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Abstract nogood-based method (Benders decomposition, partial-order
We show that exhaustive search and local search need mlynamic backtracking). We then observe that many popular
differ fundamentally but in many cases are variations of thecal search methods can also be seen as modified branching
same search strategy. In particular, many local search angethods (simulated annealing, GRASPS) or as nogood-based
GRASP-like procedures have essentially the same structonethods (tabu search). We state a generic branching algorithm
as branch-and-bound methods, while tabu and other heuristitat becomes exhaustive or inexhaustive depending on how
methods are structurally related to exhaustive nogood-bastte details are specified, and we do the same with a generic
methods such as Benders decomposition. This suggests mogood-based algorithm.
techniques used in exact methods can be carried over toWe see two advantages of unifying exhaustive and local
heuristic methods, and vice-versa. We illustrate this with search in this fashion. One is that it encourages the imple-
GRASP-like method for single vehicle routing that borrows mentation of algorithms for which there are several exhaustive
bounding technique from branch and bound, as well as amnd inexhaustive search options. As problem instances scale
alternative to tabu search for the same problem that takes and become more difficult, the algorithm can be adjusted
ideas from nogood-based search. accordingly, moving from exhaustive search for small prob-
lems to less and less coverage of the solution space for larger
ones.
A second advantage of unification is that it suggests how
Heuristic and exact solution methods are generally viewgschniques used in exhaustive search can carry over to local
as comprising very different classes of algorithms. SugRarch, and vice-versa. We conclude the paper with a vehicle
heuristic methods as simulated annealing, tabu search, eveBiting example that illustrates this principle. We solve the
tionary algorithms, and GRASPs (greedy randomized adaptiygblem with an exact branch-and-bound method and then
search procedures) are conceived as inherently inexact. Tgth a generalized GRASP that borrows the bounding tech-
do not guarantee optimal solutions because they typicallique of branch and bound. We solve the same problem with
search only a portion of the solution space. Exact methogs exhaustive nogood-based search and then with a structurally
tend to be regarded as very different in character because tBiilar heuristic method that resembles but provides an alter-
examine every possible solution, at least implicitly, in order t@ative to tabu search.
guarantee optimality. In fact such exhaustive search methodsye show in [3] that a large variety of exact and heuristic
as branch and bound seem on the surface to be very differgféithods have a common search-infer-and-relax structure. This
from heuristic methods. paper clarifies the relationship between branch-and-bound
Yet heuristic and exact methods need not undertake fuind nogood-based methods on the one hand and analogous
damentally different search strategies. This is suggested ewefiristic methods on the other.
by the wordheuristic which derives from a Greek verb that
simply means “to search” or “to find.” A heuristic method is
literally a search method: it proceeds by examining possible
solutions. Many exact methods are likewise search methodd-or the sake of definiteness we suppose that the problem
that examine possible solutions, in their case possible P to be solved is to minimize a functiofi(z) subject to a
solutions (at least implicitly). There is no reason to supposenstraint seC. Herexz = (z1,...,z,) € D is a vector of
a priori that exhaustive search must be fundamentally difariables belonging to the Cartesian prodiicof the variable
ferent in kind from inexhaustive search. They might emplogomainsD;, ..., D,,. A solutionof P is anyz € D. A feasible
essentially same strategy, but one adjusted to ensure thalution is anx € D that satisfies all the constraints@ An
the entire search space is covered. At the simplest leveptimal solution is a feasible solutiom* such thatf(z*) <
an exhaustive search procedure can be transformed intg (a) for all feasiblex, and f(z*) is the optimal valueof P.
“heuristic” procedure simply by terminating it early. The basi@o solve P is to obtain an “acceptable” feasible solution or
search strategy is unchanged. show that there is no feasible solution. In some contexts only
We show that a wide variety of heuristic methods ar@n optimal solution is acceptable, while in others a reasonably
in fact closely related to exact methods, in the sense thgatod solution is acceptable.
they can be seen as using fundamentally the same strategranching is essentially a divide-and-conquer strateg¥. If
We begin with the fact that an exact method is typically & hard to solve, weébranch on P by creating one or more
branching method (branch and bound, branch and cut) orestrictions P, P, ..., P, of P, and then we try to solve

I. INTRODUCTION

II. A GENERICBRANCHING METHOD



Let S = {(Po,0)} anduye = oo.

