u, v).



Alldiff Propagator As implied by the hardness proof of MDD consistency,
a polynomial time MDD consistent propagator for the alldiff constraint would
imply that P=NP. In this section we therefore suggest a simple labeling scheme
that provides efficient heuristic propagation of an alldiff constraint over the MDD
store.

To each node u we attach four labels for each alldiff constraint C: ImpliedUp,
ImpliedDown, AvailUp and AvailDown. The label ImpliedUpC(u) is the set of all
values α such that on all paths from the root to u there is an edge (v, w) where
xvar(v) ∈ scope(C) and Dv,w = {α}. The label ImpliedDownC(u) is defined
similarly for paths from u to the 1-terminal. Given these labels for a node u we
can remove the value α from the domain of an edge (v, w) if α ∈ ImpliedUp(v)
or α ∈ ImpliedDown(w).

In addition we use the label AvailUpC(u), which contains values α such that
there exists at least one path from the root to u containing some edge (v, w)
where xvar(v) ∈ scope(C) and α ∈ Dv,w.

Given some node u, consider the set of variables Xa = scope(C) ∩ {xk | k <
var(u)}. If |Xa| = |AvailUpC(u)| (i.e., Xa forms a Hall Set [13]) the values in
AvailUpC(u) cannot be assigned to any variables not in Xa. This allows us to
prune these values from the domain of any outgoing edge of u. AvailDownC is
defined and used analogously.

When the labels of the parents of a node u are known, it is easy to update
the labels ImpliedUp and AvailUp of u as follows. Let {(u1, α1), . . . , (uk, αk)}
be pairs of parents and values, corresponding to incoming edges to u (nodes are
repeated if the edge domain label on an edge contains more than one value). We
then have

ImpliedUpC(u) =
⋂

1≤j≤k

(ImpliedUpC(uj) ∪ {αj})

AvailUpC(u) =
⋃

1≤j≤k

(AvailUpC(uj) ∪ {αj})

Using this formulation it is easy to see that computing ImpliedUp and AvailUp
as well as pruning values based on these can be trivially accomplished in a single
top-down pass of the MDD store. Similarly ImpliedDown and AvailDown can
be computed in a single bottom-up pass.

6 Refining

Refining is achieved by node splitting in an MDD M . A node u ∈ V is selected
for splitting. We then add a new node u′ to V and add edges as follows. Let
Inu = {s ∈ V | (s, u) ∈ E} be the set of vertices with an edge to u and let
Outu = {t ∈ V | (u, t) ∈ E} be the set of vertices with an edge from u. The new
edges are then E′ = {(s, u′) | s ∈ Inu} ∪ {(u′, t) | t ∈ Outu}. The domains for
the outgoing edges of u′ are the same as for u: Du′,t = Du,t for all t ∈ Outu. For
the ingoing edges we select some domains Ds,u′ ⊆ Ds,u and remove these values
from the domains in Ds,u, i.e., we update Ds,u to Ds,u \Ds,u′ . A good selection
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Fig. 4. (a) Part of an MDD store representing a relaxation of a global alldiff, just before
splitting on the node u4. Note that while there are obvious inconsistencies between the
edge domains (such as label 1 in domains of (u1, u4) and (u4, u6)), we cannot remove
any value. (b) A new node u′4 has been created and some of the edge domain values
to u4 have been transferred to u′4. There are no labels on (u2, u

′
4) and (u3, u4), so the

edges need not be created. (c) After the split we can prune inconsistent values and as
a result remove edges (u4, u6) and (u′4, u5).

of the node u and the new ingoing edge domains will help the future MDD
propagators in removing infeasible solutions from the MDD store. A good split
should yield an MDD relaxation that is fine-grained enough to help propagators
detect inconsistencies, but that is also coarse enough so that each removal of
a value from an edge domain corresponds to eliminating a significant part of
the solution space of the MDD. Fig. 4 shows an example of a node split and
subsequent propagation.

The selection of the splitting node u and the ingoing edge domain splits is
performed by a node splitting heuristic. We will use a heuristic that tries to select
nodes that 1) are involved in large subsets of the solution space, and 2) have the
potential of removing infeasible solutions during subsequent propagation steps.
These criteria – estimating the strength of a split – must be balanced against the
limit on the width of the MDD store and the increase in memory usage resulting
from adding the new node and edges. For alldiffs C, the heuristic can utilize the
labels ImpliedUpC computed by the alldiff propagators. If var(u) ∈ scope(C)
then the larger the size of the ImpliedUp-set the more pruning could happen
after splitting the node u. Also, the ability to prune significantly increases with
the number of different constraints involving var(u). Therefore, an estimate of
strength for u could be the product of the sizes of the ImpliedUpC-sets for each
alldiff C s.t. var(u) ∈ scope(C).

7 Computational Results

To obtain experimental results we integrated the MDD store into Gecode [14–
16], a standard domain-store based solver. We implemented the MDD store as
a specialized global constraint. We ensure that the MDD store is propagated



only after all other standard propagators in the model have stabilized, so the
order of propagation is as indicated by Fig. 2. All experiments were run without
recomputation (a memory management technique for backtracking search [12]).
Since this slightly increased the performance of Gecode without the MDD store,
this did not bias the results. All experiments were run on a desktop PC with an
Intel Core 2 Duo 3.0 Ghz CPU and 2GB of memory.

In experiments involving alldiffs, we used both Gecode’s domain propaga-
tor and our own MDD propagator. The domain propagator was set to provide
domain consistency and the MDD propagator used only the up version of each
label. Experiments involving optimization or linear inequalities over the MDD
store used only the MDD-versions of inequality propagators. All instances were
randomly generated.