While S is nonempty repeat: A. Interpretation as Exhaustive Search

Select a pai( P, L) from S. The algorithm of Fig. 1 is exhaustive when a “complete”
If P is easy enough to solve then list L in pair (P, L) is interpreted as an exhaustive list; that
Remove(P, L) from S. . is, the feasible set oP is equal to the union of the feasible
Let x be an acceptable solution &f. f1h bl - s
If f(z) < vus then letves — f(z) anda” = z. sets of the problem restrictions _ _
Else In a branch-and-bound method for integer linear program-
Let vr be the optimal value of a relaxatiaR of P. ming, the relaxationR is the linear programming problem
If e < Uus then , ) , obtained by dropping the integrality constraint frdm Since
If K's optimal solutionz is feasible forP then P is always considered too hard to solvB, is solved at
Remove(P, L) from S. . . -
If f(z) < v then letoss = f(z) andz* = a. each_ node of the_ search tree. Wheris feasible, the _optlmal
Else solution z of R is feasible inP unless some variable;
Add restrictionsP, ..., P; of P to L. is noninteger. In the latter case, two restrictioRg P, are
iF L is complete then removeP, L) from 5. created by respectively adding the constraints< |z;] and

Add (P, 0), ..., (P,0) to S.

If vus < o0 thenz” is a solution ofP. z; > [z;] to P. P, and P, are added td, and (P, ) and

(P,, ) are added tc5. SinceL is clearly exhaustive(P, L)

Fig. 1. Generic branch-and-bound algorithm for solving a minimizationiS deleted fromS.
problem P, with objective functionf.

B. Interpretation as Local Search

The most elementary sort of local search algorithm solves
each of the restrictions. The restrictions are obtained by addr?]fgrt)rr]oblerrf by repeatedl)r/] s?lvu;g hlt.ove.r hst:narI]I s(l;bfsets
constraints taP, most often by fixing one of the variables orthe solution space, each ot which isnaighborhoodo

atpe previous solution. The neighborhood generally consists of

or restricting it to a smaller domain. The motivation is th : ) ) _ )
the restricted problems may be easier to solve tRaif any solutions obtained by making small changes in the previous
solution, perhaps by changing the value of one variable or

of the restricted problem#; is still hard to solve, then we . .
swapping the values of two variables.

branch on it, and so on recursively. : . ) .
Searching over a neighborhood in effect solves a restriction
This process creates a branching tree whose leaf nodé&she original problem. Thus creation of a neighborhood can
correspond to restricted problems that can be solved. The Hestviewed as creating a branch at the root nog Lo) of
feasible solution obtained at a leaf node is accepted as thgearch tree. We create only one brarféh, ) at a time
solution of the problem. If no feasible solution is obtainedand addP; to L. When we obtain a solution: of P, by
then the problem remains unsolved—unless the branchisgarching its neighborhood, we backtrack to the root node and
scheme is exhaustive (defined below), in which case theeate another branch, defined on a neighborhood of P,
problem is solved by showing it is infeasible. is added tal and the process continudsis “complete” when

Branching is often combined with a bounding mechanism Qe user determines that sufficiently many neighborhoods have

obtain branch and boundalso known asranch and relax e_?rr:usseztrc;ned. oint of the algoriths always contains the
If a given problem restrictionP; is hard to solve, we solve yp g Y

a relaxatlon, of ., obtained by dropping some constraincgg B8ty ) S B RS PO BB
(such as integrality constraints on the variables). If the solutih 9 9 '

o1 I, feasbl for, thn s sohed. Othewisg (1) 2 12 LT WIS comans 1 Sce we shvys vt
is a lower bound on the optimal value 8. If f(z) is no less y g y g 9 '

. ) solve no relaxation of?, create no branch foP, and delete
than the value of the best feasible solution found so far, th
. () from S. The branch-and-bound tree for local search
there is no need to solvE;, and therefore no need to branc .
on P herefore consists of only two levels.
.

Since the original problenk, is viewed as too hard to solve,

A generic branch-and-bound algorithm appears in Fig. the algorithm technically calls for a relaxatidty of P, to be
The elements of sefS correspond to open nodes of thesolved at the root node. Formally we can vi&y as a vacuous
search tree. Each open node is represented by a pair of gheblem that contains no constraints. We can assume that its
form (P, L), where P is a problem restriction that has beersolution value is never feasible fdf and has value-cc.
generated by branching but not yet processed,laisth list of In simulated annealing [12], for example, we solve a prob-
restrictions (branches) so far generated forL is complete lem restrictionP by randomly selecting an element from a
when no more branches need be generated, at which paiatghborhood of the previous solutian If f(2') < f(z) we
(P, L) is removed fromS. The algorithm terminates if, asregardz’ as the solution ofP. Otherwise, with probability
one descends into search tree, the restrictiBneventually we regard:’ as the solution of?, and with probabilityl — p
become easy to solve, or the solutions of their relaxatiBnswe regardz as the solution ofP, wherep depends on the
become feasible foP. We will show how the algorithm can current “temperature” of the annealing process.
be realized as exhaustive or local search, depending on hoWhe branching interpretation of local search becomes more
the restrictions and relaxations are defined. interesting in more sophisticated procedures, such as GRASPs



[15]. Each iteration of a GRASP consists of a greedy phas\%gig /\:/ ?seiqug:;:plzetzo}epeat-

and a local search phase. The greedy phase instantiates ON&t p pe a restriction of?, that contains\’.
variable at a time according to some greedy criterion that Let R be a relaxation of? that contains\/.
nonetheless has a random element. When all the variablesSelect a feasible solution of R.
have been instantiated to obtain a solutiona local search  f iL::,‘St feasible 'T‘P{ the“f(_)} e — 2
H . . . H v = IMiN4\v 5 x xr =2.
is carried out, starting with a neighborhood of The local Defin[éBa nogood’\[f]}fhat excludes: and possibly other
search continues as long as desired, whereupon the process — go|ytionss’ with f(z') > f(z).
restarts with a new greedy phase. Else define a nogood/ that excludest and possibly other
A GRASP easily fits into the branch-and-bound framework. solutions that are infeasible iR.
Instantiating a variable creates a restriction of the problem. |t Add N to \V and remove or process nogoodsihas desired.
can therefore be viewed as creating a single branch at thgue < o thenz™ is a solution ofP.
current node of the search tree. Since the problem is viewed _ _
as too hard to solve until all the variables are instantiated, Wi 2- Generic nogood-based search algorithm for solving a minimization
create a sequence of branches, probing the tree to a deptPIrOEtl){emR) with objective functionf. N\ is the current set of nogoods.

which all variables have been instantiated. At this point a local

search phase proceeds in the fashion described above, creqiihining greedy and local search procedures. For instance,
a number of nodes one level below the root node. ~after constructing a solution in a (nonrandomized) greedy
More precisely, we begin at the root node by creating @shion, we could backtrack to a randomly chosen node rather

restriction P, of the original problem?, by fixing 1 t0 SOMe a1 only the root node. We would then instantiate the next
value v, according to a randomized greedy procedufes yariaple randomly (thus injecting a random element) and

feasible set can be formally viewed as a neighborhood of tESmplete the solution in a greedy fashion. Also we could

partial solutionz; = v, although we will not actually solve j,cqrporate a bounding mechanism to abbreviate the search.
P, because not all variables are instantiated. We Bdtb L We will illustrate these ideas in Section IV.

and (P, 0) to S.