We first compared the size of the search tree of domain-based search STD

and MDD-based search STM . This gives an idea of how the extra processing
at each node influences the search tree. We then took into account this extra
processing, by counting the total number of node-splits NSM and comparing
STD against STM +NSM . Finally, we compared the total running times TD and
TM for domain-based and MDD-based search respectively.

The first set of experiments was carried out for several different MDD widths.
The problems consisted of three overlapping alldiff constraints. Each instance
was parameterized by the triple (n, r, d), where n is the number of variables, r the
size of the scope of each alldiff, and d the size of a domain. We ordered variables
in decreasing order of the number of alldiffs covering them. This variable ordering
was then used both as the ordering in the MDD store and for the search.

Remarkably, the MDD-based search never backtracked. The MDD-based re-
finement was strong enough to either detect infeasibility immediately, or to guide
branching so that no backtracking was necessary. Hence, the size of the MDD-
search tree is incomparably small – at most n. We therefore report only the
comparison of STD against the STM +NSM . This is shown in Fig. 5(a), for dif-
ferent widths. Fig. 5(b) compares the total running time for different widths. We
can see, that when the total search effort is taken into account, the MDD-store
still outperforms domain-based search by several orders of magnitude. We also
see that the actual time closely corresponds to the number of node splits.

Width clearly has a dramatic effect both on the total computational effort
STM +NSM , as well as the running time TM . The smallest width tested with the
MDD store is 5 for the (10, 9, 9) instances and 10 for the (12, 10, 10) instances.
The runtime is worse with the MDD store for small widths but becomes more
than an order of magnitude better for larger widths. In the (10, 9, 9) instances a
width of 10 suffices to outperform the domain store, while 25 is required in the
(12, 10, 10) instances.

The second set of experiments minimized
∑

i cixi subject to
∑

i aixi ≤ αL
and a single alldiff, where L is the maximum value of the left-hand side of
the inequality constraint and α ∈ [0, 1] is a tightness parameter. The instances
were parameterized by (n, k), where n is the total number of variables, and k
the number of variables in the alldiff. The coefficients ai and ci were drawn
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Fig. 5. (a) The two curves labeled MDD(n, r, d) show the total computational effort
STM +NSM that resulted from an MDD constraint store on instances with parameters
(n, r, d); every problem was solved without backtracking. The two lines labeled STD
show the search tree size that resulted from a standard domain store. Each instance
set consists of 60 randomly generated instances. Twenty instances were feasible for the
(10, 9, 9) set, 16 for the (12, 10, 10) instances. (b) The same as before, but showing the
actual running time in milliseconds. Note the close relation between STM + NSM and
the time used.



randomly from the interval [1, 100]. We made the same comparisons as in the
previous experiment.

The MDD store resulted in a consistently smaller search tree (Fig. 6(b)).
The size of the search tree explored using the mdd store (STM ) was as little
as one-fifth the number explored by Gecode (STD). The total number of splits
NSM was also significantly smaller than STD in most cases (Fig. 6(a)). However,
the computation time TM was an order of magnitude greater than TD. Similar
results were obtained when minimizing the same objective functions subject to
a single alldiff.

8 Conclusions and Future Work

Preliminary experiments indicate that an MDD-based constraint store can sub-
stantially accelerate solution of multiple-alldiff problems. Even a rather narrow
MDD allows the problems to be solved without backtracking, while the tradi-
tional domain store generates about a million search tree nodes. As the MDD
width increases, the MDD-based solution becomes more than an order of mag-
nitude faster than a solver based on traditional domain filtering.

Conventional wisdom tells us that in constraint satisfaction problems, reduc-
ing the search tree through enhanced processing at each node often does not
justify the additional overhead—perhaps because the added information is not
transmitted in a conventional domain store. Our results suggest that intensive
processing can be well worth the cost when one uses a richer constraint store.

We obtained less encouraging results for the optimization problems involving
inequalities, where more intensive processing at each node is generally worth-
while. The MDD store required less branching than a traditional domain store,
but the computation time was greater. An important factor affecting perfor-
mance is that we cannot identify a feasible solution until we have branched
deeply enough in the search tree to fix every variable to a definite value. This is
time consuming because MDDs are processed at each node along the way.

This problem is avoided in branch-and-cut methods for integer programming
by solving the relaxation at each node and checking whether the solution happens
to be integral. Very often it is, which allows one to find feasible solutions high in
the search tree. This raises the possibility that we might “solve” the MDD relax-
ation (by heuristically selecting solutions that it represents) and check whether
the solution is feasible in the original problem. This is an important project for
future research and could substantially improve performance.

Overall, the results suggest that an MDD-based constraint store can be an
attractive alternative for at least some types of constraints. Naturally, if an MDD
is not useful for a certain constraint, the solver can propagate the constraint with
traditional domain filtering.

A number of issues remain for future research, other than the one just men-
tioned. MDD-based propagators should be built for other global constraints,
additional methods of refining the MDD developed, and MDD-based constraint
stores tested on a wide variety of problem types.
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Fig. 6. (a) Total computation effort vs. the tightness α when minimizing
P

i cixi sub-
ject to

P
i aixi ≤ αL and a single alldiff, where L is the maximum size of the left-hand

side of the inequality. MDD(n, k) denotes the MDD-based results for instances param-
eterized by (n, k), and STD denotes results based on standard domain filtering. For
MDD-based results, computational effort is the sum STM +SNM of the number search
tree nodes and the number of splits, and for domain filtering it is the number STD of
search tree nodes. (b) Number of search tree nodes vs. the tightness α when minimizingP

i cixi subject to
P

i aixi ≤ αL and a single alldiff.
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