In the kth iteration of the repeat loopl (< k& < n), S
contains one paifP, L) (where L = (}) other than the root
node pair, representing the node at lekel 1 of the search  Like branch and cut, nogood-based search enumerates prob-
tree. We select this pair fron§ and create a restrictiof;, lem restrictions and solves their relaxations. However, the
by fixing z;. The feasible set of, can be formally viewed restrictions and relaxations are formed in a different way. The
as a neighborhood of the partial solutidm;,...,z;) = basic search strategy is also different. Whereas branching us-
(vi,...,vx). We addP; to L, and add P, () to S. We regard ing a divide-and-conquer strategy, nogood-based search learns
L (at nodes other than the root node) as complete wherfr@m past mistakes.
contains one element, and thus we immediately d€lBtd.) Nogood-based search examines a series of trial solutions,
from S. each of which is obtained by solving a relaxation of the

When all variables have been fixed, problétin the pair problem. If a trial solution is infeasible in the original problem,
(P, L) selected fromS is defined on a neighborhood of awe add to the relaxation a constraint that excludes this solution,
complete solution(z1,...,z,) = (v1,...,v,). At this point perhaps along with other solutions that are infeasible for the
we regardP as easy enough to solve, and we obtain its soluti@ame reason. Such a constraint is callembgood The next
x by searching the neighborhood. We remd¥e ) from S time we solve the relaxation, we will avoid this solution that
and add nothing t&. did not work and in this way learn from past mistakes.

Since S now contains only the root node pdiP,, L), the If the solution of the relaxation is feasible in the original
local search phase begins. We seld®t, L,) from S. SinceP, problem, we record it if it is better than the best feasible
is too hard to solve, we create a restrictiBn not by fixing a solution found so far. We create a nogood that excludes this
variable in a randomized greedy fashion, but by definfa solution, perhaps along with some other solutions that can be
feasible set to be a neighborhoodofWe addP; to Ly and no better.

(P1,0) to S. At any point in the algorithm, the current problem restriction

The search now continues as in ordinary local seardhcludes the current set of nogoods. The relaxation consists of
backtracking to the root node after solving each restrictioa.relaxation of the current restriction and must also include the
Eventually L, contains enough restrictions that we decide thatrrent set of nogoods. This set may contain all the nogoods
the search can return to the greedy phase, in which case gemerated so far, but nogoods can be dropped or modified if
define P, by instantiatingr; in a randomized greedy fashion.desired. The nogoods should be designed so that it is practical
(The random element makes it likely that the greedy solutida solve the relaxation.
will be different this time.)L, becomes “complete,* and the A generic nogood-based search algorithm appears in Fig. 2.
search terminates, when we determine that we have cyclte nogood sefV' becomes “complete” when we determine
through the greedy and local search phases sufficiently mahgt sufficiently many nogoods have been generated. Note that
times. the solution ofR need not be optimal or even good, although

From the perspective of a branch-and-cut interpretation, practice R is generally solved with a greedy or even an
one can see that a GRASP algorithm is only one way ekact optimization algorithm.

I1l. A GENERICNOGOOD-BASED SEARCH METHOD



A. Interpretation as Exhaustive Search whereu" is an optimal dual solution of (3). If (3) is infeasible,

The nogood-based search algorithm of Fig. 2 is exhaustil& generate the nogood
when a “complete” nogood se\t’_ is interpreted as an infeasi- uF(b—g(y)) <0
ble one. Thus the search terminates when we have generated .
enough nogoods to rule out all possible solutions. At this poiltheré«” is an extreme ray of the unbounded dual problem.
the best solution:* found so far (if any) is optimal, even if These nogoods appear in the master problem (2), whieis
the relaxations are not solved to optimality the index set of nogoods generated from feasible subproblems
The most straightforward exhaustive nogood-based seaRipr t0 iteration &, and I7' is the index set of nogoods
starts with an empty relaxatioR that accumulates all the no-9€nerated from infeasible subproblems. _ _
goods as they are generated. If a trial solution, . . ., z,,) = The .master problem is a relaxatmn of (1), and its optimal
(v1,...,v,) is infeasible, the variables;, ,. .., z;, that cause Value is a lower bound on the optimal value of (1). The
the infeasibility are noted, and the nogood becomes simpiyPProblem is a restriction of (1), and its optimal value is
(z; z;,) # (v v;,). For example, the variables@n UPPer bound. The algorithm terminates when the optimal
Lree oy Ty Lseees Vg ) ,

x,,...,z; may the ones that occur a constraint violated bylues of the master problem and subproblem converge.

T =v In the generic algorithm of Fig. 2, the relaxatidhis the
When nogoods are generated in this fashiémay become Master problem, and the nogood st 'i cgmplete when

vary hard to solve. Practical nogood-based methods therefétdS infeasible. The trial solution is (y*,z%), unless the

generate the nogoods and process them in such a way ftitProblem is n_'\fea5|ble,k|n Z"h'Ch_ casé_can_ be formally

R remains tractable. For instance, the best algorithms fgdarded as arbitrary arig”, z") as infeasible in the original

checking propositional satisfiability (SAT) are variants of thBroblem. The nogoods/ are generated as just described.

Davis-Putnam-Loveland method that use clause learning [13]BY €xPloiting the nogood-based character of Benders de-

These algorithms can be interpreted as nogood-based metHgfgPosition, the method can be generalized so that the sub-

in which the nogoods are the “conflict clauses” learned [3?_roblem is an arbitrary optimization problem [9], [10], [11].

The solution of the relaxation mimics a branching scheme,

which allows it to be solved without backtracking. A genB. Interpretation as Local Search

eralization of this approach is used in pal’tial-order dynamiC Tabu search is a Simp'e examp|e of an inexhaustive nogood_
backtracking, where the nogoods are processed by a varigaged algorithm [7], [8]. It maintainstabu listof the last few
of the resolution algorithm [2], [4], [S]. If the relaxations aresplutions enumerated (or of the last few alterations employed
solved by fixing variables in an order that is consistent with@ obtain a solution from the previous solution). A solution is
dynamically modified partial order, they can be solved witho@htained by searching a neighborhood of the previous solution
backtracking. These ideas are explained in [9]. for the best solution that does not appear on the tabu list. The
Benders decomposition is perhaps the exhaustive nogogshgth of the list is adjusted to be long enough to avoid cycling
based method that is best known to the optimization commrough previous solutions and short enough to maintain some
nity [1], [6]. Classical Benders decomposition is designed féfeedom of movement.
problems of the form The tabu list obviously functions as a nogood set. In the
. generic algorithm of Fig. 2, the current restrictiéh has a
min f(y) + cz ; ) . .
n (1) feasible set equal to the neighborhood of the previous solution,
gly) +Az=2b, yeY 2 €R minus the solutions on the tabu list. The relaxatiénis
which become linear programming problems when the vafflentical toP. A solutionz on the tabu listimposes the nogood
ablesy are fixed. A series of trial valuag for they variables # # 2. The nogood sef\ is processed in each iteration by

are obtained by solving master problem dropping the oldest solution iV is larger than the desired
size.
min v There are many other ways to design an inexhaustive
v>ul(b—g(y)) + fy), i € I¥ nogood-based search. One is simply to modify the exhaustive
ui(b—g(y)) <0, ielk @ search procedure described above by dropping older items

from the nogood set. Since this keeps the nogood set small,
it may become practical to use stronger nogoods that require
for y*. To check whethen/* is feasible in (1), we check more processing to ensure thais easy to solve. We illustrate
whether it can be extended to a feasible solufigh, 2*) by this using the vehicle routing problem below.

solving a linear programmingubproblenfor z*:

yey

IV. EXAMPLE: SINGLE-VEHICLE ROUTING

3) We llustrate the foregoing ideas with a single-vehicle
routing problem with time windows, also known as a traveling
If (3) is feasible, ther(y*, 2*) is feasible, and we generate thsalesman problem with time windows. A vehicle must_deliver
nogood Benders cut packages to several customers Qnd then_re_turn to |t§ h(_)me
base. Each package must be delivered within a certain time
v>uf(b—gy)+ fly) window. The truck may arrive early, but it must wait until

min cz
Az>b—g(y"), z€R"



TABLE | Node 0

Data for a small single-vehicle routing problem with time windows. Aok A
Travel time to: ' .
Ofigin B C D E Customer  Time window / \
A 5 6 3 7 B [20,35] Node 1 Node 5
B 8 5 4 Cc [15,25] AD * x x A AB x *x x A
C 7 6 D [10,30] Bound = 38
D 5 E [25,35] / \\ Prune
Node 2 Node 4
the beginning of the time window before it can drop off the ADC xxA ngi;iio
package and proceed to the next stop. The problem is to decide Prune
in what order to visit the customers so as to return home as JUft“p fa(;‘d%m'y
soon as possible, while observing the time windows. Node 3 o node
The. data for a small problem appear in Table I. The home AD%BeEA
base is at location A, and the four customers are located at Feasible
B, C, D and E. The travel times; are symmetric, so that, Value = 36

Jump randomly

for instancet g = tga = 5. The time windows indicate the to node 1

earliest and latest time at which the package may be dropped
off. The vehicle leaves home base (location A) at time zero _ _ _ _
. Fig. 4. Local-search-and-relax tree for a single-vehicle routing problem with
and returns when all packages have been delivered. time windows.
Exhaustive enumeration of the 24 possible routings would
reveal six feasible ones: ACBDEA, ACDBEA, ACDEBA,
ACEDBA, ADCBEA, and ADCEBA. The last one is optimalan open node fron% that is deepest in the tree. Within a level
and requires 34 time units to complete. of the tree, we use a “best bound” strategy, which selects the
open node with the lowest bound given by the solution of the
relaxation.
) i i i The bounding mechanism substantially reduces the search.
A straightforward relaxation of the vehicle routing problen:)_\t node 5, for example, we can prune the tree because the
can be dgﬂned as follows. Let; be thejth custo_mer visited, lower bound of 40 (the optimal value of the relaxation at that
wherezx, is home base. Suppose that the vehicle has alreq.g(yde) is greater than or equal to the value 34 of the best

been routed to customersy, ..., zx, and the task is to solution found so far. Clearly 34 is the optimal value.

A. A Relaxation

complete the routecyy1,...,z, (@and fromz, back toxg).

For each customer & {xo, ...,z } let the vehicle travel tg

from the closest customer not {ij, o, ..., xx—1}. The travel C. Solution by Modified GRASP

time Is . We now solve the problem by the modified GRASP algo-
1i = i s0netn 1} {ti} rithm described in Section II-B. The first solution ADCBEA

) at node 3 of Fig?? is obtained in a greedy fashion by visiting
Let the vehicle travel to home base from the closest customglyt the customer that can be served the earliest. Thus from

not in {xo, ..., zx}. The travel time is home base customer D can be served the earliest (at time 10),
To= min {t;o} and from there customer C can be served the earliest (time
J¢{zo,....xr} 17), and so forth.

Then if T is the earliest time the vehicle can depart customerAt this point nodes 0, 1 and 2 remain open (i.e.,

k, the travel time for the resulting solution is because the branching ligt at these nodes contains only
one branch and is not yet complete. The search randomly
T+To+ > T; (4) backtracks to an open node, in this instance node 1, and
j¢{zo,...xx} randomly selects the second customer to be E (node 4).

This solution is very likely to be infeasible, since the sameelution of the relaxation at node 4 yields a lower bound of
customer may immediately precede two or more other o0, which allows the tree to be pruned because a solution

tomers. Nonetheles®7?) is a valid lower bound on the travelWith value 36 has already been found. There is no need to
time of any feasible solution that begins with, . . ., z. complete a greedy construction of the route, and the search

randomly backtracks again to node 0 and randomly chooses
) the first customer to be B. Again the tree can be pruned, and
B. Branch-and-Bound Solution the search continues as long as desired.

A branch-and-bound tree for the vehicle routing problem Thus the analogy with branch and bound suggests how a
appears in Fig. 3. The relaxatioR is the one described in bounding strategy can accelerate a GRASP-like search, an idea
the previous section. We branch on which customer is visitatso proposed in [14]. It also suggests more general search
next. The tree traversal is depth first, meaning that we seleacheme than traditional GRASP.



Node 0

A %%k x A
Bound = 20
Node 1 Node 7 Node 11 Node 12
AD x % x A AC * % x A AB % x x A AE x % % A
Bound = 29 Bound = 31 Bound = 38 Bound = 43

/

>~ 7

\ Prune Prune

Node 2 Node 5 Node 6 Node 8 Node 9 Node 10
ADC x x A ADB x x A ADE x* x A ADB x x A ACD * x A ACE * x A
Bound = 30 Bound = 36 Bound =40 Bound =35 Bound =35 Bound = 37
/ \ Prune Prune Prune Prune Prune
Node 3 Node 4
ADCBEA ADCEBA
Feasible Feasible

Value =36 Value = 34

Fig. 3. Branch-and-bound tree for a single-vehicle routing problem with time windows. The bounds given are optimal values of the relaxation solved at each

node.

TABLE Il

Exhaustive nogood-based search for the vehicle routing problem solution of R is ADBEAC, which is infeasible because it

violate the time windows. In fact, while checking feasibility

k  Relaxation Solution Solution  Nogoods We note that there is no feasible completion of a tour that
Ry, of Ry, value generated  pegins ADB. The only feasible successor to customer B is
1 ADCBEA 36 ADCB customer E, since C cannot be reached before its deadline of
g QB(C:B ﬁgggﬁé , f34'b| AA%%E 25. The earliest departure time from B is 20, and the travel
Infeasipble . . . . .
4 ADB, ADC ADEBCA  infeasible  ADE time to C is 8. But that leaves C to follow E, which is again
5 AD ACDBEA 38 ACDB infeasible. Thus we generate the nogood ADB.
? ﬁgBBvASD ﬁggggﬁ _f36_b| AACCDBEE When the nogoods are generated and processed in this
, Infeasible . . .
8 ACD. ACBE, AD AGBDEA 40 ACBD fas.hlqn,R;C can alvyays t_)e solved w_|th the.greedy algorlthm
9 ACB, AD ACEBDA infeasible ~ACEB until it becomes infeasible, at which point the search is
ﬁ) ﬁgBASCEB’ AD Qggggﬁ - 40'b| /Z%EDDABC complete (iteration 15). The nogood A in iteration 15 results
, Infeasible y P
12 ABD, ABC, AC, AD ABEDGA  infeasible  ABE from comblmng the nogoods AB, AQ, AD, AEB, AEC, and
13 AB, AC, AD AEBCDA infeasible AEB, AEC AED, which rule out every permutation.
14  AB, AC, AD, AEB, AEC AEDBCA infeasible ~AED
15 A

E. Interpretation as Local Search

The exhaustive search method just described can be slightly
altered to yield an inexhaustive search. We make the search

Table Il details a straightforward nogood-based solution @icomplete by dropping nogoods from the nogood set as they
the vehicle routing problem. We solve the relaxatioRs get old. We also generate stronger nogoods by ruling out
using a greedy selection similar to that used in the GRASRbsequences other than those beginning with A. This requires
algorithm above: we visit next the customer that can be servenbre intensive processing of the nogood set to ensure that the
earliest, but avoiding customers that are excluded by thesedy procedure solvd®,, but intensive processing becomes
current nogood set. practical when we keep the nogood set small.

Initially the relaxation R, is empty, and we obtain the Table Il illustrates the idea. The first two iterations are as
solution shown in iterationk = 1. Since the solution is before. But when we discover the solution ADBECA to be
feasible, we create a nogood ADCB excluding this particul@&feasible in iteration 3, we note that the subsequence EC
solution. The notation ADCB rules out any permutation thas enough to create a violation of the time windows. The
begins with the subsequence ADCB (which in this case ruleshicle cannot serve E before 25, which means that it cannot
out only the permutation ADCBEA). In iteration 2 we greedilyeach C by its deadline of 25. To make sure we can solve
select a solution ADCEBA that avoids the subsequence ADGBe resulting relaxatiork, without backtracking, we must list
and obtain a feasible solution with value 34. all subsequences beginning with A that are incompatible with

In iteration 3,R;, contains the nogoods ADCB and ADCE the current nogoods ADB, ADC and EC. This is done by a
Since they collectively rule out any permutation starting ADQ@eneralization of the resolution algorithm [9], and the result
we replace these two nogoods with the single nogood AD(S. shown in line 4 of the table. Line 5 results from similar
This is a special case of “parallel resolution” [9]. The greedseasoning.

D. Solution by Exhaustive Nogood-Based Search



TABLE Il

. . . 11
Inexhaustive nogood-based search for the vehicle routing problem (1]

k  Relaxation Solution Solution Nogoods

Ry of Ry, value generated [12]
1 ADCBEA 36 ADCB 3
2 ADCB ADCEBA 34  ADCE (13]
3 ADC ADBECA infeasible ADB, EC
4  ABEC, ADB, ADC ADEBCA infeasible ADE, EB 14
5 ABEC, ACEB, AD, AEB ACDBEA 38 ACDB (14]

[15]

The search continues in this fashion. At some point we begin
rotating out the older nogoods. This in principle allows the
search to cycle through previous solutions, but a sufficiently
large nogood set may prevent this in practice, much as a
sufficient long tabu performs a similar function. The algorithm

is different than tabu search, however, because it searches over
the entire space rather than a neighborhood of the previous
solution, and it uses more sophisticated nogoods. The analogy

Hooker, J. N., and Hong Yan, Logic circuit verification by Benders
decomposition, in V. Saraswat and P. Van Hentenryck, &fmgiples
and Practice of Constraint Programming: The Newport Papers (CP95)
MIT Press (Cambridge, MA, 1995) 267-288.

Kirkpatrick, S., C. D. Gelatt and P. M. Vecchi, Optimization by simulated
annealing,Science220 (1983) 671.

Moskewicz, M. W., C. F. Madigan, Ying Zhao, Lintao Zhang, and S.
Malik, Chaff: Engineering an efficient SAT solvedProceedings of the
38th Design Automation Conference (DAC'Q2P01) 530-535.
Prestwich, S., Exploiting relaxation in local searéfirst International
Workshop on Local Search Techniques in Constraint Satisfacoa4.
Silva, J. P. M., and K. A. Sakallah, GRASP-A search algorithm for
propositional satisfiability)EEE Transactions on Compute#8 (1999)
506-521.

with exhaustive nogood-based search suggested these changes.

V. CONCLUSION

We have shown that in many cases, exact algorithms use
search strategies very similar to those of heuristic methods.
We stated a generic branch-and-bound algorithm that can be
realized as a variety of exhaustive and local search methods,
depending on how the details are specified. We stated a
generic nogood-based search algorithm that plays a similar
role. Finally, we used a single-vehicle routing problem to il-

lustrate how the parallels between exact and heuristic methods

can show how to transfer techniques from one to the other.
In particular, the bounding mechanism of branch-and-bound
methods can be adapted to a generalized GRASP algorithm,
and an exhaustive nogood-based search method can suggest
an heuristic alternative to tabu search.

(1]
(2]
(3]

(4]
(5]

(6]
(7]
(8]

El

[20]
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